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Preface to the Third Edition 



In this volume, the author has attempted to present more 
advanced topics in strength of materials and mechanics of structures 
in a rigorous and coherent manner. Both volumes I and II cover 
the entire course for degree, diploma and AMIE examinations in 
this subject. Volume II has been divided into four parts. Part I 
contains four chapters on moving loads on statically determinate 
beams and frames, as well as on statically indeterminate beams. Part 
II deals with statically indeterminate structures and contains ten chap- 
ters, including a chapter on deflection of perfect frames. Part III 
contains five chapters on advanced topics on strength of materials. 
These chapters are mostly useful for mechanical engineering students. 
Pan IV has three chapters on miscellaneous topics., including one 
on elementary theory of elasticity. The contents of the book are 
so designed that the book is equally useful to civil as well as mechanical 
and electrical engineering students. 

The book is written entirely in metric units. Each topic introduced 
is thoroughly described, the theory is rigorously developed, and a 
large number of numerical examples are included to illustrate its 
application. General statements of important principles and methods 
are almost invariably given by practical illustrations. A large 
number of problems are -available at the end cf each chapter, to 
enable the student to test his reading at different stages of his 
studies. 

The author is highly thankful to Prof. S.C. Goyal and Shri 
O.P. Kalani for their permission to reproduce some chapters and 
examples from the book 'Strength of Materials and Theory of 
Structures Vol. TP written by the author in their collaboration. Thanks 
are also due to the senate of the London University and to the 
Secretary of the Institution of Structural Engineers, London, for 
their kind permission to reproduce their examination questions. The 
London University is in no way responsible for the accuracy of the 
answers. In preparing this text, the author has freely consulted 
many excellent books on the subject and the help is graten iiy 
acknowledged. 

Every effort was made to eliminate errors in the book, but 
should the reader discover some, the author would appreciate 
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having these brought to his attention. Suggestions from the readers 
for improvement in the book will be most gratefully acknowledged. 

Jodhpur, 

January 17, 1971 B.C. PUNMIA 

Preface to the Fourth Edition 

In the fourth edition, the subject matter of the book has 
been updated. An appendix, containing questions from the AMIE 
section B examinations in "Theory of Structures", has been added. 
The author is thankful to Shri J.N. Shrivastava for his valuable sug- 
gestions for improvements in the book. 

Jodhpur, 

January 1, 1974 B.C. PUNMIA 

Preface to the Sixth Edition 

In the Sixth Edition, the subject matter has been revised and 
updated. A large number of Examples in SI «nits have been added 
at the end of the book. 

Jodhpur, 

15th June, 1982 B.C. PUNMIA 

Preface to the Seventh* fidition 

In the Seventh Edition, the entire book has been rewritten 
using SI units. The old diagrams have been replaced by new onesr 

Jodhpur 

Deepawaii B.C. PUNMIA 

18.11.85. 

Preface to the Eighth Edition 

In the Eighth Edition, the subject matter has been revised 
and updated. A new chapter on Building Frames has been added 
at the end of the book. 



Jodhpur 

1st Sept, 1988 



B.C PUNMIA 
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Preface to the Ninth Edition 

In the Ninth Edition, the book has been completely rewritten. 
The book has been divided into four sections. Section I, containing 
five chapters, is on 'Moving Loads*. Section 2 on 'Statically Indeter- 
minate* Structures', contain eleven chapters. Section three is devoted-^ 
to 'Advanced Topics in Strength of Materials' and has six chapters. 
Lastly, section 4 has six chapters on 'Miscellaneous Topics*. Thus 
in the Ninth Edition of the book, which has 28 chapters, five new 
'chapters have been added. 

In each chapter, the subject matter has been rearranged and 
new articles have been added. Many new advanced problems have 
been added which will be useful for competitive examinations. 



Jodhpur 

Mahaveer Jayaniee 
15-4-92 



B.C, PUNMIA 
ASHOK KUMAR JAIN 
ARUN KUMAR JAIN 
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1 

Rolling Loads 



i'l. INTRODUCTION 

In the case of static or fixed load positions, the B.M. and S F 
digrams can be plotted for a girder, by the simple principles of 
stat.cs. In the case of rolling loads, however, the B.M. and SF at 
a section of the girder change as the loads move from one position 
to the other. The problem is, therefore, two-fold : 

(/) to determine the load positions for maximum bending 
moment or shear force for a given section of a girder and to compute 
its value, and (ii) to determine the load positions so as to cause 
absolute maximum bending moment or shear force anywhere on the 
girder. 

For every cross-section of girder, the maximum B.M. and S.F. 
can be worked out by placing the loads in appropriate positions, 
wnen these are plotted for all the sections of the girder, we get the 
maximum B.M. and maximum S.F. diagrams. The ordinate of a 
maximum B.M. or S.F. diagram at a section gives the maximum BM. 
lor S.F.) at that section, due to a gfven train «f loads. 

We shall consider the following cases of loadings : 

1. Single concentrated load. 

2. Uniformly distributed load longer than the span of the 
girder. 

3. Uniformly distributed load shorter than the spaa of the 
girder. 

4. Two loads with a specified distance between them. 

5. Multiple concentrated loads (train of wheel loads). 
Sign Conventions 

The following sign conventions wiU be followed for B.M. and 
i>.K at a given section (Fig. ri). 

n.\ 
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(1) A shear force having an upward direction to the right hand 
side o fa section or downwards to the left of the section wjHl be 
tZn positive. Similarly, a negative S.F. wdl be "»ttat to* 
downward direction to the right of the section or upward directs 

to the left of the section [Fig. 1 '!(<*> b)]. 



Ill til 



+ VE SF -VE S.F -VE BM + VE B.M 

(a) lb) :cl ld) 



Fig. 1-1. 

(2) A B.M. causing concavity upwards will be taken as negative- 
and will be called sagging B.M. Similarly a B.M causing convexity 
upwards will be taken as positive, and will be called hogging bending 
moment [Fig. Vi{c t d)). 
12. SINGLE CONCENTRATED LOAD 

Let us now consider a single concentrated load W travelling or 
rolling along a simply supported beam or girder AB t of span U from 
left to right. 

(a) MAXIMUM SHEAR FORCE DIAGRAMS 

Consider a point C, distant x from the left support A. Let the 
distance of load ^ be y from ^. For any load position, the reaction 

~L Z " 

(fli) Load in AC (y<«> 

Let the load W be in ^C, such that y is lesser than x. 
Then Fx(*iC) =+Rb=+^- u; 
Thus, the shear force Fx increases as y increases till y-x, in 
which case. 




(11> 



This happens when the load is on the section (O itself, thus- 
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w 




MAX 9.M.D. 
Fig. l'Z 

For different values of x {i.e. for different position of the . 
section C), the maximum positive shear force given by equation 1 1 

<w2U vary linearly with x. 

Thus, at x-0. iw (4-)=0 

at F m «*. (+)-+*— • »«• 

d&wbfe maximum ^ S.F. jW" occwrj at the right 
hand support, its value being equal to+W. 

The maximum -rve shear force diagram is represented by abb x 
of Fig. 1-2(6). 

(aii) Load in CB (y>x) 

We have seen that when the wheel load W reaches the section 
C, maximum -fve S.F. of value -r^ occurs at the section. When 
the load moves further (i.e. when y becomes greater than x), we have 
Fx (at C) = -Jfc = 2~ "~ W 

Thus, the shea- force changes sign immediately when the load 
crosses the section. The maximum negative S.F. occurs evidently 
when y~xii.e. when y is least and the load is in CB). 
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Thus, K^=--~ W{L L X) - (1-2) 

For different values of x {i.e. for different positions of the 
section C), the maximum negative shear force, given by equation 1*2 
will vary linearly with x. 

Thus, at *=0, iw. (-)=.---* =-W=F n ... w . 

at x=L, F„... y(£ - £ > =0 . 

7*Ae absolute maximum —ve S.F. therefore occurs at the left hand' 
support, its value being —W. 

The maximum negative S.F.D. is represented by aa x b of 
Fi*. 1*2(6). 

(b) MAXIMUM BENDING MOMENT DIAGRAM 

Let us now draw the maximum bending moment diagram for 
the beam AB. It must be noted that a simply supported beam, under 
downward loads, bends causing concavity to the upper side. Hence 
the bending moment is always negative for all sections of the beam. 
Therefore, the maximum bending moment diagram will also be 
negative. 

{hi) Load in AG (y<x) 
When the load is in AC, 

Mx=-Rb (L-x) 

This increases as y increases. When the load reaches the section 1 
C, y—x, and the section has the maximum bendi .g moment, 

M max ~ — ~~ (L-x) (1-3) 

{bii) Load in CB (y>x) 

When the load W crosses the section C, 

m x =-Ra.x^ - w &~y} x {2 y 

This increases as y decreases. When the load is on the section 
C, y~x, and the section has the maximum bending moment, 

M W(L-x)x 

Mmax. ' — " 

which is the same as equation 1 *3- 

Thus, the maximum bending moment at a section occurs whe& 
the load is on the section itself. 
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For different values of x (i.e. for different positions of section 
O the maximum bending moment given by equation 1*3 will vary 
parabolically with x. Fig. l*2(c) shows the maximum bending moment 
diagram. For absolute maximum bending moment 

dAfmax. q 

dx 

W 

(r-2*)=o 

L 

or x= — . 

Thus, the absolute maximum bending moment occurs at the 
centre of the span, and ks value is given by 

m W ( r L \ L WL 

Mma " -** != — T { L ~Y ) 2~ ^ T ' 

1*3. UNIFORMLY DISTRIBUTED LOAD LONGER THAN 
THE SPAN OF THE GIRDER 

Let us now study the case of the uniformly distributed load w 
per unit length, longer than the span, and moving from left to right. 
(a) MAXIMUM S.F. DIAGRAM 

Let us consider a section C distant x from left support A, as 
shown in Fig. l*3(*i). Let the head of the load be distant y from A, 

Reaction R b — ~- . 

2L 

When the load is in AC (i.e. y<x), 

Fx~+Rb= + -g- (i) 

This evidently increases as y increases, until the head of -the 
load reaches the section C {i.e., when y—x). 

When the load still moves further, it can be proved that the 
value of Fx given by equation 1*4 decreases. To prove this statement, 
let the head of the load move by a distauce from C towards B, 
and let S/?« be the corresponding increase in the reaction at B. 

Then R B + SR B = 
and Fx - -f (Rb+ §Rb) - w. &c 

~ + —2L "* * x 
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MAX. B.M.D. 



Fig. 13. 

Since 4" » less than 1, the expression inside the bracket is 

negative. Hence Fx given by (2) is less than Fx given by equation 
1*4. Thus, the maximum positive shear at a section occurs when the 
head of the load reaches the section, (i.e. when the left-portion AC is 
loaded and the right portion CB is empty). 

The maximum positive S.F. diagram can be plotted by giving 
different values of x in equation 1"4. 

" Thus, at x«0, iw*=0 

r „ . , . . wl* _ wL 
at x— L, Fmam. V-r)=+~2£ 2~* 

The absolute maximum positive S.F. occurs at the right hand 
support. The maximum +ve S.F.D. is shown by abb t in Fig. I'Kb). 

The S.F. at section C will continue to decrease as the load 
advances further. When the load covers the entire span. 

Fx= — Ra+w.x = — ^~+wx (3) 

This i3 negative for the section C to be in the left half of the 
portion. 
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Let the load still move on so that the portion CB is fully loaded 
and portion AC is partially loaded, and we have 

F x =+Rb-w{L-x) (4) 
In the above expression, the quantity w(L-x) remains constant 
as the load still moves further, while Rb diminishes. Thus, with the 
onward movement of the load, the negative value of F x increases. 
When the tail of the load reaches the section C, we have 

w{L-x)* 

This is the maximum value of negative shear force at C. As 
the load moves further, Ra decreases, and hence F x decreases. 

r W (L~*) 2 (1.5) 

Thus, r max . — ~- 

The maximum negative shear force thus occurs when AC is empty 
.and CB is fully loaded. To plot the maximum negative S.F. diagram 
vary x from 0 to L. 

At x=0, Fm*x. = — 217 = — ~2 — vc ' 

Atx-^F««.=0 

The maximum -ve S.F.D. is shown by aa x b in Fig. 1'3 W- 

{b) MAXIMUM B.M. DIAGRAM 

Jjet the head of the load be in AC, such that y< x. 



M x =-Rb{L~x)~~^ it-*) (1> 

The value of Ux goes on increasing as y increases tiil the head 
of the load reaches the section C, and 

Let the load now advance further by a small amount Sx, an^ 
let Sffa be the corresponding increase in the reaction at B, such tna 

R+ZRb=~ (x-f8x) s 

fix 

Hence Mx = -(Rb^Rb)(L-x)-w^x . ~y 

^ (x ^x)HL-x)+^ (3) 



2L 
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This is evidently more than that given by (2). Hence the B.M. 
at the section C continues to increase as the load moves further, til! 
it occupies the whole span. In that case, 

= = ( 4) 

As the load still moves further, so that portion AC is partially 
loaded, and portion CB is fully loaded, we have 

M x --ktL-x)+*%q*£- (5 ) 

In the above expression, the quantity ^ L ~ x ^ is ^5^0^ 

while Rb diminishes as the load moves further. Hence Afx decreases 
till the tail of the load reaches the section C. 

When the load is in the portion CB only, AC is empty. 

M x = —Rd. x (6) 

Since Ra decreases as the load moves further, Af x also decrea- 
ses. It can thus be concluded that the values of M x given by (5) and 
(6) are less than that given by (4). Thus, the maximum B.M. at the 
section occurs when the whole span is loaded, and its value is given by 

M max = 1 j— — ...(1*5) 

The maximum bending moment diagram is evidently a para- 
bola as shown Sn Fig T3 {c). The absolute maximum beading 
moment evidently occurs at the centre of the span (x=L/2). 

Thus, _( 

1*4. UNIFORMLY DISTRIBUTED LOAD SHORTER THAN 
THE SPAN OF THE GIRDER 

Let the uniformly distributed load u/unit length extend over a 
length a such that a<L. 

(a) MAXIMUM S.F. DIAGRAMS 

(ai) Maximum Positive S.F. 

( ! ) Let the position of the section C be such that x < a. 

When the head of load reaches the section C f the portion 
AC is fully loaded (since a>x). 

F mait = +RB=+~ 2£ - ...£1 "6(c)] 
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Fig. 1*4 

This is parabolic relation and is valid for values of x between 
Oanda. At x=0, F max . =-0. 

and at*==a, f««j«+- 1 ^r- 

(2) Let the position of the section C be such that x>a. 

When the load is in AC, the portion AC is partially loaded, and 
Fg*z+Ita t which goes on increasing as the head of the load approa- 
ches C. When the bead of the load reaches C, we have 

*-,= +* S = + -^(x-f) ...(1-6) 
This is a straight line relation. 
At iw.=0 

At „ rr , ,wz t a \ _i_ wa * 

Atx~a, Jw = + —(^ 0 _ T )«+___ 
At x=L, /w= +_«*( 

The maximum +ve S.F.D. thus consiits of a parabola upto a 
distance of a from A, and then straight tine upto B. 
(ai) Maximum Negative S.F. 

As the load moves, further the S.F. decreases. For a particular 
load position, it becomes zero, and then changes sign and becomes 
negative. As the load still moves further, the negative S.F., at C 
increases. For maximum negative shear force at C, the span AC 
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should be empty and the reaction at A should be a maximum. In 
other words, the tail of the load should be at C ( and the load should 
extend from C towards B. 

When the tail of the load is at C, 

F^.=-Ra = -^ £-*-f") < i,7 > 

This is the equation of a straight line, and is valid for all values 
of x between 0 to (L— a). 

wa f a \ 
Thus, at x=0, iw = — — / L — j j 

, r v „ wa f r r , a \ wa* 

at x=(L-a), iw.= — ^-[L-L+a- — J= — 

When the position of the section C is such that x>L— a 
[i.e, when x varies from (L— a) to L] 

Thus, F mmM . is independent of a, and varies parabolically. 
At x=L-a, F max .- — ~ (L~L+aY=-~ as before 

At x=L, F w ~~~(L~L)*~0. 

Thus, the maximum negative shear force diagram is a straight 
line from jc— 0 to x~L—a, and a parabola between x~L—a to 

The absolute maximum positive S.F. occurs at support B, when 
the head of the load is at B, and the absolute maximum negative S.F. 
is at A when the tail of the load $s at A. 

The maximum positive and negative S.F. diagrams have been 
shown in Fig. 1*4 (b). 

(b) MAXIMUM B.M. DIAGRAM 

Let the length of the U.D.L. be a. When the load i« in th© 
portion AC, the B.M. at the section C is given by 

M x =~Rs(L-x) 

This goes on increasing as the head of the load approaches the 
section C. When the head of the load crosses the section C, the B.M. 
still goes on increasing, till it attains maximum value at a specific 
load position. On further movement, the B.M. at the section C 
decreases. 
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For the maximum B.M. at the section C the load is to be so 
arranged that its C.G. is at a distance y from A, as shown in 

Fig. l-5(a). 

In this load position, 




wok , , ... a , 
-^-(L-x) (I- * 



MAX. B.M. D. 
Fig. 1-5 

R s —wa 



Distancc CB^^ y—x-^—-^ 



M x =R B (L-x)+w ( £^- 



way 



(2)< 



For H x to be maximum, differentiate it with respect to y and 
equate to zero. Thus, we have 



dy 



or 



and 



-Afr 
-CB 1 



or 



In the above equation, a—A x B x I L—AB ; L—x—CB 
i a 

y-x+Y 

Hence equation 1 "9 can be expressed geometrically as 
CB AB AB-CB AC 



CB X ~ A X B X ^A l B l ~CB l A X C 
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A Y C AC 

or ~CB?~-CB < l ' 10 > 

Thus* for maximum bending moment at a section, the load 
position is such that the section divides the load in the same ratio as it 
divides the span. This relation will be found to hold good generally, 
both for the point loads as well as the uniformly distributed loads. 

Equation 1' 9 is directly useful for the location of the U.D.L. for 
the maximum B.M. 

For the maximum B.M. at C, we get, from equation V9, 
a . a a . ax 

and y—x+-~=*-j-{L—x) 

Substituting the values in (2), we get 

The maximum B.M. diagram can now be plotted by giving 
different values to x in equation I'll. Absolute maximum B.M. 
occurs evidently at the centre, when x=L/2. 

Thus, from equation VI I, 

■ *(*-4 )( i£)=--f-(*--r) 

llie above value can also be obtained by considering Fig. 1*5, 
and applying the deduction of equation 1' 10 independently. 

Thus* for maximum bending moment at the centre of the span, 

A 1 C AC 
CB l ~" CB 

AO LJ2 



CB t ~ Lfl 
or A L C^CB L =a/2 

wa 

In this position. Ra—Rb—-^- 
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and Mmax. (at centre)=A/ m „..,„= — ~£ • 



4 



which is same as before. 



1-5. TWO POINT LOADS WITH A FIXED DISTANCE BET- 
WEEN THEM 

Let us now consider two point loads W x and W 2 at a fixed dis- 
tance d apart, moving from left to right with W x leading. Let the 
leading load W x be smaller than IV 2 . 

(a) MAXIMUM POSITIVE SHEAR FORCE 

For positive shear force at the section C, we have to consider 
the three load positions : 

(1) Both toads to the left of the section C. 

(2) Load W x to the right of C and W z to the left of it. 

(3) Both loads to the right of C : For this load position, there 
will be no positive shear (since Fx——Ra), and hence we will con- 
sider only the first two load positions. 

(ai) Both Loads to the Left of C 
For this load position, 

Fx=+Rb (0 
This increases as the leading load reaches near the section C, 
and is maximum when W x is just to the left of C. 

(1) When x<d, only W x will be on the girder and W % will be 
off the span, with W x at C. Hence, 

(2) When x>d, both and W t will be oa the girder with W x 
at C, Hence 

(a/0 W x to the Right of C and W t to the Left of G 

For this load position, 

Fx**+RB-W t (2) 
Since Rb increases as W x and W t reach near B t the maximum 
S.F. occurs when the load is Just to the left of C. 
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(3) When (L—x)>d, both W x and W % will be on the beam with 
W % at C, Hence 



(III)(1-14> 



w 2 w, 




^ ... w l L , 

w, +w 2 ^ n f T w,+w 2 -*t 




MAX. 6.M.D. 




Fig. l"fi. 
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(4) When (L—x)<d, load ^ will be off the girder while W x 
is at C. Hence 

W Y 

w F mfl ,.-+tfa==+-^ (IV)(ri5) 

Thus, we have four equations for Fx (equations, I, H, III and 
IV) and one or the other of these equations will give maximum 
positive shear force depending upon the relative magnitudes of x 
and d. 

To find which of these four equations will give F max , we shall 
divide the beam in three zones : 
(0 Zone (I \ : x=0 to x=d 
(n) Zone (2) : x^dto x=(L-d) 
(Hi) Zone (3) : x=(L-d) to x=L 
(i) Zone (1 ) : x=0 to x=d. 

The first zone under consideration is from x=0 to x—d, and 
for this, both equations I as well as HI win be applicable. For 
equation (I), W x is at C while W % is off the girder. For equation III, 
Wi is at C and W x is to the right of it. Out of the two, equation I 
will give the larger value if 

W x x- W,x±W x {x^d) 

£ > £ — w 1 

Thus, when x< — — , equation I will give greater F„„. 

Beyond this value ( to jc-rfj equation HI will 

give greater F max . 

(«) Zone (2) [x=d to 

The second zone under consideration is from x=d to x=^L—d t 
and for this both equations II as well as III will be applicable. For 
Eq, (II), W x is at Cand W z is to the left of it. For Eq. an), W x is 
at C and W x is to the right of it. Out of the two, equation (IIJ will 
give larger value if 

ie W } x+fr 2 (x-d) W,x^-W,{x-d) 

L > L , 

or {W l -\-W t )d<W l L 

W T 

or d< — ■ 1 ■ nm 
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W L 

Thus when the value of d is less than ^ , max.+ve S.F. 

will occur when the leading load reaches the section. This is the 
standard case for which max. S.F.D. has been drawn in Fig. l'6{b). 

W L 

Thus, when d < ... ) „ . . equation II will give F max . 

w x -\- w i ' 

W L 

When d > j^r+^r . equation III will give iw 

and maximum-) ve S.F. will occur ^ heiUhe-xear-wheel load reaches 
the section. 

Thus from Eq. I, when x=0 t f«i«.=0 

when x=d, — 

W d 

From Eq. II when x=d, Fm«r = — ^— 

(b) MAXIMUM NEGATIVE SHEAR FORGE 

In this case also, we will consider the three load positions for 
maximum negative shear force at the section (C) : 

(1) Both loads to the right of C. 

(2) W x to the right of <! and W s to the left of C. 

(3) Both loads to the left of C : For this position, there will be 

no negative S.F. (Since Fa~-^R») and hence we will consider only 
the first two load positions. 

(0 Both loads to the right of C 

For this load position, 

F x =-Ra . 0) 

This increases when Ra increases. Hence the maximum value 
occurs whsn W t is just to the right of C. 

(1) When (L-x)>d t both W t and W x will be on the girder, 
with Wt at C. Hence 

(2) When (L-x)<d, only W t will be at C and W x will be off 
the girder. Hence 
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{bit) Wj to the right of C and W 2 to the left 

In this case, maximum negative S.F. occurs when W x is just to 
the right of C. 

(3) When x<d t the load W 2 will be off the girder with load W x 
just to the right of C. Hence 



(VII)(l-20) 



(4) When x>d t both W x and W t will be on the girder, with 
W x just to the right of C. Hence 

V^-v -^-»)+yfc^±fl. +y , (VIII)(1 . 21) 

Equations V, VI, VII and VIII are valid for appropriate range 

of x. 

For the case when W A <W V . equation V win give the maximum 
negative she ar force, and is valid for all values of x between 0 to 
(^-^TBeyond this, W x is off the girder, and equation VI will be 
valid. 



Thus, at a;=0, Z F™«=- | W^W x (L L d) j 
at x^iL-d) t UW = — ^ 



The complete maximum S.F.D. has been shown in Fig. 1*6 (b). 
Eqs. VII and VIII will give maximum value only when W 2 <W X . 
i-e., when the loads move in the reverse order. 

Summary 

The maximum positive S.F. occurs ojily when both the 
loads are to the left of the section with W x just approaching it. This 

& valid if d< J?^. ■ The maximum -f-ve S.F.D. is governed by 
Eqs. I and II. 

W L 

(2) If d> H- ]^iy , maximum positive S.F. occurs when W % 

is just to the left of C, and W x is to the right of C. The maximum 
4- ve S.F.D. is governed by Eqs. I and III. 

(3) The maximum negative S.F. occurs only when both the 
loads are to the right of the section. The maximum negative S.F.D. 
is governed by Eqs. V and VI. 
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(41 IfW. is greater than W, (I.e.. when the loads travel to 
reverse order)! Eqs. VII and VIII are valid for maximum negatrve 

S F ' D See examples l"2 and 13 for complete illustration. 

(c) MAXIMUM BENDING MOMENT DIAGRAM 
When the two loads W l and W, are to the left of section C. 

M x =-Rb{L-x) ' ' 

This goes on increasing, as Rb increases, till If, reaches the 
section^ Let % be the bending moment at C when W x is on the 
section, and W, is to the left of it. 
Then Wx = 

When both the loads are to Ac right of section C. 

This is evidently maximum when W % is at C and W x U ahead of 
it. Let Wx be the beading moment at C when is on it and W x 
is to the right of it. 

Then, Wx— 

As the loads still move further, Ra decreases, and hence Wx 

decreases. . . 

A. a third possibility of getting maximum bending 
C let ^ be to theright of C, and W t to the left of it at a d.sUnce 
y'SmC Lt Wx be the bending moment at C. for this loading. 

Then, 

The above equation ma, be rewritten in terms of Wx and Wx 
as under i . 

, nd W*=W*+ } 

lf W v x>W&-x). Wx>Wx>Wx 
lf W l x<W£L-x\ Wx>Wx>Wx. 
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It is clear, therefore, that in either case. Wx will not be maxi- 
mum. 

Hence maximum B.M. at the section is either W* or Wx, 
whichever is larger. Fig. 16(c) shows both the parabolas giving 
Wx and Wx governed by equations I and II respectively. 

Now Wx is greater than Wx if 
W*x+WJtx-d) WJL-x-d)+mL-x) x 

x>-2iL ...(1-24) 

For T *< J^w » \ Mx * maximum 



For 



W L ' 

*>«rrnr • w * is a maximum - 



Now, % is zero at x= j^-. and at x=L. 

% M X is zero at x-0, and at (£— ^)=^r^r* 

Both the parabolas cross each other at F', where W^W*. 
To find the position of this section, put W^W*. 

From whidi x (or AF)=^^ W ^ • 

Thus, * divides AB in the ratio of W x : W t , For all sections 
from ^ to k maximum B.M. is given by W y , and for all sections 
•from f to 5, the maximum B.M. is given by W x . 

The maximum value of *M X in equation II will occur at 
AE _Lf r W x d 1 

*= — - 2 I 1 - 

When TF t >fTj then absolutely maximum B.M. anywhere in the 

girder occurs in the Wx range at 

In case (L-x)<rf, is off the girder when W x is ok the 
section. Let °W ff be the bending moment at C when W, is on it 
and W x is o&tjie girder. 

Then <*M X = -R B {L-x)=~~^ (X-x) (III) .-.(1*25) 
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Similarly, when x<d, W t is off the girder when W x is on-tho 
section. Let 01 Mx be the bending moment at C when Af s is on it and- 
W t is off the girder. 

Then ^-^(I-^-^d^) <IV) .-.(1-26) 

For some sections over a portion of the girder, 02 3/ x may 
sometimes be greater than *M X . Fig. l*6(c) and (</) show the B.M.D. 
for two such possibilities. See also examples 1'3 and T4 for such 
possibilities. 

Example VI. A uniformly distributed load of I kN per metre 
run, 6 m long crosses a girder of 16 m span. Construct the maximum 
S.F. and B.M. diagram and calculate the values at sections at 3 m t 
5 m and 8 mfrom the left hand support. 

Sola ti on. 

{a) Maximum positive S.F. diagram. 

The maximum positive and negative S.F. diagrams are plotted, 
xactly in the same manner as explained in § 1'4. 

For x upto 6 m (=a) 




Fig. rr 
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At x=Q t F o =0 

*=3m, kN 

Forx>6 * 

*-- + *(H-Fi?(*-fW<~» 

(1*6) 

At x-6. JV= + -g- (6-3)= +| , as bcfore . 

*=16, ^ ls -/^„ Wjt — f-|- (16-3)=- » kN 
(6) Maximum negative S.F. diagram 
(1) For * between 0 to (£-a)=I6-6=10 m • 

-l6-l"-*-2-}-— g-<13-») 
f (13-0)— f ■» 



At *=0, i?.— 4- (13- 0 )=-^ kN 



*=3, J- (13-3)= - J* kN 

*=5. /■,= -i- ( i3_ 5)= _ 3kN 

*-«. *— -§-<I3-«> — *?kN 

*=I0m, F 10 =--|- (I3-10D -|- kN 

(5) For x between 10 m to 16 m : 

= ~2xT6 (,€ - JC )* =-3j 06-*)* 
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(A Maximum bending moment 

ForS maximum beading moment at a section, the load 
should ite fo arranged that the section divides it m the same ratto as 
it divides the span. 

Thus, from equation 1*10, 
A 1 £ = AC 
CB X CB ' 
Hence AC=x ; CB=L-x. 
A X C_ x 
CB X L-x 

a,c+cb, ^A* B ±=l±Lr± 

or ^ c Bx l-x L-x 

or CTx-^X^A = ~~Z 

(1) For x=3 m 39 

39 9 
^C=6- T = T m 

39 65 m 
Sfl 1 =16-3-- 1 -=-g » 

Alternatively, from equation VU , we have^ 



A W_i^ *" (1 ' U) 

M* "^ X3 " (16 " 3 K 1 ~2X^) 

= -lT9 kN-m 
which is the same as before. 
(2) Forx^S aridx=S 

For these sections also, equation 110 can be used to firstlocate 
the position of the U.D.L. and the maximum B.M. can then be 
calculated, or else equation 1' 11 can be used to compute maximum 
BM directly. Thus, from equation 1*11,1 

^--^(,6-5,(1-^) 
kN-m 
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1x6x8,,,, R xf i £ — 

and A/ a = jj- 0«-8^1 2xl6 J 



The results can now be summarised as below : 
Section x Max. S.F. Max. -« S.K 




3 m 


+1 kN 


-« kN 
4 


— 119 kN-m 


5m 




-3kN 


-16*7 kN-m 


8 m 




-if** 


-19*5 kN-m 
. i ^ •»* 



Example 12. L point loads of 4 kN and 6 kN spaced 6 m 

right. Construct the maximum S.F. and ».*u aws 
absolute maximum values. 
Solution 





L 4x16 




, 4+6 



Thus the data is for the standard case, and the S.F.D. will 
as that shown in Fig. l*6(a). 

(a) Maximum +ve S.F. diagram 

Since , the maximum + ve S.F. at any section wiU 

. occur underlheleading load of 4 kN. 

r " c "__ , if^^4-A x - + 4kN 

For -vupto 6 m — -r ^ 16 4 

For x more than 6 m (=</). •F-,. will be greater than 
and is given by equation i * 1 3, /.<*. 

X F m *x = + /?B = ~1 X ^ 

_ (4+6)x-6x6 ^ Sjc-1p 

16 8 

(5xl6)-l8 

At X—L— 16, /Vox-ma* g 4 
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(b) Maximum -*ve S.F. Diagram 

For all sections between jc=0 and x—L—d =16—6=10 m, the 
m ?|™^&J^555l§sE-_?*S! J>?. when^hejpa.d W%{~=^ JcN)is at the 
section, .w^^i==£kNl^ieai<iit. The variation is given by 
equation i"I8 M i.e., 

>F^.=- RA =- w * L -* + ™- x --<tr ... (1 . 18) 
A, ,=o,^= f ..,.„,-M±£M = _ 8 . 5kN 

At x- 10 m. F»— 6X ^ 4(0) — -|- kN 

10 4 

For all sections between jr~10 to x=16, W x will be off the 
girder when W t is on it. Hence, max. — ve S.F. is given by equation 
1*19, i,e. 

°*F max .=~R4 = - W * {L - x) ...(l-i9> 

a + m i7 6(16-10) 9 . e 

At -x=10 m, F 10 — — ~ — "4"' as be ^ ore * 

Atx=16,i^=0. 

The max. -f ve and — ve S.F.D. have been shown in Fig. 1*8(6).- 




Fig. 1*8 
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(c) Maximum bending moment diagram -»f the 

As discussed earlier, the maximum B,M. at a section may occt 
under any one of the following conditions : 

(0 Max. B.M. under W x and lf 2 behind it Q-Mx). 
(U) Max. B.M. under W z with W 1 ahead of it ( 2 Mx). 
(Hi) Max. B.M. under W 2 with W x off the girder { 0i M x ). 
We shall investigate all the three possibilities. 
(a) Max. B.M. under W x i}M x ) * 
From equation 1*22, we have 

Li 

16 

-(36-10x)( (IOx-36) ( '-To") 

This is zero at x— 3'6 m and x=16 m. 
Thus, Z)B=l^-3'6=12-4 m. 

W««- will occur at x=3*6+ - j—^ 9 * 8 m « its value being * 
W.„.-(36-98) (.1-±L)— 24-25 kN-m. 

(&> Afcx. A AT. uwfer H^PATx) : 
From equation 1*23, we have 

= _~|4(16-x-6)+6(l6-x) J 

— ,*[ 136-10,] 

This is zero at x=0 t and x=13'6 m 
Thus ^£ = 13*6 m 

AF 

*Mm ax . occurs at x« -y =6*8 m, its value being 

f A#m 0 ,. = -4j! I 136-68 j-28'8 kN-m 

Since - 6 ^ =9'6 m, for x<9 6. 2 Mx i s greater 

than Wx, and for x>9:6 m, x Mx is greater than 2 Afjr. 
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2 Mx^~ - 9 A (136-96)— 24 IcN-m 



) ( l--^-)--24kN-m 



"Mx and x Mx arc equal at #=9'6 m (This is a check), 
(c) Max, BM. undef W 2 when W x is off the girder { 0i Mx) 
From equation 1*25, 

and this is valid from d=l6— 6=10 m, to x=L=\6 m. In 

this range °*Mx is greater than x Mx if 

_^( 16 -,)>(36.- 1 0,)(Ji r ^-} 

or if 6x>I0x-36 
or 36>4x 
or *<9m. 

But since the equation of °*Mx is valid for x greater than 10 m, 
the above condition cannot be fulfilled, and hence ***Mx is less than 
x Mx between x^lO to x=I6 m. 02 Mx has its maximum value at 

L „ 

X= ~2 m * ltS vaiue ^ in % e( J ua ' to 

. --24 kN-m 
The maximum B,M,D. has been drawn in Fig. r8(c). 

^Example 1*3. Solve example V2 if W^4 kN; W^kN; 
d~6 m and the span L—12 m. 
Solution. 

For the present case -r-, * L= ttT^ 8 ^ 
VYx+lr* 4+6 



Thus the case is not the standard one, and the S.F.D. will not 
be similar to that of Fig. 1 '6(b). 

(a) Maximum -\-ve S.F. Diagram 

(/) For *==Q to x=d=6 m, when only W x is on the span, and 
W % is off the span the maximum S.F., from equation 1"12, is given by 
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(fO Forjc-pto*=if-«m,whcnIF 1 isjurttothc left of the 

section and W x ahead of it. 

n „. W 2 x W x {x+ d) 

~ 12 + 12 V 6 / 

Thus,forx=0tox-6,iw. is given by both equation (1) 
and (2). 2 A«. wiU be greater than F max . only if 

or if5x-12>2x 
or if 3x>12 

or * *> 4 

Thus, for x-0 to x=4, *F WB ,. (given by equation 1) gives the 
maximum S.F., while for *=4 to gives the maximum 

values. 

Thus, at x=4, F^+ykN 

at jt«*6,*;«+3-kN 
(/«> For*=i=6m(or i-</=6 mi to *-L=12 ; both W x 
and W t on the span : 

The maximum S.F. is given by equation 1*13 

._ 4*+6(.v-6) - A ( A -_3-6) O) 



12 ~" 6 

(iv) Forjc«rf-6mtojc*r.*l2,withIf 8 on the section and 
W x off the girder : - 
The maximum S.F. is given by equation VS. 

Thus, for .x=6 to x-12, the maximum S.F. is given by equa- 
tion (3) and (4). Evidently 02 /w. will be greater than l F«,„, if 

- 2 ->h*- yt,) 

or *<9 

Thus, from x~6 to x=9, maximum S.F. will be governed by 
Cl iw. (equation 4), while from x=9 to x= 12, maximum S.F. will 
bo governed by 1 F max . 
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^ fln ^^KP^ the right of 

, raus,irom;e<^ -. ' 

At F„„/. „„.«.- -j k^At^=6,^~-(8-5)--3 kN. 
- bOWter Wtfs *i /Ac stctio^-m W x pjflfhe ■ girder (for x=6 

-■-^--^ 

At ^ t; .«' 4 «rrJ(6)^.-H fcN^as before^ ^ ' 




02m. 



Fig. 1-9. 
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. . y S - (<;) Maximum bending moment diagram* 

The maximum bending moment may occur under any one of 
the following three conditions : 

/j j (0 Maximum bending moment under W« -with ^ ahead of it 

(?/) Maximum bending moment under ^ and fV s behind it 
CMx). 

: (Hi) Maximum bending moment uuttei ^ 2 with off the 
^spaii, ( 02 Mat). 

Let us investigate all the three possibilities ; . 

(i) Maximum bending moment under iV 2 mrh W x ahead of it 

(*Mx) 

From Equation 1*23, 
w ^.*Mx=*-Ra.x- ^w s (L-x- dj+W£L~-x)- J; (1'23> 

«— jj{ 4(12- A ~6)-i-6(I.?->;) 8— | * ).(0 
This is zero at 0 and at x=~f-±9'6 m 
*Afx will have its max. value at x-—~- ==4*8 m 

/. ..■W otSSS -4'8( 3-| x4*8]=-I9:ikN-m 

<iV) Afax. bending moment under W L with W„ behind it ( l Mx) 
From equation 1 *22, we have 

^E^m^ iL _ x) (I . 22) 
= _i£±f^). (12 _ JC)=; _(^ 3 ) (12 _ ;c) 

This is zero at *=3*6 m, and at x=12 in 
*Mx is maximum at *=3'6-f- 12 ~ 3 6 =7'8 m 

(-|~x7'8~3 )<12-7'8)=-14-7kN-m 
Now will be greater than for 

^ > W^ > "4+o- >72m * 

Thus for x=Q to x-7'2, max. B.M. will be governed by *M max 
;and from x>7'2, max. B.M. may be governed by x M m „. 
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At X7-2-3 )(12-7-2)=14-4 kN-m 

7-2 ( 8-f x7-2)=-14-4kN-m 

(check) 

( f «) A/ax. bending moment under W x with W % off the girder 
From equation 1*25, 

— ,(6-o-sx) on). 

To get the section where »M*. is equal to °*Mx, we have 

x ( 8 "T *) = * (6 ~°' 5x) 
x=6 m 

The common value of B.M. is given by 

W.= 02 M,= -6(6-0-Sx6)=~ 18 kN-m 
To get the section where ^ and are equal, we have 
)(t2-x)«Jt(6-0*5x) 

which gives x=9 m. 

The common value of the max. B M. is given by 
«Af,«W,^- 9(6 -0-5X9)— 13 5 kN-m 

The maximum value of ^.evidently occurs at -6 m 

its value being equal to «M,--6(6-MX©--18 kN-m 
Hence, to Summarise: 
(A For x=0 to *-6. Max. B.M. is governed by W*. 
S For *=6 to ,-9. Max. B.M. is governed by M, 
ffl For x=9 to *=12, Max. B.M. is governed by Wx. 

w m ax B M diagram is shown in Fig. 19(c). The 
ab so Jtf r Pl Bl ma wiU t %L W„ «■*-** - * va!ue *in B 

has gone off the girder, is equal to { l±^J ^-^f. 

Hence, draw the max. B.M. diagram if H\-< kN ; ; 
i/=tf m and the span L=10 m. 
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Solution. (Refer Fig- 1*6.^1)-"'^ . 
Since is greater than W x \ tic-in^fium ..vaj " 
*Mx at a section occurs when the^oad is itfciJe 1 ^ ^ < 

ahead of it. The maximum value of a Ak« occurs M ; 

J^Ml- \ The maximum ^ohik^^^S^ 
- wbstituting'the vafueTdf * m^uatibji l*23. 7 -H; v ^ 
Thus W*.,.; -§ {^(t-^Hi^fe^L *i ^ 

..... J. ..1!-^- ^i;-- T^i")] 

Wi +WJL-Wjd} * C: (i)(l-27) 

Also, when W t is off the girder, the maximum B,M. under 
at the section is given by equation 1*25?.' ; : - 

,*W x =- ¥f- (£-*) ~ (1-25) 
Evidently, its maximum value occurs at x=-~ 

and " W «---T>a( L rT 

To have thegrea/esf B.M.gdvernedby oz m mfljr , we have 

or ^,L-Wi+^i)>(IFi+^W^ 

or Wi+W {(^i+fF,)-»' l }+^ 1 *rf a -2^£(^i+^ 1 )<0 
or L*(W' 1 +^i)-2rfJt(» f i+»y.+» r i<i , <0 

which gives L<[l±^l-^gj]rf 
Numerical part ; 

To ascertain whether the span is less than that given by equa-. 
tion "1*28, substitute the values in equation 1*28. 
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Thus, Lii„=[ l± ^4^y 



=(1±0.775)6=1'35 m or 10*65 m 
= 10.65 (Taking the greater limiting value) 
Since our span is even lesser than the greater permissible value, 
ajl/x will be greater than 2 M mox . 



Now 



This is maximum at x= — 5 m 



M m e*. max- — 03 A/5 — 



6X5 



10 



x5=-15 kN-m. 



To plot the max. B.M. diagram, let us again investigate all the 
three possibilities " 

{a) Max. B.M. under W t with W x ahead of it (*Mx) 
From Eq. 123. 

*Mx=-^ iWAL-x-cD+WiiL-x)} - 



--- - X ~ {4(lQ-Jt-6)-i-600-*)} 

*=-x(T6-~x) 
This is zero at x=0 and x=7'6 m 
(b) Max B M. under W t with Wi behind it ( l Mx) 
From Eq. 1*23, 



(0 



W 2 = 6 kN 



W,= 4 kN 



■ 6 m 



10 m 



(a) 



SOrn 




Fig. rio 



AGLUNG LOADS t 35 

«^(i^3-6)(10-jc). («) 
This is zero at x=~ 3*6 m and*~!0ra. 
(e) Max. B.M. under W t with W x off the girder ( 6Z Mx). 
.From equation 1*25, 

0W*=—|£ (£—*)— — ~ (10— 

«-0*6*(10-x) (#/) 

To find the section where 2 Mx and are equal, we have 

0-6*(10— *)=x(7'6-*) 
This gives x=4m. 

Thus, W 4 - 02 ^ -4(7*6- 4)- -14*4 fcN-m. 

To imd the section where x Mx and °*Af^ will be equal, we have 
0*6xaO-*)=(x-3*6) (10-*) 
-which gives x=9m 

Thus ^ a = b W 9 --0*6x9{IO-9)=--5-4 kN. 

Hence, we get' 

(0 For x=0 to x=4 m, Max. B.M. is governed by *A/> 
(fl) For x=4 m to x=9 m, Max, B.M. ^s governed by °*Mx. 
{Hi) ?otx=9 m to je=10 m, Max. B.M. is governed by Hfx. 
The max. B.M.Dw is shown in Fig. 1*10. 

Example VS. Plot the maximum bending moment diagram: for 
a simply-supported girder with the following data : 

W\^3kN (leading) 

d~6 m 
L=-10m. 

Prove that maximum B.M. occurs under W z when W x is off the 

span. 

Solution 



=( ^VA)^ 10 " 89 - 

Since Z,=U0 m, maximum B.M. will occur under W % when W x 
•is off the girder, i.e. °*M m * x . will be greater than a Af« B ,. 

To plot the maximum B.M. diagram, we will investigate all the 
'possibilities. 
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(a) Maximum B.M, under W % with ahead of it W 
From equation 1*23, we have 

*Mx=-l{wAL-x-d)+W t {L--x)) d'23) 

3(10-x-6)-{-6(l0-x)} 

= -x(7'2"0'9x) 
It will be zero at x=0, and x=8 m. 
(6) Maximum B.M. under W x with W % behind it (Wx) 
From equation 1'22. 

__3s+6(s-6) (in _ v) 

«.-(0"9x-3-6) (10- x) < 2) ' 

It will be zero at x=4 m and *-10 m. 

W Maxima AW. «mfer W, ^ off the girder ( »A&) 

From equation 1'25, 

n Mx =-^{L-x) 

^ (t0-x)=-0'6x(10-x) ( 3 >' 
lu 

To find the section where "Aft and are equal, we have 
x(7-2-0"9x)-0'6x(lO— x) 

which gives x=4 m. 

-■ »^=«iV/ 4 =-0-6x4(10-4)=-l4-4 kN-m. 

For the rest of the span, °Wx will be greater than only if 
0-6x(10-x)><0'9x-3-6)(10-x) 
or if 0'6x>0-9x-3-6 

if - x<12 m.. 

01 However, slice maximum value m, *M, »M alwyz 

be greater than Wx. 

The absolute maximum B.M. any where in the gwderwitt 

evidently be governed by *Mz. It will occur at *=-§- =5 m and it* 
value is 

M„„.„.,= M M l =-0-6x5x5=-15 kN-m. 
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The maximum B.M.D. is shown in Fig, 1*11. 



GkN 



3kN 




10 m 



Fig. i-ii 

TG. SEVERAL POINT LOADS : MAXIMUM B.M. 

Let us now take the case of a train of wheel loads W u W z ...W m 
crossing a simply supported girder. For getting the position and 
amount of maximum bending moment, we shall discuss the following 
•two propositions, 

PROPOSITION 1 

When a series of wheel-bads cross a girder, simply supported 
at the ends, the maximum bending moment under any given wheel had 
occurs vshen the centre of the span is mid way between the C.G. of the 
had svstem and the wheel load under consideration. 



w, 



b- 



B* 



L/2- 



L/2 



Fig. 112 

Thus, in Fig. 1*12, let us find the maximum bending moment 
under the wheel load W a , of the train of wheel loads W u W 2 .,W R . 
Let U'l be the resultant of all loads to the left of W % and W r be the 
resultant of all loads tcf the right of W % and inclusive of W % . Let 
be the resultant of the load system, situated at a from Wl 9 b from 
H p. and c from W 2 . For given load system a, h and c are constants. 
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To get the maximum B M. under let the load W t be placed 
at a distance z from the centre C of the span. It is required to find 
the value of the variable z. 

Reaction &<=-]r[y"-K c ~" z ^ 
B.M. under W % is M=-Ra (y+* )+»^&+*) 

— x [t+<^»)](t+« 

.-^'(^+^+^)+IIM«+e)- 
For maximum M, V 



r-f _ .-.(i'29> 

Hence the centre of the span is midway between W and W t . 
This proves the proposition. , 

The above proposition can be used to find the maximuaj-B.M. 
under desired wheel load. However, to get absolute maximum 
B.M, any where on the girder, several trials are to be made. Any oae, - 
load must first be chosen and arranged according to the condition of 
equation derived above, and the maximum B.M. is calculated. 
Another wheelload can then be chosen and the procedure repeated 
to get another value of maximum B.M. Two or three such trials may 
sometimes be needed, and the absolute maximum B.M. will be the 
greatest of these. However, to reduce the number of trials to a 
minimum, the following points must always be kept in mind : 

L The maximum B.M. always occurs under a wheel load, 

and not any where between two wheel ioads. 
2. Absolute maximum B.M. always occurs at a section near 
the centre of the span. (It never occurs at the centre unless 
theC.G. of the resultant load coincides with the centre 
* line of some heavy wheel load). 
- 3;/ The wheel load should be so selected that the centre of the 
span is midway between the C.G. of the load system and 

/wheel load under consideration. 
.... The absolute maximum B.M. generally occurs under the 
heavier wheel load— specially that which is very near to 
the C.G. of the load system. 
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PROPOSITION 2 

The maximum bending moment at any given section of a simply 
supported beam, due to given system of point loads crossing the beam 
occurs when the average loading on the portion to the left of it is equal 
to the average loading to the right of it, i.e. when the section divides the 
load in the same ratio as it divides the span. 

The proposition is very useful for locating the load position for 
maximum B.M. at a given section, aedhas already been proved for 
uniformly distributed load in § 1*4. 

Let it be required to find the load position for maximum B.M. 
at a point C, distant x from A. Let W be the resultant load located 
at y from A, for maximum B.M. at C. Let Wl be the resultant of 
the loads to the left of C and Wg the resultant to the right of C. 

'L 

Mx= -RA.x+Wi[x-(y-a)] 




Fig. 1*13. 

In the above expression, y is the only variable. For maximum 

Mx, 

dMx , W,x .„ ~ , .... . . 

— -f IVl=0 (or should change sign) 

In other words, the average load on the portio n to the left of 
C is equ al to the average ljoacT~onT6ej^ 

Actually, in isolated load systems, cannot be equal to zero but 

will have sudden steps changing from a positive value to a negative 
one. Generally, the loading will be such that either AC is heavier 
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and CB lighter, or vice versa. Hence the maximum B.M. at C wUl 
occurwhen (-—^ — ' jL—x } cnan S es si S n - The value ;) 
can change sign only when a load crosses C from left to right, thus 
increasing tfVand decreasing Wl. Hence to get the value of maximum 
B.M. at a section, one of the wheel load yjhould be placed at the sec - 
tionrso thaJif ~thaTmd?s ^^ °lJY±i the ex P ression 

( ~ lE-D b posittve * ^ $ considere d as °f Wr > the ex P res " 
sion {^~~ ~^ ^ becomes negative. If on rolling the loads from left 

to right,^-^ — does not change the sign from +ve to 

— ve, but instead, increases or remains positive, the loads should be 
rolled to the right so that next load comes over to the section. With 

this new load at the section, | -2^- J~~^) sbould a 8 ain in " 

vestigated for the two positions, as described above, till it changes 
sign. In the passage of a series of wheel loads, two or more posi- 
tions of the load system may occur satisfying the above condition 
of change of sign' from -fve to — ve. In such a case, tiie value of 
Mx at the section'for each of these load positions must be calculated, 
and the greatest o? these taken as the maximum B.M. at the 
section. 

It must always be remembered that maximum B.M. at any section 
occurs when the wheel load is over it. 

17. SEVERAL POINT LOADS : MAX. S.F. AT A SECTION 

Let us how investigate the load position for getting maximum 
S.F. at a section due to several point loads. W i9 W» W m . The 
process of locating the load position for maxima is that of trial and 
error. However, the max. S.F. at the section occurs when one of the 
loads is on the section. 



1° 1 1111 1 II 



Kd-rjc L _ x . 

L 



Fig. 1*14 
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To get the max. -fve S.F. at C let the load fV 1 be at the section 
C, and let another load W t bs at d behind St. If the loads are 
rolled to the right by a distance d, so that W % comes at C, the S.F. 
at the section C will be changed. This change (SB) consists of two 
components : 

(0 Increase Si? B (gradually as the loads roll) 
Wd 

$Rb= ~j— t where W—resultant of all loads on the span. 
(ii) Sudden decrease orjdrpp equal to 

Hence! 5F=8/? B - -W x j ...<r31) 



If this change is positive, rolling will increase -fve S.F. In 
such a case, the rolling must be contained till equation l'3l becomes 
negative.. 

.Hie above discussion is true only if no load either enters or 
leaves the span when the system is rolled by the specified distance d. 

To discuss the most general case, let the load Q enter the span 
a distance a, and load P move beyond B a distance b t due to rolling. 
If W is the resultant load before the advance, we have 

«~ : 

Hence $F=IR*~W X 

^-V+WJ-J^+f ..,,-32) 
„. b a 

Since -j- and — are usually small compared with unity, the 

last two terms of the above expression may be neglected for approxi- 
mation. Hence, we get 

Wd 

S/ - T~-Wi+P) «-0"33) 

If this is -fve, rolling will increase the S.F. From the above, it 
is evident that the load entering the span does not change the S.F. 
appreciably while the load leaving the span does. 

IfjMj he loads are equal and equally spac edjj —- —W x ^ will 

always be negative and hence, maximum S.F. at the section will oc cur 
when the first load reaches the section ~~ 

The absolute maximum -fve S.F. evidently occurs at the right 
support, for which the criterion of equation 1*33 must be tried. 
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Eauation 131 (or 1 33) can also be used for getting maximum 
-ve S Htrte sect on. However, in this case, the advance (or 

(ES-- Wl ) is positive. If it becomes negative, the load posmon 
befte such movement gives maximum -ve S,F. If it becomes 
posHWe, movement must be permitted till' the e^on becomes 

negative. (^aMrf f«i* in 

"fr a m, fte 4 fc* W ^ « J5 mfr ° m 

left hand support, determine; 

{a) The maximum bending moment. 

{b)7k£ maximum shearing force. 

Solution. 

6 6 10 10 4kN 



I5m H 



-40 m 



6 6 10 10 4kN 



U- 9.5 -H2-5K3^2*f 19 5 



(b) 



6 6 10 10 4 



A_y_LLk —a 

• 5-*44fc** 25m (c) 



j- 15 



m 



6 6 10 10 4 



~~ — _^J?-5W.34-3*I25H« — 14m <*-} (d) 

.. 40 m ■ *^ 



Fig. 1*15 
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{a) Maximum B.Xf. 

By mspection, it is clear that the maximum B.M. at C will 
occur when the central 10 kN load is over the section, so that when 
the loads arc rolled across the section, the condition ofioading in 
AC—CB will alter from heavier- lighter to lighter-heavier. The loads 
are arranged as shown in Fig. i'tS (b). 

Give small movement to the 'left, 

— 7~ ^=r-- t-z — rjz — rj — 1 47 — u 30— -pu 91* 

x L—x 15 40-15 

Giving small movement to the right, 

iil.'^^l JOHOt^ 0 . 8 ,, 0 . 96 „_o. i6 , 
x L-* 15 40— 

Since changes sign, the bending moment will 

decrease if the centra! 10 kN load is displaced fron>C. Heuce.the 
arrangement of the load shown in Fig. I*i5 (h) gives the maximum 
B.M. 

Now *j=i!V5x6mi2x6Ha 
-13-525 kN 

/. A* c ==-$3*525x25} r{4x5*5)+<i0x3)— 2S6 bN-m 
(b) MaxtmwnS.F. 

For maximum +ve shear force, let us try with the first 4 kN 
load at the section C, with the load arranged as shown in Fig. 1*15 
(c). Since the next load {he. 10 kN load) is at a distance d=-2'S m, 
let us roll the loads to the right by 2*5 m. 

Here ^-total load=(6+6+10+10+4)-36 kN 
W x =4 kN 
,</=2*5 

: : k=^-^^P-4=.2-25-4==-l-75 
L 40 

Since it is negative, the 3.F. decreases. Hence the maximum 
positive S.F. occurs when the 4 kN load is just to the left of the 
section C, as shown in Fig. 1*15 (c). 

Jfc«- ^ ^(6x4)+(6x6*5)+(l0x9-5)+(10xl2*5)+(4xl5) 
= 8*575 kN 

:• F<=*Ra=i*-515 kN 
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Similarly, for negative S.F. at C, let us try with the last 6 kN 
load at C, as shown in Fig. V\5(d). Since the next 6 kN load is at a 
distance d=T5 m, let us roll the loads to the left by 2*5 ra. 

Here W=36 kN 

\V\=6 kN ; d=T5 m 

Wd », 36x2*5 , 
§r== TE ^ 1=:: ~40 6=22-5-6= -3*75 

This shows that the -veS.F. will be decreased. Hence the 
maximum negative S.F. occurs when the 6 kN load is just to the 
right of theHection C, as shown in Fig. 1*15 (tf). 



= ^[(4xl4)-f-(10xi6-5)+(lOxi9*5)+(6x22*5)+(6x25) ] 
= 17-52?kN 

.*. F<= ~R A =-~ 17-525 kN. , 

Example 1*7. The following system of the wheel loads crosses a 
span of 25 m. 

Wheeitoad 16 16 20 20 20 kN 

Distance between centre 3 3 4 4 metres. 

Find the maximum value of bending moment and shearing force 
in the span. - 

Solution 



A 



16 



^■98 m- 



D © © © © 

1 l6 | 2 °te- 52 T 20 i 20kN b 



I2*5m- 



-3-4-3- 
■ x- 



4-4* 4 m— 4*- 5 
W 1 
^12-5m 



■llm- 



Q2-*| 



a) 



l6kN !6kN 20kN 20kN 20kN 

B 



\ 1 1 I 



— «4«-3-t4« ■ 3-*|+- 4m-*j*-4rn- 



(b) 



Fig. 1-16. 

(a) Maximum B.M. 

Let us number the loads as 1 , 2, 3, etc. 

Then ^=20-}- 20+20+16+16-92 kN 

Taking moment of all loads about load no. 5, we get 

92*-(16x3) + (20x6)+(20xlO)+(20xl4) 
*=7'04 m 
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Let us try with the third load (i.e, t 20 kN load). Maximum A/ 
under it will occur when the centre of the span is equidistant from 
load no. 3 and the C.G. of the loads. 

Distance of load no. 3 and W~7*04— 6=f '04 m. 

ro4 

Distance of load 3 from centre of span=--= — 0'52 m 

i.e. load no. 3 is at a distance of 0*52 m from the centre of the 
span, as shown in Fig. 1*16 {a). 
In this position, 

^ fl= 2j[( l6x5 " 98 >+( 16><8 ' 98 >+( 2 <> x ^"9S)+(20x 15-98) 

+ (20xl9*9S)J-48 kN 

M ma *= -Rb{\T5 \- 0'52)+(20 x 8) -\ (20 x 4 > 

= -48xl3'02+160+80=-384*96kN-m, 
(b) Maximum S.F. 

* Maximum 5,F. val ues is either Ra or Rb^ As the C.G. of the 
load can appros^ls. nearer to B than to A, Re>$U for limiting load 
position. 

Keep the first load (i e. t 20 kN) just to the left of B. Since next 
load is at 4 m distance, give a movement of 4 m 

Thus. W=92 kN 
H^-20 kN 
d=4 m 

P^load leaving the span=20 kN 
, From equation 1*33, 

=24-5— 40- -15-5. 

The negative sign shows that the shear force will decrease if 
the loads are moved. Henc^ the arrangement of the loads for maxi- 
mum S.F. will be is shown in Fig. I' 16(b). 

Considering the first 20 kN load just to the left of B, we have 

Rb== 2l[ (1 ^ Xl)) ' ( I6xi4 )+<20X17)--(20X21)+(20X25) j 
= 664 kN 

F max . = + R B = + 66 '4 kN . 
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Example rS^irfj^&v^ 
traversed by ; w ^Mjj^^f %><^Twrfi&t ^^ffi&Veterminerthe 
maximum B.M.at 8 m from the left hand mpp&fyE?$d$$k&. t .on- : ! >: - 
■ Solution.-?" -tt/'i =^W-fcn*r € -£uti&Ao tttisttiG 



20m 



Let us try with the second 3 kN load at the section" C, as 
shown. ; v . ' 

Giving slight motion to the left : 



* £—* 8 12 ' 

Give slight motion to the right : ^ raif/ni^^ , 
Wz, ^ 34-3 o 34-3+8 



£-x 8 * 12 



=0'75^ia7=i^)*42~ m 



Since — - — - — changes sign from +ve to — ve, the maxi- 
mum will occur when the loads are arranged as shown, . 

^«^^(8xlX4)+(3xlO)+(3Xl2)+(3Xl4)+(3xl6) ] 
=9'4 kN 

.*. K n .a <e =-(9-4x8)4-(3x4)4(3x2)=— 57*2 kN-m. 
18. EQUIVALENT UNIFORMLY DISTRIBUTED LOAD 

A given system of loading crossing a girder can always be 
replaced by uniformly distributed load, -longer than the span, such 
that bending moment or S.F., due to this equivalent static load, 
every where is atleast equal to that caused, by the actual system of 
moving loads. Such a static load is known as equivalent uniformly 
distributed load {E.U.D.L.). The E.U.D.L- will be different for B.M. 
and S.F. The Jggding mome nt diagram far T ? r TTT> T *A}\ h» - » 
p arabola sy^metricaPabout fee base and must completely envelop e 
tne maximum bending moment diapram for the moving loa ds. 

Let us now find the E.U.D.L. for the following cases, for B.M. 
purposes : 

(a) Single point load. 
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(b) UJXL. shorter than the span. 

(c) >Two ; point loads W x and W % at distance d apart. 
(a) E.ujbX. for Single Point Load : 

The ^axMum B.M. at the section C, distant x from left 
support to single point load is given by equation 1*3, 

given by"' ^ E ' U - aL * ° Ver the Wh0le BM ' at action C is 
Af=- ^ x+^L <t x 

Equatiog (1) and (2), we get 

L (1*34) 

The same result could be obtained by equating the bendina 
moment at the centre, Le. *H«aung me oending 



or 



8 °4 



which is the same as above. 



(A) E.U.DX. for U.D.L. shorter than the span • 
than t^spXif^T Cen " re ° f the SPM ' * U.D.L. shorter 

where a is the length of the U.D.L. 

The B.M. at the centre of span, due to E.U.D.L w' is 

m — yOL 

8 

Equating the two, we get 

I ELlZJSil} (1*35) 

(c) E.U.DX. for the point loads W o«j «r 
d apart : Wl and W 2 at a distance 
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there if the tangent to the curve of B.M. due to E.U.D.L. at the 
support is equal to the greater of the tangents to *Mx and x Mx (or 
°*Mx diagaams at their corresponding ends). 

: Thus, iii example 1*2, the equation of 'Afar is given by 

M^^-^ (136-10*) 

ID 

^(atx^O)--^ (136)=8 5 (0 
The equation of Wx is given by 
W*=(10x-36)( l-^=Ci2-2Sx-0 62Sx*--36) 

• ^(atx=16)==12*25-l'25Xl6==-7'75 

The minus sign simply shows that the inclination of the tangent 
is in anticlockwise direction. 

.'. Greater ~J- due to the actual loading— 8'5 

The equation of B.M. at any point, due to E.U.D.L. w' is 

w'x(L—x)L w 'x(\6-x) 
Mx =y= " 2 

. iL(atx=0)=8H>' 
dx 

Equating this to the greater of fl) and (2), we get 
8w'=;8-5 

w'r=?-? = l-06kN/m 
■ 8 

„ w w'L s 8*5 16x16 ^ , M m 
This will give max. B.M.= g- =-g X — g =34 kN-m. 

The actual absolute Max. B.M.-28-8 kN-m, as found in 
example 1*2. 

^Similarly, the E.U.D.L. on the considerations of max- ihear 
can also be computed. 

1*9 COMBINED DEAD AND MOVING LOAD S.F. DIA- 
GRAMS : FOCAL LENGTH 

Let a girder AB, simply supported over a span L, carry a 
uniformly distributed dead load w/unit length. Also due to certain 
system of moving loads, let m>" be the E.U.D.L., based on shear 
considerations. 
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Fig. 1*18(a) shows the S.F.D. due to dead load. << >A 
Fig. l*18(b) shows the S.F.D. due to E.U.D.L, At any distance 
x t S.F. due to E.U.D.L. is given by ^ ^ ; 

and M _ W ).S3|=*>? — 

Fig. 1*1 8(c) shows the combined S.F.D., obtained after super- 
imposing the two diagrams. 

Thus, by combining -ve S.F. of (a) witt^ve S.F. of (6), we 
get final _ shear— ordinate C t C t . Similarly by combining^— ve S.F. of 
(a) with — ve S.F. of (b) t we get final shear=ordinate \QC a . Hence 
in the combined diagram, the final shear at . any point 1 , is given by 
vertical intercepts between dead load S.F. and the curves of 
E.U.D.L. V '! 



C P G O 

— i r~ r"> r~ 




f 

wL 










°3 
















+ B 








P 3 






, +. 



<b) 



(c) 



Fig. 1-18 

From Fig. l'18(c), we make the following observations 
At point C, S.F.=CiC 2 and CjC a (both negative) 
At point P. S.F.^P^^O) and (negative) 
At point Q t S.F.=e a e 2 (positive) and Q 1 Q t (=ty. 
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At point, D S.F. and D X D Z (both positive). 

From the above, we make the following conclusions : 
(a) For all sections to the left of P, the final S.F. is always 
negative. 

{b) For all sections to thJri^ht of Q, the final S.F. is always 
positive. 

(<) For all sections between P and Q, the final S.F. is both 
positive and negative. That is, the S.F. changes sign as the 
load .moves over the portion PQ only. Such a portion of 
the girder, over which the final S.F. changes sign, is called 
the focal length. If such- a girder is of lattice type, counter 
bracing is needed for this portion. In Fig. VI 8 (c), thus, 
PQ is the focal length of the girder. 

... Example 1*9. Calculate the focal length of a girder of 16 m span 
carrying a dead load of 3 kNjm and E.U.D.L. of 6 kNjm for shear. 
. Solution : (Fig. 1*18) 

Let i^S.F. due to dead load, at any section. 
\F,=S.F. due to E.U.D.L, at any section. 

Then, F^-^ +w . x= _-_l^Ii +3 ^_24+3x (1) 

/K+vc)- + ir » + - 2W - + _ ( 2 ) 

At the point P [Fig. ri8(c)], F,+F, (+ve)=0 

-24+3*+^ =0 

which gives *=,4P=5*85 m 

By symmetry BQ^AP^S'85 m 

.'. Focal lcngth=PQ^AB-2AP=i6—2-K5-SS=4-3 m. 

Example V 10. Calculate the focal length of a girder of 16 m 
span, carrying a dead load of 3 kNjm and a uniform live had of 2 
kNIm, 4 m long, travelling from lejt to right. 

Solution. (Fig. 1*18) 

For x>5m, F/(+ve)=:+ ...(see equation V6) 
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ir,— .^ + -u^-^+J*— 24+3X U) 



At the point P [Fig. 1*1 8 (c)J, F d +F, (+ve)=0 
— 24+3x+0'5(x-2)=0 i , 
which gives -47*^7*14 m 

By symmetry, QB=AP=T\4 m 

.\ Focal length P£>-16-2x7/14^r72 m 

Example I'll. Calculate the focal length of the girder of 
example 1'2 if it also carries a dead load of intensity 3 kNjm over the 
■whole span. 

Solution 

For the given girder : L=16 m ; W X =A kN 

W 2 =6 kN ;d=6m 
For any section distant x from A, 
wL , 3x16 

(a) For x>6, max. -}-veS.F. due to live load is given by 

= + il±^<i= + i£=ll J ,..-2-25 (2) 

At the point P [Fig. 1*1 8(c)], we have 
FiH-f;(+ve)=0 

or -24+3x+-g-.*-2-25-0 
which gives x^AP—l'2A m. 

(b) Again, for x>&< 10, we have 

Fi{ _ ve)= ^_ W,(L- X ) + W£L- X - d) (1 . lg) 
|~ 6(l6-x)+4(16~x- 6) j 

= -8'54- -j- x (3) 

For the point O, we have U. 1 
iv+*K-ve)=0 

-24 + 3* -8*5 -by- x=0 
which gives x=AQ=%-96 m. 

Hence focal iength=X^-^7 5 -8-96-7-24 

= 172 m 
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PROBLEMS 

1 A single rolling load of 10 kN rolls along a girder of 20 m span. 
Draw the diagrams of maximum B.M. and maximum S.F. positive and negative.. 
What will be the absolute maximum (+) S.F. and B.M. ? 

2. A uniform load of 1 kN/m, 4 m long cross a girder of 16 m span. 
Construct the maximum S.F. and B.M. diagrams and calculate values at sec- 
tion 6 m and 8 m from left hand support. 

3. Two concentrated rolling loads of 12 and 6 kN, placed 4'5m apart, 
travel along a freely supported girder of 16 m span. Sketch the graphs of maxi- 
mum shearing force and maximum bending moment and indicate the position 
and magnitudes of the greater value. 

4 A simply supported girder has a span of 40 m. Amoving load con- 
sisting of a uniformly distributed load of 1 kN/m over a length of S m preceded 
by a concentrated load of 6 kN moving at a fixed distance of 2 m in front of 
the distributed load, crosses the beam. 

Find (a) the point of the beam at which the greatest bending moment 
occurs, (6) the position of the load where it occurs, (c) the value of the greatest 
B.M. 

5 A simply-supported beam is traversed by a train of wheel loads of 
irregular spacing and unequal weights. State and prove (a) a rule giving the 
train position for the bending moment under a particular load to have its maxi- 
mum value, and (f>)a rule giving the train position for the bending moment 
at a given point on the beam to its maximum value. 

6 A freely supported gantry girder of effective span L carries a travel- 
ling cr*ne with two wheel loads, each^ at spacing a, this spacing being less 
th.'ii -~ . Find, from first principles, the maximum bending moment induced 

by the loads. , 
If the spacing a is increased, find the maximum value of a (m terms ot 
L) for which the maximum bending momen* will occur at the centre of the 
span with only one wheel on the girder. ( - L -» 

7. A system of moving loads cross a girder of 36 m span which is simply 
supported at its ends. The loads and their distances are as follows : 

Wheel loads (kN) 10 10 20 20 16 

Distance between centres 3 4*5 4 3 5 

Determine 

(a) The maximum bending moment at the quarter span. 
(6) The maximum bending moment in the girder. 

For each case, make a sketch of the girder showing clearly the S&ction 
where the bending moment occurs and the corresponding position of the loads. 

8. The following system of concentrated loads roll from left to right on 
a span of 15 m, 4 kN load leading : 

Load 2 6 6 5 4 ; kN 

Distance 1-5 1'5 2 1 metres 

For a section 4 m from the left hand .support, determine (a) the maxi- 
mum bending moment, (b) maximum S.F. 
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9. The following system of wheel loads crosses a plate girder of 30 m 

span: r 18 18 15 kN 

Wheel load 8 10 , 

Distance between centres 4 5 J f . r . - u u- 

Determine the maximum value of the shearing force which may be 
n^Huoed a The middle point of the span. Also, find the equivalent Wormly 
'SM I-* which cTuld produce the same maximum bending moment * 

™ dSP To A simply supported beam of span L is crossed by a uniformly 
■distributed load of length m and of total weight W. If L « greater than m 
Xin from first principles an expression for the maximum bending moment at 
: any point at-distance a from one support. Hence show that a single point load 
ofR r/ i_ ~y travelling across the span will give the same maximum 

.moment everywhere along the beam as the above uniformly distributed load. 

(U.L.) 

11. The following arrangement of axle load is carried by a single bridge 
Birder across a clear span of 30 m. 

8 A* Km* ' 5 10 10 10 kN 

„ - 2-5 2'i 2*5 m 

Spacing * 3 * J , . « . 

Determine the maximum bending moment and maximum S.K at section 

■distant 10 ra from left hand abutment. The 5 kN load leads, and the system may 

pass over the bridge from either side. 

12. A beam, simply supported over a span L is traversed by a uniformly 

distributed load of intensity wand length -\- . If the bsam >l?o carries a 

.dead k>ad,'uniformly distributed over the span, of intensity -~ indicate 
on the diagram the length of the beam for which there is reversal of shear 
force. 

Answers 

1. S.F. : ilOkN ; B.M. : -50 kN-m. ^ 

2. 13-12 kN-m ; 14-10 kN-m. ;. ~ 

3. F.,.. Ha « (-fve)=- 14*62 kN at right hand support. 
F„7.>7»* v-ve)=16-31 kN at left supporf. 
M*„.»«=59*J kN at 7*25 m from left support. 

.4. (a) 20*26 m from left support- 

(6) Tail of load at distance of 13- 17 m from support, 
(c) W B „. = ll8-5kN-ro. 

5. 2tf.„.- g -£- {2L~df ; a-0-5862 

6. M m9M . at left quarter span=373*8 kN-m. 
Mtu. tK . at right quarter span=396-8 1cN-m. 

Af«.«.*.*-=5i^'3 fe> T - m with.central.wheei load placed 0*48 m offthtj 
centre. v 

8. 51*9kN-m; -12*1 kN when 4th'load is <on the section. 

9. (a) 19-4 kN ; (b) h=311 kN/m. 
10. 216-7 kN-m; -21:25 kN. 

12. 0-2286 
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2 1. DEFINITION 

An influence line for any given point or section of a structure is- 
a curve whose ordinates represent to scale the variation of a function, 
such as shear force, bending moment, deflection, etc. at the point or 
section asjjn it load moves .across the_gtructuxeuJln other words, an 
influence line for any given point C on a structure is such a curve 
that its ordinate at any point D gives the bending moment, shear 
force or similar quantity at C when a unit load is placed at D-J^x 
stat ically de termine s tructure s, the influence^ lines for B.M.,_shear_ or 
strisslue^^ 

sta^allyjndeje^^ influence lines are very useful 

in the speedy determination of the value of a function at the given 
section under any complex system of loading. These also help to 
determine, in an easy manner, the disposition, of the load system so 
as to cause the maximum value of the function at the section. 

The difference between a curve of B.M. or S.F. (as discussed 
in the previous chapter) and an influence line of B.M. or S.F. must 
be clearly understood at this stage. The ordina te of a^urye_.of. B.M- 
or S.F. giv es the \alug,pX ihe.B_Jvl J _!or^S.E..at _the . section. where the 
ordinate has been drawn, while jn the case of an influen ce line3 ie 
ordinate at any point jpveTthe_yalue of the B.M. or S.F..only . at the 
given section (for which" the" influenc ejine has been, drawn) . and not 
at the point at which ~the "ordinate has . been drawn.. Also, there is 
one singleB.M. or S^F^curye oLth^udmle^^qm unMt^ actionjaf 
a given Tet'oFtrain of loads, while there _ are infinite number of 
iirJuence lines, ToneTor each section of the beam, drawn for a unit 
rolling load. 
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2*2. INFLUENCE LINE FOR SHEAR FORCE 



55 




Fig. v i 

Let us consider a simply supported beam AB of span L» and 
construct the influence line for S.F. at a section C distant x from the 
left support. The^sjtionofjfw^ection is fixed, w hile_Jhe unit loa d 
moves from left to right. The problem is to plot the variation of S.F. 
at the given section C7 as the unit load moves along the beam. 
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At any instant, let the unit load be at a distance *L from the 
support A. Then, Rb—ck., and Ra=(\ —a). 

,\ Shear force at C=Fc=+Rb= +« (I) 

The variation is linear, and is valid for all positions of load 
between 0 to-* from A. 

When the load is at A, aL=0, ,\ Fc=0 

When the load is at C, *L=x 

When the unit load crosses the section C, olL>x, and hence 

J*3 = -&i=--<l-«) (2) 

Thus, the S.F. changes sign as the unit load crosses the section. 
The variation is linear, and is valid for all load positions between x 
to L from A. 

When the unit load is slightly to the right of C, aL=x 

When the unit load is at support B f aL—L or «=1 

Fc=-(l-a)=-(l-l)=0 
The complete influence line diagram for the S.F. at C is given 
in Fig. 2*1 (b). 

As per definition, the ordinate +y x at a point gives the S.F. at 
C, due to unit load at the point where the ordinate y x is measured. 
Hence if a load W x is acting at that point, and y x is the ordinate of 
IX. under it, the S.F. at C~= + W x y x . Similarly, if a load W % is acting . 
at a certain point, and — y t is the ordinate of the influence line under 
the point of application of the load, the.S.F. at C will be — W 2 y t . If 
W x and W % are acting simultaneously, the S.F. at C=-W x y x —W % y % . 
Hence if the beam is being acted upon by loads W l9 W tt W z ... t W Mt 
and y lf y%,~.y m are the corresponding influence line ordinates under 
them, the S.F. at C is 

Fc^W 1 y l +Wtf 2 +Wiy z +...Wny n =Wy (2"1) 

In the above equation, the numerical value of the ordinate y is 
to be substituted with its proper algebraic sign, i.e. +ve if it is of 
positive diagram, and — ve if of negative portion of the influence line 
diagram. 

Let us now take the case of U.D.L. (w) of a length a, placed 
in the position shown in Fig. 2'l(c). Let us consider a length Sx of 
the load, and the corresponding elementary load §W=w.$x. Hence 
S.F. at C, due to the elementary load 8W is 

SFc =W.y 

(where y is the influence line ordinate under SW) 
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$Fc=*wlx.y ( 3 ) 
= wx area of the elementary strip of the 
I.L. diagram [shown in Fig. 2*1 (<f)] 
Therefore, the shear force at C, due to total U.D.L. of length 
n given by 

Fc =Zw{*x.y)~wZ*x.y ( 2 * 2 > 
=H>xarea of I.L. diagram under the 
U.D.L. [shown shaded in Fig. 2*L(rf)] 
Nwr.thejLF. at C. due to V. OX. of length a is^ aljojhe 
aregqfthe LL. diagram under the U.D.L. m^lU£b L the^ 
ofjfi ejoad'^ ^ ~~ 

Fig. 2*l(e) shows the U.D.L. extending to both the sides of the 
section C. In this case, the S.F. at C is obtained by multiplying the 
net area by the intensity of the load. 

Thus, Fc=w(+ffi— <h) 
where . a^area of the positive S.F. diagram under the 

U.D.L. 

da— area of the negative S.F. diagram under the 
load. 

If a x =a 3 , Fc=0. 

Influence Line for the Reactions 

If the section C is located at the support B, the value of x=t, 

and hence the ordinate of -fve I.L. diagram under 5= L *■ 

Thus, the IX. for reaction at JJ=I.L. for shear at C when x=-L, and 
is a triangle having a maximum ordinate of unity under B. However 
the I.L. for reactions at A and B can- be plotted independently as 
under : 

When the load is at a distance aL from A, 
.R B =+a and Ra= + {1~*) 

When the load is at A, a— 0 
V. jRb==0 ; Ra=+\ 
When the load is at 5, a.L—L ; or a— 1 
.*. = + l : ^ = -Hl-*)=0. 

Hence the I.L, for Rb consists of a triangle having zero 
■^ordinate at A and unit ordinate at B. Similarly, the I.L. for Ra con- 
sists of a triangle having unit ordinate at A and zero ordinate at B 
as shown in Fig. 2' 1(g) and (A) respectively. 
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2*3. INFLUENCE LINE FOR BENDING MOMENT 




Fig. 2'2. 

Let us now construct the IX. for B.M. at C. 
When the unit load is at a distance ccL from A, such that 
«L<jty we have Rb— a and Ra={\ — a). 
.*. Afc =— Rb(L— a(L— jc) 

The variation is linear, and is valid for load position distant 0 
to x from A. 

When the unit load is at A t ccL=0. 
Mc=0 

When the unit load is at C, aL^=x 

Mc=--j-(L-x) (2"3) 

When the unit load is at C, <zL>x 

Mc=-Ra . x=^~(l—a)x (I) 
The variation is linear, and is valid for load position distant x 
to L from A\v 

When the load is at C, <xL=x 

„«__(!_*),.._ 

which Is the same as equation 2*3. 

Thus, the IX. diagram for Mc is a triangle having a maximum 

ordinate of — (L~— x) under the section as shown in Fig. 2"2(6). 
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If there_arej_\va)aads^ 
the influence line_ ordinate^, under th ese loads, we have by defi nition. 
Mc = - iWo'i +2^L__ 
Heme f there, are number of point loads W u W 2t ...W« and 
the corresponding IX. ordinates under them are y lt y t ,-y» we have 

Mc={W 1 y l +W t y t + W H y n ) 

= -ZWy (2' 4 > 
Let there be an U.DX. of intensity w, and length a r as shown 
in Fig. 2'2(c). Consider an elementry length Sx of the load, such 
that the elementary load W=w%x. htt y be the average ordinate 
under the elementary load. Then the B.M. at C due to this element- 
ary load is given by 

l\Vc=W . y= — wtx.y 

= — tv X area of the elementary strip of the IX. 
diagram [shown thick in Fig. 2'2(d)]. 
Hence the B.M. at C, due to the total U.DX. of length a is 

= — X area of IX. diagram under U.DX. 

[shown shaded in Fig. 2*2 {d)] (2"5) 

Thus, tke_B.M. ^C^dueto I^X^ie^t^ 
intensity ofhadj^iplje^ Jf? 1 *" 
fornily distributed log^-- 

2'4. LOAD POSITION FOR MAXIMUM S.F. AT A SECTION 
In chapter i on rolling loads, we have derived the load posi- 
tions for maximum S.F. at a given section. We will now use the 
influence line for determination of the position of loads for maximum 
S.F. at the section C. We shall take different loading conditions. 
1. Single point load 

Let a single point load of magnitude W roll from left to right. 
Referring to IX. of S.F. at the section C distant x from. A [Fig. 2' 1 (b)\ 
maximum positive S.F. will occur when the load is just to the left 
of C, and maximum -ve S.F. will occur when the load is just to the 
right of C. 

IVx 

Thus, Fc (max. +ve)=H — -j— 
and fc(max. — ve)= j • 
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2. U.DX. longer than the span 

From the I.L. for S.F. at C, Fig. 2-1(6), it is clear that the max. 
-hveS.F. will occur when the span AC is loaded and CB is empty 
and max. -ve S.F. will occur when the span CB is loaded and AC 
is empty. 

Thus, Fc (max +ve)= w — 

2 L 2L 

and Fchnax. -veW.v.-Lf r.-v ^ (E-s) w(L~x)* 



Mmax. -ve)=iv . L-x 



, ~ 2L 

3. U.DX. shorter than the span 

Let the U.DX. of length a travel from left to right. From Fig. 
2'1 (b), maximum +ve S.F. at C will occur when the head of the 
load reaches C, while maximum .^ve S.F. will occur when the tail of 
the load is at C. 

4. Several Point Loads 

For several point loads, we may use the same criterion, as dis- 
cussed in the previous chapter. Thus, if a load W x is at the section 
C, with other loads in appropriate position, and the loads are moved 
by a distance d such that next load comes over C, the change IFc ii 
given by 

If the above expression is positive, it indicates an increase in 
S.F. and the loads must be permitted to roll to get greater S.F. The 
procedure must be repeated till the above expression changes sign, 
which indicates that greatest peak has been passed. 

2 5. LOAD POSITION FOR MAXIMUM B.M. AT A SECTION 

Here also, we shall consider all the loading conditions : 

1. Single Point Load 

Let a single point load JFroll from left to right. Since the IX. 
diagram for B.M. at C has the maximum ordinate under C itself 
[see Fig. T2(b)], maximum B.M. will occur when the load is at C 
itself. — " - 

Thus Mc (max )=W ~ (L-x) 

2. U.DX, greater than the span 

Refer to Fig. 2'2 (b) maximum B.M. will occur when the 
yJD.L^occupies the whole span. 
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Thus Jfc(max.)*=wxareaof IX. diagram 




wx (L—x) 
~~ 2 

3. U.DX. Shorter than the span 

Let the uniformly distributed load be of length a. The load has 
to be arranged, with respect to section C, in such a way that the area 
of the IX. diagram under the load is maximum. 




Fig. 2*3. 

Let the load be arranged in the position as shown in Fig, 2*3, 
so that the shaded area of IX. diagram is maximum. That is, a 
small movement of the loading to the left or right wiil decrease the 
area of the IX. diagram. If a movement is given to the left, ordinate 
aa t will be decreased while bb x increased, and the net result will be 
the decrease in the area of XX. diagram. Similary, if a movement 
is given to the right, ordinate bb t will be decreased while ordinate 
oa, will be increased and the net result will be the decrease in the 
area of the IX. diagram. Evidently, maximum area will be obtained 
only if the ordinate aa y is eq u al to ordinate bb v 

and ^t( L ~ x )-I~-1:-^ 
Since aa x must be equal to bb x for maximum area, 

. AA X =~. BBt 

or x—AA x A X C 

L-x BBi L-x-BB 1 *~ CB X 
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which is the same as that derived in chapter 1. 

Hence the m aximum bending moment at a section occurs _when 
the se ction divides the U.D.L. in the sameTa tio as iT^diyjdss^the 
span^, 

A/c(max.)=u'Xarea of I.L. diagram under the load 



—w^aa^cci since aa^bbx 

_ wa f x(L— x) L—a x(L—x) 1 
~ 2 1 L * £ + L J 

--^^-.W+a) (2-7) 



■ 2L 2 
4. Several Point Loads 

_J*et the loads be so arranged that Wl is the resultant of the 
toads to the left of the section C, and Wr is the resultant of the loads 
to the right of C. Let y x and^ a be the ordinates under Wl and Wr 
respectively. 

The B.M. at C, for this arrangement is given by 
Mc=W x .y x +W R .y t 




Fig. 2-4. ■ H-' 
This- will be maximum only if a small movement &/ of the loads 
either to the left or to the right, will decrease its value. Let the loads 
be given a movement td to the right, and let the new ordinate under 
Wl and Wr be (yt-rZyJ and Q^— ^2) respectively. The correspond- 
ing change ZMc is given by 

SMc=[WL(y l +Sy l )+W R (y i -ny i )]--[WL.y 1 +WR.y z ] 
^WLiBy^WnAy, 
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~Wl. ~~ £~ U~W R , 



_x(L~x) 



Thus, SA/c is negative when—— — , 




(2'9) 

becomes negative (or 



changes sign). The value 



W L Wr 



can change sign only when a 



x L~x 

wheel load passes the section C, thus increasing Wr and decreasing 
W L . Thus, to get maximum bending moment at a section, one of the 
loads should be placed at the section, so that if that load is consider- 
ed as a part of W u the expression ( %L is positive, but if 

considered as a part of W L> the expression ( ^ - ) j s negative. 

V x L x J 

Example 2 1. Two wheel loads of 16 and 8 kN, at a fixed 
distance apart of 2 m, cross a beam of 10 m span. Draw the influence 
line for bending moment and shear force for a point 4 m from the left 
abutment, and find the maximum bending moment and shear force at 
that point. 

Solution. (Fig. 2*5). 



il6kN 
— 2m 



A 



8kN 



•4m 



10m 



6m 



(o) 




Fig. 2*5. 

(a) Max. B.M. at C 

2-5(A) TfaeI * L * f0r B * M ' at C di8Unt4 mfrom ^s shown in Fig. 

The maximum ordinat under o- *t£~*) — 4x6 

Ls\ 10 

^,-.1^3'^ at ° ? maximum when W> is maximum. By ins- 
pect,™, M M occurs when the loads are as in the position shown. 
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Ordinate under 16 kN load=2*4. 

2*4x4 

Ordinate under 8 kN load= — ^ — =1'6 

Mc=(l6x2*4)+(8X l'6)=51'2 kN-m 

(6) Max, S.F. atC . 
The I.L. for S.F. at a section C distant 4 m from A is shown ra> 

Fig. 2*5 (c). 

x 4 

The ordinate under C are +— =-!-0'4 

and =-^=-0" 6 . 

By inspection of the I.L., max. S.F. occurs when the 16 kN 
load is just to the right of C, and the 8 kN load is ahead of it. Ordi- 
nate under 16 kN load==- 0*6. Ordinate under 8 kN load. 

^x4=-0-4. 

Fc=-[16x0*6-i-8x0*4]=12*8kN 
It can be shown that the max. +ve S.F.at C will be lesser 
than 12*1 kN. 

Example 2*2. Make neat diagram of the influence lines for 
shearing force and B.M. at a section 3 m from one end of a simply 
supported beam, 12 m long. Use the diagram to calculate the maxi- 
mum shearing force and the maximum bending moment at this section 
due to a uniformly distributed rolling had, 5 m long and of 2 kN per 
meter intensity. 

Solution. (Fig. 2'6) 



3m- 



-5m- 



12m 



q'iH-C-H c, °\_ 




(a) 



(b) 



INFLUENCE LINES 

(a) I.L. for BM. * 

The ordinate of the I.L. diagram for B.M. s 

=2*25. I.L. for B.M. at C is shown in Fig. 2.6(6) 
U.D.L. is shorter than the span, the load is to be so arrangea ma*, 
area of IX. diagram under the load is maximum. For this condition 
Oj^a— b±bz. 

Let the tail of the load be at a distance c from C. 

. „ , AC A X C 
From equation 2*6, ~cjf = Q§ 



or 



3 



9 5~c 
or ' 15-3c=9c 

From which c=V25 m 

The end ordinates are : 

^ 2 =~ 5 xr75-l"3125 

^fe 2 =^l x 5*25- T3125 

r3125H- : 2*25 ~ 
Mc= x(l'25 + 3-75)x2 

-17 81 kN-m 

(b) I.L. for S.F. 

The I.L. for S.F. at C is shown in Fig. 2'6(c). The ordinates 

3 9 
under C are^ + j-^ =+0'25, and — j^-=— 0*75. By inspection, 

maximum S.F. at C will occur when the tail of the load is at C. The 

ordinate under the head of load=^~^- ; =-y • 

Then Fc = w X (Shaded area of I.L. under U.D.L.) 

=2X y(o*75+-y) = 5-42 kN. 

Example 2*3. A simply supported girder has a span of 25 m. 
Draw on squared paper the influence line for shearing force at a section 
10 m from one end, and using the diagram determine the maximum 
shearing force due to the passage of a knife-edge load of ** kN t followed 
immediately by a uniformly distributed load of 2'4 kN per metre 
extending over a length of 5m. The loads may cross in either direction. 



66 



STRENGTH OP MATERIALS AND THEORY OF STRUCTURES 



Solution. (Fig. 2 7) 
The I.L. ordinate cci—- 



10 _2_ 
"25 + 5 



11 ^_ JL 
'25 5 

For maximum +ve S.F., the 5 kN load will be just to the left 
of C, and the U.D.L. behind or to the left of it. In this position, the 
ordinate aa l under the tail of the U.D.L. is 

2 v 5 1 

fc(-fve)-( 5x-|) + 2'4(|- + -i)|--+5-6kN 
5kN 




Fig. 2-7 

For maximum -fve S.F. at C, the 5 kN load will be just to the 
right of C, with U.D.L. to the right of it. In this position, the 
ordinate bb x under the tail of the load is 

5 



^T x i5 



.*- Fc <-ve)=(5x— ) +2'4( =9 kN 

Hence the maximum S.F. at the section is the greater of the 
two. Its value is, therefore, 9 kN. 

Example 2'4. Four wheel loads of 6, 4,8 and 5 kN cross a 
girder of 20. m span, from left to right followed byU.D.L. of 4 kNjm 
and 4 m long with the 6 kN load leading. The spacing between the 
loads in the same order are 3 m, 2m and 2 m. The head of the U.D.L. 
is at 2 m from the last 5 kN load. Using influence lines, calculate the 
S.F. and BM. at a section 8 m from the left support when the 4 kN 
load is at centre of the span. 
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Solution. 



4kN/m 



5kN 8kN 4kN 6kN 

I M 1 



-4m-H-2H*2^-2-^ 3m *H 7m 

n 



8m 



20m 




0-4 kN 




Fig. 2-8 

(a) Bending Moment 

The ordinate of I.L. for B.M. at C=^^- =4*8 

When the 4 kN load is at the centre of the beam, the arrange- 
ment of the other loads will be as shown in Fig. 2*8 (a). 

4 •« 

Ordinate under 6 kN load^-^y x7=2'8 
Ordinate under 4 kN load— ~ >< 10=4 
Ordinate under 5 kN load— ^X6=3*6 

o 

4"8 

Ordinate under head of U.D.L=~r- x4=2'4 

o 

.\ Mc = -EMy=- [(6x2*8)+(4x4)+(8x4'8)+(5x3'6) 

+(JX2'4X4X4)] 

=—108-4 kN-m (1) 
{b) Shear Force 

8 2 

The ordinate of I.L. for S.F. at Care -f-^o + y =+0*4 and 
20 y=-0 6 

Hence ordinate under 6 kN load = -jy- X 7=0'35 
ordinate under 4 kN load=^ x 10=0*5 
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0*4 

ordinate under 5 kN load= -g- X 6=0*3 

0*4 

ordinate under head of U.D.L.=-£ X4=0*2 



ofC. 



(/) maximum — ve S.F. 

For maximum - ve S.F., consider the 8 kN load just to the left: 

Then Fc= + { (8x0"4)+(5xO'3)+(y X4X0'2X4 )j 

-{(4XO"5)+(6x0*35)} 
= +2'2 kN 
(ii) Maximum —ve S.F. 

For maximum -ve S.F., consider the 8 kN load just to the: 
right of C 

TheaFc=-«6x0'35)+(4x0-5)+(8-x0-6)}+{(5x0'3) 

(+£x4x0'2x4) 

==-5*8 kN <2> 
Hence the maximum S.F. at C, under the given load positions, 
will be the greater of the two, i.e. 5*8 kN. 

Example 2*5. A horizontal beam ABC is hinged at A and sim- 
ply supported at B. The span is 15 m. The cantilever ed portion BC 
is 6 m long. Draw the influence line for bending moment for the point* 
D and E respectively 12 m from A and 4 m from C. Hence find the 
maximum ± bending moments at D and the maximum bending moment 
at E due to a load of 1 kNjm. of a length 3 m. State the corresponding: 
position of the load. 



Solution 



D 



12m 
15m 



8 



■ 6m - 



la) 



4-0 
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Since the beam is hinged at A, it is statically determinate. 

(a) l.L. for B.M. at E 

Let the unit load roll from left to right. When the unit load is, 
■between A to E t the B.M. at E is equal to zero (since there is no load 
ito the right of E). 

When the unit load is in EC, distant x from E, 

The variation is linear, 
•when x=0, Me=0. 

when 4 m, Jtf£=+4. 

Hence the ordinate of l.L. diagram is zero under E and +4 
omits under C. The l.L. for B.M. at E is shown in Fig. 2*9(&). 

For maximum value of Me, the head of the load should be at 

4 

*C. In -this position, ordinate under the tail of the U.D.L. = -^- Xl 

Hence Me^ + lXy (1+4)=+ 7*5 kN-m 

(b) l.L. for B.M. at D 

Let the unit load travel from left to right. When the load is at 
:a distance xfrom A, such that x<\5. 

Ra= - ^ X f and Rb~y^ t 

Whenx<12 m, Mj5=--i? B x3=- ^-x3 = --j 
•when the load is at A, x=0, .*. Md=0 

12 

when the load is at D, *=12, .'. Mo~ -~~=—2'4 

When 12<jc<l5m, Mm=—RaX l2=--y~- Xl2 

-when the load is at B t x=12, Mo =—2'4 

^when the load is at M, x— 15, ,.\ Md=% 

when the load is in BC, distance a: from A, i?B=-^- f 

/. + 1 (x-12)-£bX3=(x-12)~~-- x3-(0'8x-12) 

when the load is at i?, x=15, .*. MoM 

when the load is at C, x=2\, .*. Md=t*4'% KN-m. 

The complete l.L. for B.M., at D is shown in Fig. 2'9(c). 
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Nbw./or maximum positive B.M., the head of the load should 
be at C. In this position, the ordinate under the tail of the load 
4'8 



6 



X 3=2-4. 

Hence Md (+ve max.)=4-^p- (2*4-f4'8) = -fl0'8 kN-m. 



For maximum negative B.M., the toad should be partially to the 
left and partially to the right of D such that the ordinate aa^bb^ 
Let the tail of the load be a distance x from D. Then, from, 
equation 2*6 

AD __A X D 
DB DB{ 

:> 12 x 

or - -r^-jrr 

From which x=T4 m. 

/. Ordinate fla 1 =66 1 =-j|-x9-6=r92 

.V Mo (max.-ve)---^p [(aa^ddjxad+idd^bbjdb} 

«- j(aa 1 +dd 1 )Xab=~j (1'92+2'4)X 3- 

=—6 48 kN-m. 
Example 2*6. A beam ABC is supported at A, B and C, and has 
a hinge at D distant 3 m from A. AB=7 m and BC=10 m. Draw the 
influence lines for : 

(0 reactions at A, B and C. 
(ii) S.F. at a point just to the right ofB. 
(Hi) B.M. at a section I m to the right of B. 
Hence, if a U.D.L. of intensity 2 kNjm, and length 3 m, travels 
from left to right, calculate above quantities from which I.L. are drawn. 
Solution 

The direction of any reaction will be+ve if it is acting in up- 
ward direction ( t ). 

(a) I.L. for reaction at R(Ra) 

Let the unit load roll from left to right. When the load is in> 
AD, distant x from A, 

, B A ^=^~ f (since Md)=0 <D> 

When the load is at A, x=Q, .*. Ra = 1 
When the load is at D, x=3, .*. Ra?=Q. 
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As the load enters DB, the reaction Ra is always zero, since 
Md has to be zero due to the hinge. Hence the I.L. for Ra consists 
of a triangle having a maximum ordinate of unity under A, and zero 
under D t as shown in Fig. 2"10(6). 



A 



D 
-O 



3 m -4* — 4 m 



S E 



-10 m- 



T7tr/ 

-H (a) 





A.arjrzrjJB, f 




Fig. 2-10. 

For maximum Ra, the U.D.L. of length 3 m occupy the whole 
portion AD. 

^-y(lx3JX2-3 kNt 
{b) I.L. for reaction at B{Rb) 

When .the unit load is in AD\ distant x from A, R=^ I — -j- jf v -' 

x 

and hence pressure on DBC at D— y \ 

Taking moments about C, : 
RbX 10=pressure at Dx 14 

jRB " x lo~~T- t (2) 
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When the unit load is at A> x=0, .". Rb=0 

When the unit load is at£>, x=3, Rb= + V4. 

Now, let the load be in DBC, distant x from A . Ra will be 

zero for this range of load position. Hence, taking moments about 

C, we have 

1x(17-x)=/?bX10 

From which i?s=P7— 1 (3) 

When the load is at D, x= 3 m, .*. Rb= + V4 

When the load is at B, jc=7 m, Rb= + 1 

When the load is atC, x=17 .*. R B =0. 

Thus the I.L. for Rb is triangle as shown in Fig. 2*10(c). For 

maximum Rb, let the tail -of the U.DX. be at x from D t so that 

shaded area is maximum. The criterion, given by Eq. 2*6 is 

AD „ A t D 

DC .DC l 

3 x 9 

or -— = -s , from which x==-=- m 

14 3— x 17 

ordinate aa^c^— ~ ^3 — ^-^=1*15 

*B=2Xy [!*15+r43 X 3 = 7*65 kNt 
(c) LL. for Reaction at C (Rc) 

When the unit load is AD, distant x from A, Ra=(^ 1 — y ^ t 

and hence pressure on DBC at Z>= -y I 
Taking moment about 5. 

SA/s=0=-~ x4+i?cX 10 



Rc- 



When the load is at ^, x=0 ifc=0 H,- 

When the load is at D, x= 3 m, Rc = -04 

Now, let the load be in Z>.BC, distant x from X will be 

zero for the range of load position. Hence taking moments about B t 

we have 

SMb=0= 1 X (7-xR Rc X 10. 
or Rc^- ( 0-7— (5) 
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When the load is at D, x=3 m, i?c=-0"4 
When the load is at J5, x=7 m .*. i?c=- 0 
When the load is at C, x = 1 7 m, -'. Rc = + 1 
The I.L, for Rc is shown in Fig. 2'10 (d). 
By inspection, maximum Rc will occur when the head of the 
U.D.L. is at C. In this position, ordinate, under the tail of the 

U.D.L.-+ ^ x7 =+ 0 ' 7 

.\ < 1+0 " 7)3==+5 ' lkN (u ' 5 ' 1 kNt ) 

(d) I.L. for S.F. at a section just to the right of B 
When the load is between A to B. 

p B=== 4-H Ct and hence the variation of Fb will be the same as 
that of Rc. Hence IX. for Fb will have zero ordinate under A and 
B, and ordinate of -0 4 under D. 

When the load is in BC, at distance x from A, Ra=0 and 

^=1-7- ^ (from Eq. 3 above). 

Hence Fb=-Rb=-(v1 — ^- ) ( 6 > 
When the load is just to the right of B, x=7 m. 

"'—{"-St)— 1 - 

When the load is at C, 17 m 

^=-(i-'-TF>°- 

The complete IX. diagram is shown in Fig. 2'10 (e). It must be 
noted that the S.F. is always negative at this section. By inspection, 
maximum S.F. will occur when the tail of the load is at B. In this 

position, the ordinate under the head of the U.DX.= X 7=0'7. 

,\ i^(max.)=— j- (l+0:7)x3 = -5-lkN. 

(e) I.L. for B.M. at E, 1 m to the right of B 
When the unit load is in AD t distant x from A. 

Rc=- — -^y (from equation 4 above) 



Me 



= -i?cX9=-(^-~yX9 ) = -H"2x (7) 
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when the load is at A, x=0, .*. A/e=0 
when the load is at D, x=3 m .*. Me~+3'6 kN-m 
When the load is in DE, distant x from A, 



Rc~—(^0 7— (from equation 5 above) 

M E =~RcX9^+(o-7--~y= +6-3-0-9* (8) 



when the load is at D, x=3 m, .*. M B =-\-3-6 kN-m 

when the load is at B, x=7 m, .*. Me—0 

when the load is at E, x=S m, .". Me=— 0*9 kN-m 

When the load is in EC, distant x from A, Ra=0 and 



Rb=V7— ~- (from equation 3 above) 

•V Me~—RbX\ = -(\*1 — ^ 

when the load is at E, x=S m, Mc=— 0*9 kN-m. 

when the load is at C, x= 17 m, .". Mb—0 

The complete I.L. for Me is shown in Fig. 2*10 (/). 

For maximum Me, let the tail of the U.D.L. be at x from D r 
The corresponding area of I.L. diagram is shown shaded. Using 
criterion of equation 2 6, we have 




or - from which ~y" m 

.'. Ordinate aa^bb^^—^ 3— ~^==2'06 

Af£=-^- (2-064-3*6)(3)-+16*98 kN-m 

Example 2*7. Z)/w dimensioned influence lines for the reactions; 
at A and C and for the bending moment at E, the mid-point of the 
lower beam CF of the simply supported beam system shown in 
Fig.2'11. By the use of these influence lines, calculate the greatest 
value of Ra, Rc and Me due to the passage of two 10 kN rolling loads, 
2 m apart which travel across the upper beam AB. 

Solution 

(a) I.L. for reaction at A 

Let the unit load be id AD, distant x from A. 

Then Rj-^-i-f (1), 
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When the load is at A, x=0 .*. Ra= + 1" 
When the load is at D,x= 6 m, Ra=0. 



75 



6m 



■2m 



mm: 



6m 



(b) 




(o] 



I.L. FOR M E 

Fig. Ml. 

Let the load be in DB, distant x from A, 
Then Ra= — 



(2) 



When the load is at D,x= 6, .'. Ra=0 
When the load is at 5, jc=8 m .\Ra — ~("|~~~ 1 ) = — T 
The I.L. for Ra is shown in Fig. 2*11(6). 
By inspection, maximum Ra will be obtained when one 10 kN 
load is at A and other ahead of it at 2 m. 

1 2 

.*.- Ordinate under next 10 load = -g-x4= — 

... ^(ioxD+J 10-xf-) = +3- =+16*67kN 



(b) LL.for reaction at C 

When the load is at a distance x from A 



Rd- 



x 

IT 



<3) 



Thus, for the lower beam CF, the downward load at Z)=-g- 
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6Rd 6 x 



A ^^|x|4 (4) 

When the load is at A, *=0, .*. R c — 0 
When the load is at B, *=8 m, .\ J?c=-f-l. 
The I.L. for Rc is shown in Fig. 2'l\{c). 
By inspection, maximum Rc will be obtained when one 10 kN 
load is at B, and other behind it by 2 m (/,e. at 2?). 

The ordinate under D=4-x6=-b4- 

8 4 

*c=(!0xl)+( 10x-j-)-+17-5kN. 

(c) I.L. for B.M. at E 

When the load is at a distance x from A, 

«°=T (3) 

Thus, for the lower beam CF, the downward load at £=— • 

6 

n 2/?/) 2 JC * 

■• M E =*,x4=--^=-?- (4 ) 
when the load is at A, x=0, :. Me=Q 

when the load is at B, x=8 m, .*. A/>= — 5_ ^ 

6 3 

The I.L. for Me is shown in Fig. 2'll(<i). 
By inspection, maximum B.M. at E will occur when one point 
load is at B t and other 2 m behind it (i.e. at D). In this position, 
4 J 

ordinate under 2)=-r- x-$- X6=l 

3 5 

/, A/ £ =-|^ IOx X )+(10+l)J = -23"33 kN-m. 
PROBLEMS 

1. Draw the influence lines for S.F. and B.M. at a section 5 m from one 
end of a simply supported beam, 25 m long. Hence calculate the maximum 
B.M. and S.F. at this section due to a uniformly rolling load of 8 m long and 

of intensity 1 kN/m. 

2. A beam has a span of 20 m. Draw the IX. for B.M. and S.F. for a 
section 8 m from the left hand supDort and determine the maximum B.M. and 
S.F. for this section due to two poin t loads of 8 and 4 kN at a fixed distance of 
2 m apart rolling from left to right with either of the loads leading. 



INFLUENCE UNES 

Xi. What is an influence line 7 
Determine the position of maximum bending moment v 
12 and 4 kN, at a fixed distance of 4*5 m apart, cross a girde. 
Calculate the magnitude of the maximum bending moment, ana 
position of the point at which the bending moment is the same in the two 
cases : 

(a) When the 12 kN load is over the point, and 

(b) When the 4 kN load is over the point ; the ends of the girder may be 
considered to be simply supported. 

4. Draw the I.L. for B.M. at a point 10 m distant from the left hand 
abutment of abridge girder of 25 m span, and find the maximum B.M. at that 
point due to a series of wheel loads 10, 20, 20, 20 and 20 tonnes at centre 4, 2'5, 
2-5 and 2*5 metres. The loads can cross in either direction, the 10 kN wheel 

----- load leading in each case. 

5. The following arrangement of axle loads is carried by a single bridge 
girder across a clear span of 30 m. 

Axle load 5 5 10 10 10 kN 

Spacings 2-5 2-5 2-5 25 metres 

Draw dimensioned free hand sketches of the influence lines for shearing 
force and bending moment at a point 10 m from the left hand abutment, and 
determine the maximum bending moment and maximum shearing force at this 
point. The 5 kN load leads, and the system may pass over the bridge from 
either side. 

6. A girder AB of length 30 mis simply-supported at C and D which 
are 5 and 20 m respectively from A. Draw the influence lines for B.M. and S.F. ; 
for the mid point of the girder and obtain the maxiumm B.M. and S.F. at this 
point when the girder is crossed by a uniformly distributed load w kN per metre 
which can occupy the whole or any part or parts of the span. 

7. Draw the influence lines for the reactions at A, B and C, and for the 
bending moment at B in the structure shown in Fig. 2-12. Calculate the maxi- 
mum value of each reaction and of the bending moment at B when a long uni- 
formly distributed load of intensity w per/m crosses from A to C. The beam is 
hinged at mid-point of SC. 



10m » | « -5m — 5m— — *H 

11/ • 

Fig. 2-12. 

8. One span of a road bridge ABCD consists of two cantilevers project- 
ing from abutments A and D, and carrying a suspended spaa BC between them. 
AB -CD=3L ; BC=4L. Draw the influence lines for : 

(a) B.M. at A and at centre of BC. 

(b) S.F. at B and at D. 

9. Draw the general type of influence line for shear force at a point 
on a simply supported beam of span L, and deduce therefrom, giving a figured 
sketch, the diagram of maximum shear force of both signs due to the passage 
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over the span of a M« i *"«rmly distribued load. of intensity w and length -j-. 
If the beam also carries » Ioad > uniformly distributed over the span of 
intensity-y , indicate </« the diagram the length of beam for which there is 
reversal of shearing fore* 1 " (U.L.) 

Answers 

1. S.F. 5-12 kN 16 9 kN * 

2. («>6'8kN M ( * )54 f 4k ^' 

3. («) 91-25 kN-fW » l 1194 m f I om l f\ c 

(b) 74-75 kN-i" *' 14 ' 19 m from the ,eft * 

(c) Both morne"** W™** at 18 ' 75 m from I vaiue=61*5 kN-m. 

4. 424 kN-m. 

" 5. 216-7 kN-m ; —21'25 kN. 

M„,.=37-5*;^» kN - ra 
7 ^0=46-1 kN pension). 

8. ^=5^ t ;/^- il5w * ;-Rc=2*5iv t ; A/ B =25 w (hogging), . 

9. Focal length -0-2286 



3 

Influence Lines fdr Girders 
with Floor Beams 



31. INTRODUCTION 

We have seen in the previous chapter that an influence line for 
-any given point or section of a structure is a curve whose ordinates 




{a) TRUSS WITH FLOOR BEAMS 

STRINGERS I ' FLOOR BEAMS 

! ' ' ■ V =p 

MAIN GIRDER | 



lb) GIRDER WITH FLOOR BEAM 



Fig. 3-1, 

(79) 
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represent to scale the variation of a function, such as shear force, 
bending moment, deflection etc. at a point or section, as a unit load 
moves across the structure. In the case of a beam, the unit load 
actually crosses each and every section and hence the influence line 
ordinate changes from point to point, as the unit load moves. How- 
ever, in nearly all framed structures and girders with floor beams, 
the loads (whether knife edge load or uniformly distributed load) are 
applied at the nodes or joints qniy, so that we have the case of the 
loads applied at deflnite p6ints [Fig. 3* I (a), (b)}. Due to this, the 
S.F. and B.M. for a panel, between the nodal points, are constant. 
Hence influence lines for S.F. (or B.M.) are plotted for a panel and not 
for a particular section of a girder. 

3*2. Influence Line of S.F. for Girder with floor beams 

Fig. 3*2(a), (b) shows such a system in which the loads are 
transmitted to the girder at definite points. For a given position of 




J I i i '■ -^-=l , b , 

lA B C 0 E F Gf 




Fig. 3-2. 

unit load, the S.F. for the whole of the panel, situated between the 
nodal points, is constant. Hence I.L. is plotted for S.F. of a panel 
and not for S.F. at a particular section of the girder. 

Let such a girder or frame consist of n panels, each of length d 
*uch that the total length L=nd. 
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Let us plot the IX. for S.F. in a panel CD [Fig. 3'2(b)]. Let 
there be m panels to the left of CD, and (n-m- 1) panels to its 
right. Thus CD is (m+I)th panel from the left support. 

Let the unit load roll from A to G. 

(a) Load in AC 

When the load is at A, Rg^O, .\ Fcd=0 

When the load is at C, tf c =— 

nd n 

i Fcd=+R g = + — 

n 

(a) Load in DG 
, : Now, let the load be in portion DG. 

when the load is at D, R A = ^ n ~ m ~ l ^ d = «-»'-! 

nd n 

Fco^~R, = ~ n ~ m ~~ { 



n 

when the load is at G, Ra=0 
Fcd^Q. 

,/- (c) Load in CD 

When the load is at a distance x from C, load transmitted at 
the panel point C=-^*- f and load transmitted at the panel point 

Fcd - +Rc- Z-=J^ + * . *_ 

d d d 

The variation is linear. 

When the load is at C, *=0. /. Fco—i — , as before 

n 

When the load is at D, x^d. 

- ... ■ \] 

md+ d d n—m— 1 



Fcd — 



nd 



m 



Thus the ordinate CC, = -f 

n 

ordinate^— *-**~~± 
n 

The ordinate is zero at some point O between C and Z>, 
The I.L. for Fcd is shown in Fie. 3'2M. 
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LOAD POSITIONS FOR MAXIMUM S.F. 

Let us now determine the load positions for maximum S.F. in 

panel CD. 

(1) Single Point Load 

Maximum +vest will occur when the point load is at C 
and maximum -ve shear will occur when the load is at D. 



Fcd ( -f ve max.) 




— («— m — 1) 
n 



mm 

[3-1(6)1 



and Fct> (— ve max.)= : 

(2) U.D.L. greater thWrbcTSpaii 

Maximum +ve S.F. will occur when ao is fully loaded and og 
is empty, and maximum -ve S.F. will occur when og h fully loaded 
andflo ivfimpty, o being the point of zero ordinate >6f the I.L. for 
Ft d. The position of the point o can very easily be located by the 
consideration of the triangles cc x o and dd^o. Thus, 
cc x co co 
dd x ~~ do cd—cp 

Since cc u dd lt and cd are known, co can be calculated, and 
hence o can be located. 



md 



{n-m-D d 



.1 1 



B 



p C Q 



R D S 



to) 




di 

Fig. 3-3. 

(3) U.D.L. shorter than the span 

Let a U.D.L. of length a travel from left to right such that 
a<Ao, and also a<oG. Forgetting maximum positive shear, the 
shaded area of the +ve portion of the I.L. should be maximum. For 
this, the ordinate pp x should be equal to ordinate qq x . Hence applying 
the criterion of equation 2' 6, 

AC__PC_ PC 



[3'2(fl)l 
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Since AC, CO and a are known, PC can be computed, and then 
the shaded area can be known. 

. Similarly, for maximum negative shear, the ordinate rr x should 
be equal to ss x . Hence, from criterion of equation 2*6, 
OD RD RD 

DG~ DS ~~ a-RD 13*2(4)] 
Knowing OO, DG and a, RD can be computed, and the shaded area 
can be known. 

(3) Irregular Load System 

Let a train of wheel loads travel from left to right. Let the 
arrangement of the load [Fig. 3'2(d)] be such that W 1 is the resultant 
of the load to the right of CD, W z is the resultant of the load to 
the left of CD, and W 2 is the resultant of the load on the panel CD 
itself. This arrangement will give maximum Fcd only if a small 
movement of the load system decreases the S.F. 

Inclination 0 of cc t or gd t is given by 

„ mjn 1 1 
tan 0= — 
ma nd L 

Inclination $> of c y d x is given by 

tan 6= _ (ac+dg) tan 6 ^ L—d > J_ 

9 cd cd d L 

L-d 
~~ d.L 

By giving a small movement Sjc to the right, the ordinates y 3 
and y 2 are increased and ordinate y x is decreased. However, the 
decrease of y x increases the -fve S.F. Hence, the change in S.F. is 
given by 

ZFcd=W % Zx tan 6-ff 2 tan $+W x %x tan 6. 

^B-={W z -\-W x ) tan tan 

W t +W x W 2 (L-d) W x +W % +W z _ W % 
™ L d.L ~~ L d 



(3'3] 



(where W is the total load). 

WW/ w \ 
Hence, the maximum,-^ — or — —W % J should change 

\Y 

sign. In the limiting case, when the loads are very near, W 2 —-^-> 

Hence the maximum S.F. in a panel occurs when the load in that 
panel is equal to the load divided by the number of panels. 
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3 4. INFLUENCE LINE OF B.M. FOR GIRDER 
WITH FLOOR BEAMS 

Let us now draw the I.L. for bending moment at a point P, 

distant x from A t m the panel CD. 

When theunit load is in AC, Mp=—Rg{L—x) (1) 

Again when the unit load is in DG, Mp——Ra.x (2) 
Both these variations are same as for a girder without floor 

beam. It must be remembered that x is a fixed quantity in the above 

equation. 

_ _ md m 
When the load is at C, Rg^= =— 



/. Mp=. Ordinate cc x — — (L—x) (3) 
n 




Fig. 3-4 

If the girder were without the floor beam, the ordinate pp t 
under the section would have been -j-(L-x), and the corresponding 
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•ordinates cc x and dd x would have been 

(L~-x)x— Xmd= ~{L-x) 
jl x n 

(which is the same as found above in Eq. 3) 

and dd^j-fr-x) x(n-m-l)rf=t^x 

'(which is the same as found above in Eq, 4). 

Hence the portion ac x and bd x of I.L. for a girder with floor 
beams can be obtained by constructing the I.L. for the beam assuming 

it to be without floor beam, making the central ordinate pp 1 ~~ r ~(L—x) 

Li 

joining p x to a and b, as shown in Fig. 3'4 (b). 

To plot the portion of IX. diagram under the bay CD, consider 
the unit load at a distance a from C. The panel point load trans- 
ferred to C and D will be and -^-respectively. 

Here M^ce, ( )+dd t (-£-). 

This is a linear function of a. When the load is at C, a=0 t and 
hence Mp=cc x ^ ~-^cc x . Similarly, when the load is at D t a=d t 

and Mp~dd x ^~-^=dd x . Hence the IX. portion under panel CO 

is obtained by joining c x and d x by a straight line. The figure ac x d x b is 
thus the complete IX. diagram for B.M. at point P is the panel CD, 
The IX. for the point P in any other panel can also be found 
in a similar manner. However, when the point P coincid es with some 
panel or npdcj^nt^snchas LCjfe lX.~ djagram will be a tria ngle. 
Fig. 3*4 (d) shows the IX. for B.M. at C. The ordinate cc x under 

C [Fig. 3-4 (d)]= ^ n ~™ tL ^ n l ( n - m )d. When «=6 and m=2, 
na n 

^ 1= =|-(6-2)rf=y^ 

3 5. LOAD POSITIONS FOR MAXIMUM B.M. 
1 . Single Point Load 

From the inspection of the IX. for Mr, it is clear that Mpma x . 
will be obtained by putting the load either at C or at D, depending 
*upon whether ordinate cc x is bigger or dd t is bigger. 

Thus Mpma x ---^- (L~x) 3*4 (a) 
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or . = _ mn-m-l) x 3. 4 {b) 

: ft 

2. U.D.L. longer than the Span 

Maximum B.M. will evidently occur when the load occupies 
the whole span. In that case, Mp=wX shaded area of IX. diagram. 

3. Irregular Load System 

Let Wi be the resultant of the loads to the right of D t W s the 
resultant of the loads to the left of C, and W 2 the resultant of the 
loadi on the panel CD. Let the section P be at a distance b from C 
(such that b=x-md). Then, it can be proved that the maximum 
B.M. at P occurs when the expression 

W 2 ( } changes sign. 

; Tj^ a ru i Cj b=4r, so that the above criterion reduces to 

I W(L-x) + ^ changes sign „.(3-5)> 

%ence, to get the maximum value of Mp, the procedure is as 
foli||s:: Place the load on the span such that the span is fully 
coveted (if the load system is long) and with one load aXD. First 
consider this load as part of W., and then as part of W x . If this 
causes the expression of equation 3-5 to change sign, the position is 
the maximum required. If not, move the load on until another load 
comes at C or-D, and apply the above criterion again. 

Example 31. A pratt girder shown in Fig. 3' 5 consists of 
eight panels each 3'5 m square, the loading being on the lower boom. 
Draw the influence line for the force in the member EC and determine 
the maximum tension and maximum compression in EC due to 
(a) a concentrated rolling load of 20 kN,. 

(b} a uniform live load of 10 kNjm and JO m long. Indicate 
clearly for each of the four required values the corresponding load 
positions. 

1 Solution. 

" If we pass a sectionl-l.it is clear that force in EC is equal to 

shear in BCx sec 45°=Fb<? X y/2. 

Hence Pec =Fbc\/2. } 1 ' 
Also, when the load is in ao, S.F. in panel BC will be positive, 

and hence force in EC will be compressive. Similarly, when the load 

is in od, t S.F. in panel BC will be negative, and hence force in EC will 

be tensile. 
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V 

\ 




C \ 










. ■ k) 1 


h 

-nd = l 


( n-m- 
.=2&n- 


. 

-I)d = l7-5m - 

«_ 



m 




q, IX. FOR F 8C 



Fig. 3 5. 

Let us first plot the IX, for Fbc. 
Hence m=2,«=8 ; d=VS 

Ordinate bbv=-^ 

n~m-\ 8-2-1 



Ordinate fc t = — - — g - - 

If o is the point of zero S.F., we have 
bo co bo^co _ 3'5 
~bb x 



cci bbi+eci 



1 5 

l 



5 

'8 

= 4 m 



6o=4x66 1 =-4x-^-=l m 

and fo-3 5-l-2'5 m. 

(a) Concentrated had of 20 kN 

Maximum +ve S.F. in BC will occur when the point load is ;u 
B t while maximum -ve S.F. will occur when the point load is at C. 

Hence f*c-(+ve max.)=-^ X 20=^5 kN 

'Pec=FbcJ2=5*/'2 kN (compressive) 



and 



Fbc (— ve max.)=- 



x 20= 12*5 kN 



Pec=Fbc V2-12*5^ 2 UN (tensile) 
(b) U.D.L. of 10 kNjm, 10 m long 
bo=i m, (found above) 
X 1=8 m and o</=28-8=20 m. 

Since the length of U.DX. is more than ao, max. -fve S.F. will 
occur when the load occupies the whole of the portion ao. 



r 
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Then Fbc (+ve ma3E.)=ux Area ob x a 

==10x~ x8x4- = 10kN 
2 4. 

Pec^Fbc V2=10\/2 kN (compressive) 
For maximum negative shear, the load should be so arranged 
that the area of the I.L. diagram under it (shown dotted) as maxi- 
mum.. This will happen when ordinate pp x =qq x {i.e. point c divides 
the load pq in the same ratio as it divides the base od of the triangle 
oc^d). Hence applying the criterion of equation 2*6, we have 
oc pc pc 
cd ~ cq ~~~ \§—pc 
2-5 pc 



or 



20-2*5 ~ 10-pc 
From which />c— 1"25 m . 

Also, op=oc- pc=2S~ 1 25 = ] '25 m 

Hence g gi = pPl= ^- x 1-25= ~ 

HenceFsc (-ve max ) = ^"( |- ~f-j~= ) x 10X 10=46-88 kN 
P E c=^Fbc . •/2=46*88 v '2-66-2 kN (tensile). 



PROBLEMS 

1. AN-girder bridge (Fig. 3 6) has cross-girders at the lower panel 
points. The diagonals are at 45°. A live load of 6 kN/ra (per girder), longer 
than the span, cross the bridge. Find the maximum forces in the three members 
AB, AD and CD. 



A B 




Fig. 3*. 
Answers 

l-0AD*=\26 kN (com.) ; P C d=&> kN (tcnsil. 
Pad=46 \ kN (tension). 
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Influence Lines -fir Stresses 

in Frames 



% PRATT TRUSS WITH PARALLEL CHORDS 




Fig. 4*1 
Pratt truss with parallel chords. 
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Fig. 4*1 shows a pratt truss with 6 panels, each of length f m 
and of height 5 m. Let us draw the influence lines for stresses in 
member* of panels HI and 13. The truss is statically determinate. 

sin 6 = _L=-=-^=-=0'78 
V 4 2 +5 2 a/41 

cos 6=—~ ==0*625 ; cosec 9=1*28 
v 41 

( 1 ) Influence line for Pbc 

In order to find stress Pbc in member BC, pass a section aa as 
shown. Evidently ; 

Pbc— (compression) 

where-i^v M/= bending, moment at joint /. 

The influence line for bending moment at chord point / will bo 
- " . . - 8X16 _ 16 rr 

a triangle having a maximum ordinate equal to — ^ - 3 • ™»» 

influenceline for Pbc will also be a triangle having a maximum or- 
dinate of -L X -1'067 under /as shown in Fig. 4*1 (6). 

The minus sign indicates compression. 

? {2) Influence line for Pa 

Pc/— Shear in panel // 

Thus the IX. for Per is the same as the IX. for shear in the 
panel//. From § 3*2, the ordinate* "of the IX. diagram are as 
•under : 

, 8 -J- 1 
Under point/, ordinate =+24 ~ y 

- 12 ___ 1 

Under point J, ordinate = — ^ — y 

The IX. diagram for Pci is shown in Fig. 4*1 (c) v When^e 
load traverses the panel 1J there is rewrMj^oXstrew_ m member CI. 
iyfiWOTainoTio left of I the S.F. is positive and the force Sn 
CI is tensile, while when the load is to the right of J, the S.K is 
negative and the force in CI is compressive. Th us a po Mre&F^'es 
tension while aj^to^S.F.^ivesca^ 

(3) Influence line for Phi 

Pass a section bb, 

Phi^~ (tension) 
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Hence the IX. for Pm will be a triangle, bavin ^ 
ordinate of 1^5. X under H, as shown in 

(4) Influence line for Pbh 

When the unit load is at A, Pbh=0 * ~ — 1 ^ 

When the unit load is at H t PgH^ l faensfrn) > 
When the unit load is at / or to the right onftBu^O 
The influence line for Pbh will therefore be a triangle having a 
maximum ordinate of unity under H, as shown in Fig. 4*1 (e). 

(5) Influence line for Pab 

The force in AB can be found by resolution of [forces at A in 
the vertical direction. 

When the unit load is at A, Ra=U and hence Pab=0. When 

20 5 * 
the unit is at H t Ra=^=-^, and 

Pab=Ra cosec 6=|-X l'28-l*07 (coffip.) 

When the load is at G, i?^=0. .\ Pab=0 

The IX. for Pab is shown in Fig. 4*1 (J). 
4 2. PRATT TRUSS WITH INCLINED CHORDS 

Fig. 4*2 («) shows Pratt truss with inclined chords, consisting 
of 6 panels each of 4 m length. 

(1) Influence line for Phi 

Pass a section aa cutting three members 

= j- ^(tension) 
The influence line diagram will therefore be a triangle having 
a maximum ordinate j=*£ -nil under H as shown 

in Fig. 4'2 {b). 

(2) Influence line for Pbc 

p BC =-^- (compression) 

x • \\ 

where x is the perpendicular distance between point / and BC. In 
order to find x, prolong CB back to meet IA produced, in O. 

2 

sin a=0*447 ; cos a=0'894 

3 3^ 

(?//= =— =6 m 

tan a \ 



Now^na^-T^T" V" a==26 ° 34 ' 
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0/ -t=hr f =1 ° m ; ^-6-4=2 m 
Now -v-O/sin a=10xO"W=4-47 m 

4*47 




I.L. FOR P 



Fig. 4'2 
Pratt truss with inclined chords. 
The influence line diagram will be a triangle having a maximum 

ordinate- 8 ^ 16 )«1'193, as shown in Fig. 4"2 (c). 

(3) Influence line for Pbj 

y. 

where ^perpendicular distance of point O from BI 
= 0/sin 6— 10 x ™=6 m 
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where M 0 is the moment about O t of the forces to the left of section 
aa. 

When the unit load is at A, Ra=\. Hence considering the 
forces to the left of the section aa t Af„=0. Hence Pbi=0. When 

20 5 

the unit load is at H, Ra ~~24~~^- 

Pbi=^- = j- [(1*OH)-(XaXAO)} (comp.) 



= -~-|(l x6)-(-§" X2 )J=0-722 (comp. 



) 

16 2 

When the unit load is at /, r a^~24 = ~3~ 

i , zr/=-j^ = ±-{r a *OA J.=(tension) 

= X2 -0-222 (tension) 

Thus, there is reversal of stress in BI as the load traverses the 
panel HI. 

When the load is G, Ra-=0 ; Hence M Q and Pb; are zero. 
The complete I.L. diagram for Pm is shown in Fig. 4'2{d). 
(4) Influence line for Pci 

Pass a section bb to cut the three members PC, CI and U, 
Since £C and // meet at <?, when produced, we have 

rci OI 10 

where M 0 is the moment, about 0, of all forces to the left of 
section bb. 

When the unit load is at A, Ra=\. 

Af 0 =0 and hence Pc/=0 
When the unit load is'between A and I, Ra is less than unity, 
and hence the net moment M 0 is clockwise. Hence Pci will give an 
anti-clockwise moment, giving tensile force in it. 

16 2 

When the load is at /, Ra ~~2^~^ 

= iV{ (1 x 10) ~(t x2 )} =0 ' 867 ( tensioQ ) 

When the unit load is at /, Ra—\. 
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.'. Pcr= ^$~ == i${ Ra)<oa \ (compression) 

=~-X|x2=0'l (compression) 

Thus, there is reversal of stress in CI as the unit load transver- 
ses the span //. 

When the unit load is at G, Ra=>0 and hence M 0 and Pci are 
zero. The I.L. for Pa is shown in Fig. 4*2(e). 
4*3. WARREN TRUSS WITH INCLINED CHORDS 



D E 




Fig. 4-3 

Warren girder with inclined chords. 
Fig. 4*3 shows a Warren girder with inclined chords. There are 
six panels each of 4 m span. 

(1) Influence line for Pbc 
Pass a section aa to cut members BC t CI and U 
Mi 

Pbc— (compression) 
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where x— perpendicular distance of / from BC 

=0/sm a 

But tan •*■ «=26°34' ; sin *=0*447 

OA=~ 2=2 m aa0 ^ 

tan a i**^ 

0/=2+4=6 m. 

Hence x=0/sin oc=6x0'447^2'68 m 

p Bc== ^k ( com P ression) 

The influence line for Pbc will be a triangle having a maxi- 
mum ordinate of i^Xs--^g-- 1-24 under /, as shown in Fig 

4'3(a). 

(2) Influence line for Pis 

Pu = -~ (tension) 

When the load is at A, Ra?=Q ; hence Mc and iV/are zero, ft * 

. r 2 4X1 1 jsam ^ 
When the load is at I, Rft= ~£ 



— ( 4- x 18 Vo" 75 * (tension) 
4 V 6 / 



1X16 

When the load is at /, ■ 



24 



Pli Jfc — J-(y Xjj-1 (tension) 



When the load is at //, Rb=*\ and /fc=0 
Hence Mc and P// are zero. 

The influence line diagram for Pu has zero ordinates under A 
and -ff and ordinates of 0'75 and TO under / and/, as shown in 
Fig. 4-3 (c). 

(3) Influence line for Pic 

where r~ perpendicular distance of O from CI 

=-OI sin p 

But 07=6 m; sin p== ^7==; ==0'894 

r=6 X 0-894=5-36 m 
r> Mo 

p < c =TTe 
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When the unit load is at A f Ra=\ ; Hence A/ 0 and Pic are- 
zero. 

1 x"20 

When the unit load is at /, Ra^—xt— =0*833 



24 

P/c== 5^36 { (1X6)-(0'833X2) j 
=0*808 (tension) 



When the unit load is J, Ra=-^~^ =0*667 

Plcs=m T36 (°" 667x2 ) :=0 ' 248 (compression) 

Thus, there is reversal of stress 1C when the unit load crosses 
the panel IC. The IX. for Ptc is shown in Fig. 4*3(rf). 
(4) Influence line for Pbi 
Pass a section bb to cut members BC, Bl and IA. 

y 

where j=perpendicular distance of O from Bl 

-0/sin 0 

OZ=6 m ; sin 8«-p=i= = ~«0'707 
J= =6 X 0*707=4-24 m 
Hence fs/^ 4-24" 

When the unit load is at A, Ra~1. Hence M 0 and are 

zero. 

20 

When the unit load is /, Ra = -^-^O^ 

^^-L-jo-833-2^0'393 (tension) ■ 
When the unit load is at H, Ra^O. Hence M 0 and Pbi are 

zero. 

The I.L. for Pbi is shown in Fig 4*3(e). 
4*4. K-THUSS 

(I) Influence line for Pcd 

Pass a section aq as shown in Fig. 4*4 (a). Considering the 
equilibrium of the portion to the left of section aa and taking mo- 
ments about 0, we get 

M 

. PcD — —jr- (compression) 
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a b c d 




Wig. .4-4 ' 
K-Truss 

The I.L. for Pcd will be triangle having a maxinum ordinate of 
"32 — x ~6 ~ under °* as shown in Fig. 4*4(6). 
(2) Influence line for Po/v 

Pox=~- (tension) 



or 
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The I.L. for Pon will be a triangle having a maximum ordinate 

0 f 8x24 " x J- r=l under 0, as shown in Fig. 4 "4(c). 
32 6 

(3) Influence line for Pqd and Pqn 

QD and QN have the same inclination with the vertical. Hence 
they will carry equal but opposite stresses. Thus, numerically, 
Pqd -Pqv 

Pass a section bb and consider the equilibrium of the left por- 
tion. Resolving vertically, 

Pqd sin'8+Pffw sin 8=shear in panel ON=Fon 

When the unit load is at X, Ra = \, and hence shear in panel 
ON te zero. Therefore, Pqd and Pqn are zero. 

When the unit load is at O t 

l; ^'f - 0,5 
/iHv 2Pqd sin e=FoAr==l-0'75=0*25 (tension) 

*-£i?5 [But sin e=i- =0-6] 

=^^-0'208 (tension) 

and • iPflJv=0*208 (compression) 

When the unit load is at N, 

and Pqn~0'S2 (tension) 

When the unit load is at /, 1^=0." Hence Fon is zero. There- 
fore, Fob and Pqn are zero. 

The I.L./ for Pqd and are shown in Fig. 4'4 (d) and (e) 
respectively. 

(4) Influence line for Pun 

Pass a section cc, cuttftjg members CD, Qp t RN and ATM, and 
consider the equilibrium of the .left portion. 

(i) When the unit load is at O t 

Ra = -^=0'15 and Pqd=-0'20% (tension) 

/. Pqd sin S+PRAr=^l-RA=l-0 75=Q-25 
A Prn=W25—Pqd sin 6=0' 25 -(0*208x0- 6) 

=0*125 (tension) 
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(//) When the unit load is at //, 
1 X 20 

Ra = —§2 ==0 ' 625 and ^=0*52 (comp.) 
-Pqd sin Q+Prjv I — Ra I — 0"625 = 0"375 

or rtiv=0'375+(0-52x0*6)=0'687 (tension) 

(Hi) When the uuit load is at M, 

D 1x16 

32 and ^=-0*416 (comp.) 

Prn=Ra~Pqd sin 6=0-5-(0-416xO*6.1 
— 0'25 (comp.) 
The I.L. for is shown in Fig. 4'4 (/). 
(5) Influence line for Pdr 

Pass a section dd t cutting members DE, DR, qn and CW. Out 
of these four, stresses in members QN and ON are known. Consider 
tbe equilibrium of the portion to the left of section dd. 
(0 When the unit load is at 0, 

Ra=0-75 and i><*v= 0*208 (comp.) 
Pdr = t — Ra -Pqn sin 0 
= l-0"75-(0'208x0'6) 
=0125 (comp.) 
(«) When the unit load is at N 

Ra—0 m 625 and Pqn—0'52 (tension) 
Pqw=Ra—Pqn sin 6=0-625— (0 52x0'5) 
=0-313 (tension) 
The I.L. for Pqn is shown in Fig. 4'4fc). The influence lines 
for stresses in other members can similarly be plotted. 
4 5. BALTIMORE TRUSS WITH SUB-TIES : THROUGH TYPE 
Simple trusses become uneconomical when the span exceeds 80 
to 100 m. Earlier, multiple web systems were used in long span 
bridges. However, they are expensive and highly indeterminate, and 
are no longer used. The modern trend is to use some form of sub- 
divided trusses or K-truss. A sub-divided truss is obtained by placing 
in every panel of the truss some secondary members of diagonals. In 
contrast with primary members, which are stressed with ail positions 
of the loads, secondary members are stressed only by the loads in 
certain limited positions. 

Fig. 4*5 (a} shows a Baltimore truss (through type), with sub- 
ties. The load moves on the lower chords. 
(1) Influence line for Put and Pn 
Pass a section aa cutting members BC, BN and HT 

Mb 

Pffr=Pr/=-j^(tension) 
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The influence line will be a triangle having a maximum ordinate 




Fig. 4-5, 

Baltimore truss with sub-ties. Through type. 
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(2) Influence line for Pbc 



Pbc — -jy- (compression) 



When the unit load is at H, 
1x60 



Ra= 



72 6 



Pbc ^T5 (t x24 " 1x12 ) 

=-£r =0*533 (comp) 



When the unit load is at T, 



Pbc^-~ ( 075X24 ^=T2 (comp.) 



When the load is at G, Ra—0 

The influence line for Pbc is shown in Fig. 4*5 (c). 

(3) Influence line for Psh 

Pass a section bb. Consider equilibrium of the left portion 

Pbh— (tension) 

Ma and hence Pbh are zero when the unit load is-at A. 
When the unit load is H, 

P BK= —L(lxl2) = l (tension) 

When the unit load is at T or beyond T on right side there is 
no external force to the left of section bb except Ra. Hence Ma=0. 
Therefore, Pbh is zero. The I.L. for Pbh is, therefore, a triangle 
having zero ordinates under A and T, and a maximum ordinate of 
.unity under H, shown in Fig. 4*5 (d). 

(4) Influence line for Pbn 

Considering the equilibrium to the left of section aa t 
Pbs/. sin 8— shear in panel HT— Fht 

si Q * 5 _ ^0*781 ; cos 8- — .-— , =0*625 

V!5 2 -{-12 2 Vl5 2 -i-l2 2 

When the unit load is at H, Ra= ~^f^- =0*833 
F//r=l-fl,<=l-0*833=0*167 
PaN ~~^n%~ 0'781 =Q ' 2 * 4 (compression) 
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1x54 

When the unit load is at T y Ra = — =0*75=F//r 

„ FhT 0*75 n ,t\s s± \ 

P ' H = inre = -o=75r =0 96 (tension) 

When the unit load is at A or G t Fht and Pbn are zero. The 
I.L. for Pbn is shown in Fig. 4*5. (c). 

(5) Influence line for Pnt 
NT is secondary member. 

When the unit load is at H or to the left of H, Pnt=0 
T When the unit load is at T, Pnt— I (tension) 
_ When the unit load is at / or to the right of /, Pnt=0 

The I.L. for Put is shown in Fig. 4*5 (/). 

(6) Influence line for Pnc 

1$C is a sub -tie, and is thus a secondary member. Pass a horse 
shoe section ee cutting five members. Out of these, four members 
pass through / when produced. Hence take the moments about /. 
Consider the equilibrium of the portion enclosed by the horse shoe 
section e e. 

When the unit load is at H or /, Mi -— 0, and hence Pnc — 0. 
When the unit load is at T, we get, by taking moment about 
point / : 

PjvcX{15 cos 6) — 1 x6 (tension) 

Pnc=^ -tt-^— s- - 81=0,64 ( tension ) 

15 cos 9 15X0 025 

Thus, I.L. for Pnc is a triangle, as shown in Fig. 4"5 (g) t and is 
similar to I.L. for Pnt. The vertical component of Pnc is equal to 
0*64sin &=0 , 64x0'781^0'5. Hence it is very interesting to note that 
in general \ for both parallel and non-parallel chord trusses, w here the 
secondary has the same slope as the main diagonal, the vertical compo- 
nents of stress in the secondary diagonal will be equal to one half of 
the load applied at the joint. 

(6) Influence line for Pni 

Pass a section cc cutting four members. Consider the equili- 
brium of the portion to the left of section cc. 
Resolving forces vertically. 
Pnc sin -8+ Pni sin G=S.F. in panel TI=Fti 
Pnc+Pni — Fti. cosec 6 
The member NC will have stress only when the load is in span 

HI. 

(i) When the unit load is at P, Pnc=Q and ^==0*833. 
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*1 

Fr/^l-0-883=0*167 ; cosec 0= q%T 

•"■ P - v/: " Q-78I =0 ' 214 (compression) 
(it) When the unit load is at T, Pnc =0 64 (tension) 
and Ra=0-7S 

P lV /=(0'74-l) cosec O+^vc^-^^r X0"64 

=0 32 (tension) 
{Hi) When the unit load is at /, Pnc~0 and fJ,*=0'667 

/>v/=0'667 cosec 9-^|^-=0-854 (tension) 

U fol 

The I.L., for Pni is shown in Fig. 4"5 {h). 
(7) Influence line for Pci 

Pass a section dd cutting four sections. Consider equilibrium 
ofleft portion. Revolving the forces vertically, 
Pci+Pnc sin 0=shear in panel IU—Fiu 

Member NC has stress when the load is in panel HI only. 
(0 When the unit load is at H, ^=0*833 and Pnc=0 
.*. Pc/ = F,£/=(i-0-S33H0'167 (tension) 
(«) When the unit load is at T, Ra=015 
and Pnc =0'64 (tension) 

Pc/=(0-75-1) + Pnc. sin e = -0'25-r(0*64xO-78I) 
=0'25 (compression) 
(Hi) When the unit load is at /, jR^ =0*667 and . 
.-. Pc/=-(l-0;667)=0 333 (tension) 
(iv) When the unit load is at U, =0'583 and P,vc-=0 
.*. Pc/~0'583 (compression) 
The I.L. for Peris shown in Fig. 4'5 (i). 

4 6. BALTIMORE TRUSS WITH SUB-TIES : DECK TYPE 

Fig. 4*6 (a) show a deck type Baltimore truss with sub-ties. 
The load moves on the top chord members. 
(1) Influence line for Pnm 
Pass a section aa to cut three members. 

Pnm= (tension) 

The influence line will be triangle having a maximum ordinate 
f 1 / 12x60 \ 2 
ot=:= ~i5~\ — 72 — J = ~3 _=;& 667 UDder C > a s shown in Fig. 4'6 (b). 
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Fig. 4-6. 

iBorc truss with sub-lies (Deck type). 
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1 x60 5 A . c „ 
When the unit load it at C, h A ^ — T2T~ =m ~6 

. PcD== _L^_|- x 24-ixl2 =0-533 (compression) 

„ o 3 
When the unit load is at Q, Ka= — =-^- 

. jPci)== J^_^J- X 24 1*2 (compression) 

The I.L. for Pcd is shown in Fig. 4*6(c). 

(3) Influence line For Pcr 

Consider equilibrium of the portion to the left of aa and resolve 
;ihe forces vertically. Then 

Pcr sin e=shear in panel CQ=Fcq 
Pcr = Fcq. cosec 0. 

But sin e- r---%~ =0*781 ; cos 6=0*625 

cosec 0=1*28 
Pc.ff=I'28 Fcq 
(0 When the unit load is at C, i^ = 5/6=0*833 
^0 = 1-0-833=0' 1 67 

P CR = l -28 Fcq - 1 * 28 X 0* 1 67 =0 "2 1 4 (compression) 
07) When the unit load is at Q, =0'75 and fcQ=0'75 

.:. Pcj- = f28x0"75=0*96 (tension) 
Let I.L. for Pcr is shown in Fig. 4*6(f/). 

(4) Influence line for Pqr 

OR is secondary member and hence it will be stressed when the 
Joad is~in panel CD. The influence line for Pqr is shown in Fig. 
4-6(r), having zero ordinate under C and D, and an ordinate of unity 
under O. 

(5) Influence line for Prd 

RD is a secondary member, and hence it will be stressed only 
when the load is in panel CD. Pass a horse shoe section hb cutting 
four members. Out of these, the line of action of forces in three 
members pass through point C. Hence take the moment of forces 
about point C. Consider the equilibrium of the portion enclosed by 
the section bb. 

When the unit load is at C or D, Mc is zero, and hence Prd 
is zero. 

When the unit load is at Q, we get 
Mc = \x6 = Prd'X{\2 sin 0) 
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Prd=~2 cosec 6=£ cosec 8=ixl'28=0'64 (tension) 

The I.L. for Prd is shown in Fig. 4'6 (/). 
(6) Influence line for Prm 

Pass a section cc cutting four members QD, RD, RM and NM. 
The stress in RD is known. Consider the equilibrium of the left 
portion. Resolving the forces vertically, we get 

Prd sin 6+ Prm sin 0=shear in panel QD^Fqd 

In the above relation, member RD will have stress only when 
the load is in CD. 

(i) When the unit load is at C, Prd^O and ^=5/6=0*833 

.*. Pim-cosec 8. Feo=r28(I-0 , 833)=0'214 (comp.) 
r(ii) When the unit load is at Q, Prd=0'64 (tension) and 
Ra=&75 

V Prm=Prd~t (0-15-1) cosec 0 
C -0-64-0-25 X T28-0-32 (tension). 

(Hi) When the unit load is atZ), Prd=0 and J?^2/3 

■V PRM=i cosec 6=§x 1'28=0*853 (tension). 

The IX. for Prm is shown in Fig. 4*6(g). It will be seen that 
the influence lines for Pcr and Prm are exactly the same for load 
positions between B to C and between D to H. 

(?) Influence line for Pdm 

Pass a section dd, cutting four members. Considering the 
equilibrium of the left portion and resolving the forces vertically we 
get, in general : 

Pdm-\-Prd sin 8— shear in panel QD~Fqd 

Member RD will have stress only when the load is in CD. 

(i) When the unit load is at C, i?^=0*833 and Prd^O 

Pdm=Fqd-=1~Q-S33^=0'167 (tension) 
(h) When the unit load is at Q, Ra^O'75 
and PtfD=0'64 (tension) 

/ , z.w=(0"75-l)-f (0-64X0-781) (compression) 
= -0-25+0'5=0*25 (compression) 
(m) When the unit load is at A Pfio^O and Ra = 1- 
.%= Pdm=%~ 0'667 (compression) 
The IX. for Pdm is shown in Fig. 4'6(ft). 

4 7 BALTIMORE TRUSS WITH SUB-STRUTS : THROUGH 
TYPE 

(1) Influence line for Pbc 

Pass a section aa cutting three members'. Considering equili- 
brium of the left portion, 
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Pbc== ^"^(compression) 

The influence line diagram for Pbc is thus a triangle having a 
24x48 1 

maximum ordinate of ?2 x ~f$ = 1 *°67 (comp.) under K as in 

Fig. 4'7(6). 

(2) Influence line for Plk 

Plk = —jj- (tension ) 
When the unit load is at L, R a Q' 833 

Pi>£=-j$ (0*833 X12)=0'667 (tension) 
When the unit load is at T, Ra=- 5 *~==&15 
:. Plk= -|y- (0'75 X 1 2+1 X 6)- 1 (tension) 
When the unit load is at K, R A = ~^ =0"667 

/. p *-k=-J$ (0*667 X 12)=0'533 (tension) 

The I.L, diagram for Plk is shown in Fig. 4'7(c). 

(3) Influence line for P,mk 
Resolving the forces vertically, 

Pnk sin 0=shear in panel TK—Ftk 
Or Pnk = Ft a- cosec G 

sin 8= ._ 15 . ^ Q-781 ; cosec 6=1 "28 ; cos 0=0 625 

Wnen the unit load is at T, K^O'75 

Patk=(1-0 , 75)X r28=0 32 (comp.) 
When the unit load is at K, Ra - g-,667 
.'. , iV*=0-667 X r28=0'8*53 (tension). 
The I.L. diagram for Pnk is shown in Fig. 4*7 (d). 

(4) Influence line for Pa t 

NT is a secondary member, and hence it will be stressed only 
when the load is in panel LK. Evidently, I.L. for Pnt will be a 
triangle having zero ordinates under L and K and an ordinate of 
unity under T, as shown in Fig. 4 7(e). 
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(5) Influence line for Pln 

Pass a horse shoe section £6, cutting five members BN t NK 
LN, LT and TK. Out of these, line of action of forces in four 




Fig. 4 7 

Baltimore truss with sub-struts : Through type. 
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members pass through point K. Hence take the moment of the 
forces, about K and consider the equilibrium of the portion enclosed 
by the horse shoe section. Note that LN is a secondary member, and 
hence it will be stressed only when the load is in panel LK. 
When the unit load is at L, Mk~0 and hence Pln^Q 

When the unit load is at 7", 

Mk~1 X6= Pln X{12 sin 8) 

• p LN = ■ 6 .— =4cosec0=£xl-28=O'64 (comp.) 
12 sin U 

When the unit load is at K, Mk=0, and hence Pln=Q 
The I-L. diagram for Pln is shown in Fig. 3*7 (/). 

(6) Influence line for Pbn 

Pass a section cc, cutting four members. Considering the 
equilibrium of the left portion, we get, in general, 

Pbn sin Q^Pln sin 6=shear in LT—Flt 
or Pbn+Pln=Flt cosec 8 — 1*28 Fir 

The member LN will be stressed only when the load is in LK. 
When the unit load is at L t -R^=0-833 and Pln=0 

i > SAr=(l-0*833)Xl*28=0"2i4 (comp.) 

When the unit load is at F, and Pln^0'6A (comp.) 

■Pi?jv~ i -0*64=0'75xr28 
or p aAr =0*75x 1*28-0*64=0*32 (tension) 

When the unit load is at K, Ra=0'661 and Pln^O 

Pbn=0'667 x 1*28=0*853 (tension) 
The I.L. diagram for Pbn is shown in Fig. 4*7 (g). 

(7) Influence line for Pbl 

Pass a section dd, cutting four members BM, BL, LN and LT. 
Out of these, the lines of action of forces in two members pass 
through^. Hence take the moment of all the forces, about A and. 
consider the equilibrium of the left portion. 

When the unit load is at A, Pbl is evidently zero. 

When the unit load is at L t Pin—0. 
j PblX12=1X12 
or Pbl=\ (tension). 

When the unit load is at T, Pljv=0'64 (comp.) 

PBLXi2 = {PLNSiti^Xl2 

p BL =0-64% 0*78 1 =0*5 (tension) 

When the unit load is at K, Pln=0 

Pbl X 1 2 - zero. or Pbl is zero 
The I.L. for Pbl is shown in Fig. 4*7 (ft). 
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4 8. PENNSYLVANIA OR PETTIT TRUSS WITH SUB-TIES 
( 1 ) Influence line for Pcd 

Pass Section aa cutting three members 

■ Mj 

Pcd = —-(compression) 

where r— Perpendicular distance of / from CD. 

Prolong DC backward to meet GA produced in O x . Let Q x be 
the inclination of CD, as shown in Fig. 3"8 (a). 

tan 8 1= 15 i2 13 ; 8^9° 28' 

_ K sin e,=0'165 : cos 6! =0:986 

O x J=^~^- =15x6=90 m ; CM =90-36=54 m 
tan 'Jj 1 

Now!. r=0 L J sin 8^90x0*165=14*85 m 
Pcd = --^^-(compression) 

When the unit load is at K> Ra=~ =0*667 

.". Pcd = - 4 ? [1-667 x 36- 1 x 12]=0*808 (comp.) 

When the unit load is at U, ^ = 4i- =0'583 

Pcd= j~ [0-583 X 36] = 1 '41 2 (comp. ) 

The I.L. diagram for Pcd is shown in Fig. 4*8 (b). 

(2) Influence line for Pkj 

Pkj = ~~- (tension) 

The I.L. diagram for Pkj will, therefore, be a triangle having 
24 X 48 I 

a maximum ordinate of ?2 x -^-=1-23 under AT as shown in 
Fig. >8 (r). ■ 

(3) Influence line for Pco 

Consider the equilibrium of the portion to the left of section 
aa. Take moment about O x where two members CD and KJ meet 
when produced. 

D Moi 
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where ^^perpendicular distance of CO from O x 

=O x J%\n 8 
8 —inclination of CJ with O x J 




Fig. 4' 8. 
Pcttit truss with sub-ties 



312 
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13 13 

Now sin 9^ — = -pr— =0'734 ; cosec 6= 1'364 

V 13 2 -H2 2 17*7 

cos 0=-ji^- =0-678 

^=90x0-734=66-1 m 

Pc0 =WT 
When the unit load is at K, i?^=0*667 

.*. Pco= X78-0-667X543-0-635 (comp.) 

When the unit load is at U, i?*=0*5S3 

P co =-L^ (0-583 x54)=0'476 (tension) 

The I.L. diagram for Pco is shown in Fig. 4" 8 (a). 

(4) Influence line for Pou 

OU is a secondary member, and hence will be stressed only 
when the unit load is in the panel KJ. The I.L. diagram will be a 
triangle having zero ordinates under K and J, and unit ordinate 
under U as shown in Fig. 4*8 (e). 

(5) Influence line for Pod 

OD is also a secondary member, and will be stressed only 
when the unit load is in the panel KJ. Pass a horse shoe section 
bb cutting five members. Out of these, the lines of action of four 
forces pass through Hence take moments about J and consider 
the equilibrium of portion enclosed by the horse shoe section. 

Thus 

PodX(15 sin 4>)=*Mj 

sin s &=-^==== =-77^=0*577 ; cos ^=~~a =0 818 

__ Mj A// 

0£> ~15 sin 0 = 15x0-577 ™ 8 65 

When the unit load is at AT, Mj=Q and hence Pod=0. 

When the unit load is at U, M/.~ 1x6=6 

Ms 6 
Poo=-~^-=-g^ =-0-694 (tension) 

When the unit load is at /, Mj~Q and hence Pod~0. 

The' influence line diagram for Poo is shown in Fig. 4*8 (/). - 

(6) Influence line for. Poj 

Pass a section cc cutting four members. Out of these, the line 
of action of forces in two members pass through O x Hence consider 
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the equilibrium of the portion to the left of section cc and take 

moments about O x . 
7 (i) When the unit load is at K, Ra=0(>11 and Pod=Q 
y.\ (Po/sin6)xO 1 J=lxO 1 ^-0-667xO 1 ^ 

Pnj ! — —[I x78-O"667x54]=0-636 (comp.) 

FoJ ~~ 0-734x90 l 

(ii) When the unit load Lis at Z/, ^=0-583 and Poo-0'694 

(tension). 

Taking moments about 0 X , we get 

(Poj sin Q)0 1 J==(^0 1 U)~(RAX0 1 An{PoD sin ^X&5) 
■;- — (Pod cos txOJJ) 

S . Po ' [Ox84)-(0'583x54)+(0-694xO-577x6-5) 

. , - - toJ 0-734x90 lv 
~0% -^(0-694x0.818x84)] 

' '. ;; =0113 (compression). 

. When the unit load is at J, Ra=Q5 and Poz>=0 
i V. (Poj sin 0) OJ=Ra X O.A 

A . Poj ^ -°' 5x5 L- =0-408 (tension) 

. ■* i0J 0 734X90 

V The I.L. diagram for Poj is shown in Fig. 4 8 (g). 

(7) Influence line for Pnc 

The influence line for Pnc can be drawn exactly in the same 
manner as that for Pan. The I.L. diagram is a triangle with a central 
ordinate of <V8 as shown in Fig. 4"8 (h). Reader is advised to 
compute this ordinate. 

(8) Influence line for Pck 

Pass a section dd cutting four members. 

If a is the inclination of member NC with the vertical 

- sina= , L^==-4t -0-511; cos « = ^L-0'818 

Prolong CB backwards to meet GA produced in 0 2 . Let 6 2 be 
the inclination of CB with horizontal. 

13-9 4 J_. 0 -is 0 26' 
U/ Then, tanG s = — 12~~ l7^T 

■ 7 .-. sin 8 3 =0'316 and cos 9 2 =0-949 

0 2 4-39-24=15 m. 
Take the moments about t? 2 , of all unbalanced forces to the left 

of the section dd. 
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(0 When the unit load is at L y V^ = -^-=0*833 and Pnc=Q 

•'* ^--^-=-^-{(lx27)-(0-M3xl5» 

= 0"372 (tension), 
(ii) When the unit load is at 7", R A =0' 75 and 
(tension). 

.*. PckX0 2 K=(Pnc cos kXCVO— (iVc sin aXl3)+(^XO aJ 4( 

- (ixo 2 r) 

or -J!fcf-^{(0'8xO*8I8x39')-(0 , 8xO'577xl3)+(0'75xl5)} 

" -0X33)} 

: - =0 058 (tension), 
(ifj ;^hen the unit load is at K, Ra=0'667 and Pnc=0 

.\ P€K^~ {(1 X 39)-(0'667 x J5)H0-744 (tension). 

0'u) ; When the unit load is at U, ^=0583 and Pnc ^O 

;J : :$> CK = ^- {0-583 X 15H0-224 (comp.) 

The influence line diagram for Pck is shown in Fig. 4"8 (J). 
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51. INTRODUCTION 

The Muller-Bresiau principle or Muller-Bresiau influence 
theorem is the most important tool in obtaining influence lines for 
statically determinate as well as statically indeterminate structures. 
The method is based on the concept of the influence line as a deflec- 
tion curve While developing the method about tewenty years after 
the influence line was first introduced by Winkkr (1867), Muller- 
Bresiau became aware of the great yalaes of Maxwell's theorem of 
reciprocal displacement. In fact, Muller-Bresiau prmciple is he 
straight application of Maxwell's reciprocal theorem For a detailed 
study of th<- reciprocal theorem, the reader is advised to read articles 
7' 3 and 7 '4 of chapter 7. 

5 2. THE MULLER-BRESLAU PRINCIPLE 

The Muller-Bresiau principle may be stated as follows : 
"Ifm internal stress component, or a reaction component « 
considered to act through some small distance and thereby to deflect or 
Zhce * structure, the curve of the deflected or displaced structure 
Z be, to some scale, the influence line for the stress or reacUon com- 

"""'"To prove the validity of the above statement, let us consider a 
two span continuous beam ABC, freely supported at A and C and 
iwobpauwu . »-„„j „w the influence line for reaction 

continuous over support B and plot tne lnnucm-c 

foatl ' . 

Let a unit load act at a point X distant x from end A If the 
support at B is removed, the beam will deflect as shown in Fig. 5 1. 
W Remove the unit load as well as the redundant react™ : and 
place a downward unit load at B. The beam will deflect under the 
unit load, as shown in Fig. 5*1 (c). 
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Let yBB*= deflection at B due to unit load at B 
yxB^ deflection at X due to unit load at B 
)>bx== deflection at B due to unit load at X. 
(The first suffix to y denotes the point where the deflection is- 
reckoned and the second suffix denotes the position- of the unit point 
load). 

Thus, when the unit load is acting at X, the deflection of point 
B t in the absence of Rb, will be equal to yax. However, as the: 
support at B is at the same level as A and C, the upward deflection 
at B due to Rb is to neutralize this downward deflection yax. Hence: 
we get, from consistent deformation (chapter 7) : 
Ra.yBB— }'bx 
By Maxwell's receiprocal theorem (7'3) 
yax—yxB 




Fig. 5-1 

Thus, the reaction at B, due to unit load at any point X is pro- 
portional to the deflection at the point X due to the unit load acting 
at B. In other words, the deflection curve shown in Fig. 5 1 (c> 
represents, to some scale, the influence line for Rb. 

If the deflection > w in the direction of unit load at 5, is selected 
as unity, the deflection curve will directly give influence line for R B . 
" 3 MUJENCE LINES FOR STATICALLY DETERMINATE 

BEAMS 

The Muller-Breslau Principle is applicable both for statically 
determinate beams as well as for statically indeterminate beams, 
lit us first take statically determinate beam. 

TheMuller-Breslauin^cefA^rem for statically determinate 
beams may be stated as follows ; 
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"The influence line for an assigned function of a statically 
.determinate beam may be obtained by removing the restraint offered 
by that function and introducing a directly related generalised unit 
.displacement at -the location and in the. direction of the function. 



H-^ L — {' c 

A , — 1 _ — =r* 




tb) I.L. FOR R A 
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(c) I.L. FOR R B 
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(L-x >/L 
td ) I.L. FOR S.F. AT C 



3? 



— — III" 
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(L-x ) 



01 +9 2 = I UNIT 



(e) I.L. FOR B.M. AT C 



Fig. 5<2. 

Fig. 5*2 shows a supply supported beam AB of span L, 
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1. IX. For- reaction Ka and TXb 

The IX. for reaction (Ra) at A can be found by lifting the 
beam ofTtHe support A by a unit distance, as shown in Fig 5*2 (b). 
The deflected shape gives the IX. for Ra. This can be easily proved 
by applying the principle of virtual work to the rigid body motion 
of the beam shown in Fig. 5*2 (fc). The total virtual work (W) 
must be equal to zero since the resultant of the force system is zero. 
Thus, if the ordinate under the unit load is y, we have 
%W^RA(VQ)-VO{y)=Q 

which gives y=RA 

Which proves the proposition. 

When the unit load is at a distance aL from A, the magnitude 
of y is given by the relaiion 

~ " r ■ i _ y - 

> L L~ctL 

Sim^rly, the IX. for reaction Rb can be found, as shown in > 
Fig. 5 2(E 

2 IX. for S:F. at C 

Let as find the IX. for S.F. (Fc) at C- We know that S.F. (Fc) 
acts to both, ihe sides of the section and is represented by U : t )• 
Hence cut tie beam at C in two parts AC and CB. The free body 
diagram of the two parts is shown in Fig 5'3 (fc). Let the beam go 
through rigid body motions of parts AC and CB, as shown in 
Fig. 5-2 (d),So that the total movement QC^unity. The deflected 
shape will then give the influence line for Fc This can. be very easily.* 



B 



x — 



T 



(a ) THE BEAM 



Mr 



■C : R B 
■(b) FREE BODY DIAGRAMS OF THE TWO PARTS 



Fig. 5.3 
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proved by applying the principle of virtual work. Thus, it y is the 
ordinate of the L L. under the unit load, we have 
SW=ie-<(0)-rO(j;)-A/c(8)4-Fc(CC 1 )+Fc(CC i[ )+Mo(0) +*b(0)=0 

or y=Fc(CC x +CC^=Fc(C x Cd, where C 1 C % =^1 
.*. y—Fc 

which proves the proposition. 

Now, if the section C is at a distance x from A. CC X will be 
equal to xjL. and CC 2 will be equal to (L~x)fL. Similarly, the 
ordinate y under the unit load is given by 



3. IX. for B.M. (Mc) at G 

For obtaining IX. for Mc, introduce a hinge at C, and let the 
system go through rigid body motions of AC and CB as shown 
in Fig. 5-2 (e). Then 

SW=iUO)~ -VOiy^FciCC^MciO^FdCC^Mc^nRBiO)^ 
or y= Afc(0 4 +9,), where 0^^"= 1 

v= Afc 

Now CC^e^L-*)?, 
Thus, 6 2 ^~~$i 
But 0i+9 2 — 1 

A I X 



L-x 



0,-1 



or 



Hence CC^xO^ (£-*) 
Also, ordinate >> is given by 

or X — X — (Z.-.v)-a(i-x) 

When the unit load is at C, aL=x, or ot=x/L 
y-CC^-^ (£,-*) 

Example 5*1. fwo span beam ABC has internal hinges at D 
and E. Using Mutter- Br eslau influence theorem, sketeh I.L. for 
(i) Ra {ii) Rb (Hi) Rc and (iv) Mc. 

Solution. If there were no hinges at D and E, the beam would 
be statically indeterminate to second degree. However, provision of 
hinges at D and E makes the beam statically determinate. 
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(0 IX. For : According to Muller Breslau Theorem, .in 
order to find IX. for Ra, lift the beam off the support A by unity in 
the direction of Ra. The deflected shape of the beam, shown in 
Fig. 5'4 (b) gives the IX. for Ra. It should be noted that because 




(e) I-L. FOR M C 



Fig. 5-4 
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of a hinge at D, only the portion AD will be lifted up, and the 
remaining portion will remain horizontal. This suggests that when 
the unit load crosses D, Ra will be zero and will continue to remain 
zero as the unit load moves along DBEC 

(») IX. for Rb : For Rb> lift the beam off the support B by 
unity. The beam will deflect as shown in Fig. 5 *4$c), which will be 

IX. for R B - Ordinate DD t will evidently be equal -^XL=2. When 

the unit load crosses E, Rb will be zero. 

(///) IX. for Rc. Lift the beam off the support C by unity. 
The beam will deflect as shown in Fig. 5*4 (d) which will be the IX- 
for Rc, according to the Muller Breslau Principle. 

Since CC^l, £will move to E Y such that EE X ~\. 

Hence, from geometry DD X =1 in the negative direction. 
This suggests that when the unit load is between A to B 9 the reaction 
Rc will be negative i.e. Rc will act down wards). 

O) IX. for Mc. Let us assume Mc to be in clockwise direction. 
Hence in order to find IX. for Mc, introduce a hinge at C and rotate 
Z-the beam, at C, by 6=1 unit The beam will deflect as shown in 
Fig. 5'4 (e) which will evidently be the IX- for Mc. 

Ordinate EE 1 = - ^~ 

Hence by geometry, DDi=~-- 

When the unit load is between A to B t Mc will be negative, 
i.e. it will act in the counterclockwise direction. For the unit load 
positions between B and C, Mc will act in the clockwise direction, a3 
marked in Fig 5'4 (a). 

Example 5'2. A two span beam ACDE has internal hinge at B 
and an overhang- DE. Using Muller- Breslau. influence theorem, draw 
influence lines for Ra, Rc, Rd, Mc, Mg,' Eg. 

Solution. 

(0 IX. for Ra . For getting IX. for Ra, lift the beam off the 
support A by unity. Due to internal hinge at B, only portion AB will 
be deflected, as shown in Fig. 5*5 (b) which is the IX. for Ra. The 
reaction Ra remains zero for load positions between B to E. 
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Fig. 5-5 

(ii) IX. for Rc, Lift the beam off the support C by unity. 
The deflected shape, shown in Fig. 5.*5(c),. will be the I.L. for Rc t 
as per Mailer Bresiau principle. The ordinate BB Xi is given by 
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CC 1 % 

Similarly £E, = CC X — 1 (negative) 

(w) I.L. for.RD, For getting I.L. for R/>, lift the beam off the 
support D by unity. The deflected shape of the beam, shown in 
Fig. 5'5 (d) will be the I.L. for R Dy where in 

XBC= |x|=i (negative) 

and EE ^^ xCE =~£ X2L-2 (positive) 

((V) IX. for Mc In order to get I.L. for Mc> introduce a hinge 
at C and rotate the beam by 0=unity, in the anticlockwise 
direction, assuming that Mc acts in the counter— clockwise direction. 
The deflected shape, shown in Fig. ( 5'5 (e) will be the I.L. for Mc, 

wherein, ordinate BB^BC(§)-= -~ (negative). This means that 

when the load is in AC, the moment Mc will be in the clockwise 
direction. For unit load positions between C and E, Mc will remain 
zero. 

(v) IX. for M<?. Introduce a hinge ai G and permit unit 
relative rotation of the parts on opposite sides of G. The deflected 
shape of the beam, shown in Fig. 5'5(/) will be IX. for Mc, in 

which ordinate BB t = — (negative) and ordinate EE X =^ (negative) 
while ordinate <?(?!= 

(vi) For IX. for Fa, apply a cut in the beam at G and give 
relative displacements of the two parts by unity. The deflected shape 
of the beam, shown in Fig. 5*5 (g) will give IX. for Fa. Since G is 
situated midway between C and D, GGi—GG 2 =0'5. Evidently, BB X 
will be +0*5 and EE X will be — 1 . 

5*4. Cropped cantilevers 

1. IX. for prop reaction 

In§ 5*2, we have seen the application of MuUer-Breslau princi- 
ple for constructing influence line for vertical reaction component 
of a continuous beam. We shall now apply tbe principle for drawing 
I.L. for reaction Rb at the prop. 

Let the unit load be at section X (Fig. 5'6a). According to the 
Muller-Bieslau principle, remove the prop at B. The beam will deflect 



124 



STRENGTH OF MATERIALS AND THEORY OF STRUCTURES 



1 

X ■; B 



B 



'X8 !' (O 



T 



I 'B8 



_L 



Fig. 5*6 

as shown in Fig. 5*6 (6), in which yBx is the deflection of B due to 
unit load at X. Now remove the unit load from X and place it at B. 
The beam will deflect as shown in Fig. 5'6 (c), in which yxs is the 
deflection at X due to unit load at 5, and y B B is the deflection at B 
due to unit load at B, However, since the support at B is at the same 
level as A, the upward deflection at B due to Rb is to neutralise the 
downward deflection^. Hence, we get from consistent deforma- 
tion (Chapter 7). 

Rb . yBz=yBX 
By Maxwell's reciprocal theorem (§ 7*3) 

y BX =yXB 

ysB 

Thus, the reaction at S, due to unit load at any point X is pro- 
portional to the deflection at point X due to the unit load acting at 
5. . In other #ords, the deflection curve shown in Fig. 5*6 (c), repr* 
sects, to some scale, the influence line for Rb- 

If the deflection yBB in the direction of unit load at B is selec- 
ted as unity, the deflection curve will directly give the IX. for Rb, 
2. IX. for 

Let the unit load be at X. Remove the fixed support at A and 
introduce a hinge. The beam will deflect as shown in Fig. 5'7 (6). 
when unit load is applied at X. Let <j>' ax be the rotation at A due to 
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. ' " Fig. 5*7 

m0ment at fl. The beam will deflect as shown in Fig. 5'7 (c), where 
jf~i*= deflection at section X due to unit moment at A and $aa = rota- - 
tiGfc at A due to unit moment at A. 

■\ From method of consistent deformation, 

' r Ma ■ <f>AA=4>'AX 

But from reciprocal theorem, 

4>Ax=y'xA 

Ma . j>AA=y'XA 

Or Ma~&± (5-3) 

The above relation suggests that Ma is proportional toy'xA. 
In other words, the deflected curve of Fig. 5*7 (c) gives, to some 
scale, the influence line for Ma. If *aa is selected as unity, the 
deflection curve will directly give the IX. for Ma. 

', 3. I L. for Md (Fig. 5*8 a) 

■ Let the unit load be at X. We want to plot the influence line 
for bending moment Md at the point D. According to Muller-Breslau 
principle, the internal stress component, for which the influence line 
is to be plotted is first removed. For the present case, this is 
accomplished by inserting a pin at D. The beam will then deflect 
under the unit load at X> as shown in Fig. 5' 8 (6). 
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" - Fig. 5*8 

~¥i$. 4>'Dx be the rotation at Z>, due to unit load at X. Now 
remou^lbe unit load from X y and apply a pair of unit moments at 
D, as sho wn in Fig. 5'8 (c). Let $dd be the resulting rotation at D 
and Y'xb be the resulting deflection at X. Then, from method of 
consistent deformation, 

'• Mo . $dd=<I>'dx 

But from reciprocal theorem, 

^DX^Y'xD 
Md . <f>DD = Y'xD 
Y'XD 



or 



(5-4) 



The above relation suggests that Md is proportional to Txd. 
In other words, the deflected curve of Fig. 5*8 (c) gives to some scale, 
the influence line for Md. \?$dd is selected as unity, the deflection 
curve will directly give the I.L. for Md. 

4. IX. for Fz> 

Let us now plot the I.L. for shear at D. Let the unit load be 
at X 5*9 a). In order to remove the internal stress component, 
i.e. shear Fd at X>, assume that the beam is cut at D and that a slide 
device is inserted in such a way that it permits relative transverse 
deflection between the two parts of the cut, as shown in Fig. 5'9(&), 
but which at the same time, maintains a common slope at both the 
ends of the cut. Let Ydx be the relative linear deflection at D due 
to unit load at X. 
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Fig. 5*9. 

Now remove the unit load from X, and apply a pair of unit 
loads (shear) at D. The beam will deflect as shown in Fig. 5 9 (c), 
where Ydd is the relative linear deflection at D due to pair of unit 
loads (shear) at D, and Yxd be the corresponding deflection at X. 
Now from consistent deformation, 

Fd . Ydd— Ydx 
But from reciprocal theorem, 
Ydx=Yxd i 
Fd . Ydd— Yxd 
Yxd 



or 



Fd=- 



Ydd 



...(5-5) 



Thus, Fd is proportional to Yxd. In other words, the deflection 
curve of Fig. 5 9(c) gives the I.L. for Fd, to some scale. If, however, 
Ydd is taken as unity, the deflection at any point X of Fig. 5'9(c) 
gives the shear at D due to unit vertical load at X. 

5 5. CONTINUOUS BEAM : INFLUENCE LINE FO% . 
BENDING MOMENT 

Article 5*2 illustrates the application of Muher-Breslau princi- 
ple for constructing influence line lor a vertical reaction component 
of a continuous beam. We shall now apply the principle for drawing 
the influence line for bending moment at any point D of a continuous 
beam shown in Fig. 5"10 (a). 
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Fig. 510 
Influence line for Mo 

Let the unit load roll on the span ABC. At any instant, let it 
be at a point X. We want to plot the influence line for bending 
moment Md at the point D. According to Muller-Breslau principle 
the internal stress component, for which the influence line is to be 
plotted, is first removed. For the present case, this is accomplished 
by inserting a pin at D. The beam will then deflect, under the unit 
load at X t as shown in Fig. 5' 10(10. Let fwbe the rotation at D; 
due to unit load at X. Now remove the unit load from X, and apply 
a pair of unit moments at D t as shown in Fig. 5'10 (c). 

Let $j>z>=rotation at £>, due to unit couple at D 
j/jru^deflection at X due to unit couple at D. 

From method of consistent deformation (Chapter 7), we have 

where Mo=bending moment at D due to unit load at X. 

Md=-t — 

<PDD 

But from reciprocal theorem, 

<t>'DX=y'xD (see Eq. 7*7) 

$DD 

Eq 5'6 suggests that Md is proportional toy'xo. In other 
words, the deflection curve of Fig. 5' 10 (c) gives, to some scale the 
influence line for Md. If however, 4>dd is selected to be unity the 
deflection at any point JTwiU give the bending moment at D. 
^r^rf«;teili« P»« the validity of the Muller-Breslau 
principle applied to the influence line for bending moment. 
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5*6. CONTINUOUS BEAM : INFLUENCE LINE FOR 
SHEAR FORCE 

Let us now study the applicability of the Muller-Breslau 
principle for plotting the influence line for the shear force at any 
point D of a continuous beam ABC shown in Fig. 5*1 1. Let the unit 
load be at any point X. In order to remove the interna] stress com- 
ponents, i.e. shear Fd at D, assume that the beam is cut at D and that 
a slide device inserted in such a way that it permits relative transverse 
deflection between the two parts of the cut, as shown in Fig. 5*1 1 (6), 
but which at the same time, maintains a common slope at both the 
ends of the cut. 




Fig. 511 
Influence line for S.F. at D 
Now remove the unit load from X, and apply a pair of unit 
loads (shear) at D. The beam will deflect as shown in 5*11 (c>. 
Let jF0=shear force at D. 

KD*=reIative linear deflection at D due to unit 
load at X. 

Kt>.D=re!ative linear deflection at D due to pair 
of unit load (shear) at 2>. 

Yxd— deflection at X due to pair of unit load 
(shear) at D. 

Then, from compatibility of deformation at Z>, we have 

Fd . Ydd~Ydx 
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But from the reciprocal theorem, 
Ydx=Yxd 

Thus; Ft> is proportional to Yxd. Ia other words, the deflection 
curve of Fig. 5*1 1 (c) gives the influence line for shear at D, to some 
scale. If, however, Ydd is taken as unity, the deflection at any point 
X of Fig. 5"1 1 (c) give the shear at D due to unit vertical load at X. 

5'7. INFLUENCE LINE FOR HORIZONTAL REACTION 

Let us now study the influence line for horizontal reaction at 
the hinged end A of a frame shown in Fig. 5* 12(a). The unit vertical 
load can travel on BC t or unit horizontal load can travel on AB. 
Let us first take the case when the unit vertical load travel on BC. 

Accofding to the Muller-Breslau principle, the reaction compo- 
nent at -5 is first removed. This is accomplished by supporting end 
A on rollers. The end,^ will deflect horizontally by Aax due to 
unit vertical load at X t as shown in Fig. 5*12 (b). The unit vertical 
load at X i&then removed and a unit horizontal load is applied at A. 
The frame will deflect as shown in Fig. 5* 12(c). 

Let A^=Horizontal deflection of A due to hori- 

zontal unit load at A. 

A xa~ Vertical deflection at X due to unit 

horizontal load at A 
Ha= Horizontal reaction at A 
Then Ha Aaa— Aax 

IT — ^ AX 

or Ma r 

Aaa 

But Aax~ Axa, from reciprocal theorem 

Hence H A =-$~ < 58 > 

Eq. 5*8 shows that the deflection curve of BC [Fig. 512(c)] 
gives the Influence line, to some scale for Ha when a unit vertical load 
moves on BC, Similarly, it can be shown that the deflection curve 
of AB gives the influence line for Ha when a unit horizontal load 
moves on AB. 
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Fig. 5' 12 

Influ $ce lino for horizontal reaction at A. 
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Example 5*3. Draw the influence lines for (0 reaction at & 
and (U) moment at A for the propped cantilever shown in Fig. 5' 13 (a)- 
Compute the ordinate s at intervals of 1'25 m. 

Solution 




(0) hL.forRs 

From Eq. 5'2, 

To compute yxB and 
•hown in Fig. 5' 13 (6). 



Fig. 5-13 

ysB 

yBB, apply a unit vertical load at B t as m 
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At any section X distant x from B t we have 



133 



Integrating, £/ y 

dy 



At 



dx 
dy 



=0; 



Hence 
Integrating further. 



dx 2 



- c P_ 

- Cl " 2 
" 2 



At >-0, 



2 

£^ 
2 



6 - 3" 



or 



or 



x 9 L? L z 
^Hence £fy=-j -y 

L* 

At jc=0, y= = y BB= ~3£( 

1 ( x* L 2 ,L 3 \ 

M x = Xf y=y*B— IF { ls — T -x+-j J 

Substituting these in (1), we get 

Y ( n , -3u+.2 ), where j- 

The ordinates of I.L. for Rb are computed in Table 5*1. 
Table 5'1 



(2) 



x -v- 


0 


,,25 v 


2 30 . 


3-75 


5 


6:25 . 


7'S 


8-75 


10 


X | n 

L 

Rb i 1 

" 1 


0 125 


0-25 


0-375 


05 


0-625 


0*75 


0-875 


1 

c 


0-813 


0 633 


0-464 


1 ! 
0-313 i 0*185 j 0 087 

! 1 


0 023 



The I.L. for Rb is shown in Fig. 5'9(c) 
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(b) I.L. for Ma 

In order to draw the I.L. for Ma, replace the fixed support at 
A by a pin, as shown in Fig. 5'13(<i). Remove the external unit load 
and apply a unit couple at A, as shown in Fig. 5'13(f?). Then from 
Eq. 5'3. 

y'xA 



Ma= 



4> 



AA 



(3) 



where 



Let 



y' XA = vertical deflection at X due to unit couple 
at A 

^4=slope at A due to unit couple at A, 
i?'B=Reaction at B, when unit moment is acting; 
at A 
1 



t 



El 



El 



dy 



-Kb . jc= — 



x 

T 



dx 



2L 



-f-C r 



and 



At 



Henco 



x =0 t y =0. 
x=L,y=O t 



C s -0 
L 



El%=- 
dx 



IL + 6 



and 



M * 3 . Lx 



At x*=x, 



I / ' x* Lx 



w 

(tf)» 
(4) 
(5) 



.Substituting these values in (3), we get 

4 ", 4 / x 3 Lx \ 3 I { x* \ 



6L 6 

This is thus the equation of the influence line for Ma. The 
Ordinates are calculated in the tabular form in Table 5*2. 

The minus sign shows that the direction of Ma is in reverse 
direction to that of the unit moment applied at A, i.e., Ma act ir/ 
anti-clockwise direction. The I.L. for Ma is shown in Fig. 5*13(/). 
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X 

(m) 


0 


1-25 


• 

25 


3-75 


5 


6-25 


7-5 


8 75 


10 


X* 

IS 


0 


OOI95 


0-156 


053 


1-25 


2-45 


4-24 


6-7 


100 


M A 


0 


-0-615 


-1*172 


-1-61 


-1-875 


-1-9 


-1-63 


-1025 


0 



Example 5 4. Determine the influence line for RAfor the con- 
tinuous beam shown in Fig. 5 14. Compute the ordinates at every 1 m 
interval. 

Solution 

A 



B 

El CONSTANT 
4fn— 



-4m 



(a) 




(71 

8 S 

Fig. 514. ° ° 
Apply a unit vertical load at A, as shown in Fig. 5*U(c). Then 

Ra=?-?± 
yAA 

From Fig. 5*10(c), R B =2 | and Rc = l t 
d*y 



El 



dx 2 



■I XX 



+Rb{x-4) = -x 



-2(x-4) 



El 



dy _ x 2 



dx 



+(jr-4)>" 
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and 



Ely= 

At x=4, 
Atx=8, 
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(x-4) 3 
3 

64 



o 



4C 1 +C 2 =- 



;.8C 1 +C 2 =64 
Ci«— 3 ana C 2 — ~ 



40 __J28 
T* 3 



At x=0, 
At x=x, 



£/7- 6 



Oc-4) 3 



128 



r i.i^x- 



128_ 
~3£/ 

128 : 
3 : . 



(x-4) 



]ei 



^3 J£/ 

The values of yxA, for various values of x are given in table 5"3. 

The term ^7 **» omitted f ° F convcnience ' 

Table 5*3 



(m) 


7jm 




■) 


« « 128 
0+0 3- 


1 


I 


1 40 128- 177 
-"6~ + ~T~" 3 ~ 6 


+0-692 


2 


8 80 128 104 

~"6 + ~3 ~ 3""" 6 


+0406 


3 


27 120 128 43 

-T+ 1 3-6 


+0-168 


4 


64 160 128 
— 6~ + ~3 3 " U 


+0-00 


5 


125 ■ 200- 128 1 21. 
— g-+"3 3~ + 3 " + 6 


-0-082 


6 


216 , 240 128 8 24 
6~ + ~3 ~ + 3 ~ 6 


-0-094 


7 


343 280 128 27 15 

-— +-3— r+T'+'s 


-0059 


S 


512 320 128 t 64 

--6- + "3~""r" r "r- s0 


0 
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ThelL for Ra is shown in Fig. 5-l4(tf). By inspection, the 
plus sign shows that Ra acts downward ( 4 ) while minus sign shows 
that Ra acts upwards ( t ). 

Example 5*5. Determine the influence line for the bending 
moment at D, the middle point of span BC, of a continuous beam shown 
in Fig. 5 15(a). Compute the ordinates at 2 m interval. 
Solution 

In order to draw the I.L. for Md, consider a pin at D. The 
fteam will deflect under the unit load as shown in Fig. 5*15(6). 
kemove the external unit load and apply a pair of unit couples at 



A 
K- 



7 

El CONSTANT 



• 4m 



B 



-2m - »!■ » 2m - 
PIN ***** 



lb) 




Fig. 515. 

;D as shown in Fig. 515(c). The bending nwment Md is then given 
by 

y xd 



<f>DD 



CO 
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where /xb= Deflection at any section X due to unit 

couple at Z>. 
^sD=Rotation at D, due to unit couple at D. 
From Fig. 5"15(c) considering the equilibrium of the portion to 
the right of the pin, 

Mz>=0=(flcX2)-l£ 
or i?c=it 

Similarly, considering the equilibrium of the left portion, 

Md=0=R a X 6 1 —Rb X 2— 1 J (/) 
or 6Ra=2Rb+1 
Also, for the whole beam, 

Ra+1=Rb 

From (i) and (ii) Ra=$ t and R B =1 4- (i/> 
Knowing all the three reactions, the bending moment at any 
section of the beam can be determined. The B.M.D. is a triangle 
having a maximum ordinate of —2 kN-m at B. In order to find y'xo 
{i.e. to determine the deflection curve), we shall use the conjugate 
beam method* Fig. $'\5{d) shows a corresponding conjugate beam 
loaded with —M/EI diagram. Thus, since M«*«x=— 2 kN-m, the 
loading on the conjugate beam will be triangular, having a maximum 
intensity of +2 {i.e., acting downwards) at B t EI being omitted. 
Since the real beam [Fig. 5* 15(c)] has a zero deflection at B f the 
conjugate beam will have a pin at the corresponding point B' so that 
the B.M. there, representing deflection at B, is zero. Let us first 
determine the reactions Ra',Rd and Rc of the conjugate beam. 
Taking moments about the pin B' and considering the equilibrium of 
fhe left portion, we get 

*.'=i-(i-x4x2x-l)=i-t 
Considering the equilibrium of the right portion, we have 

2/?z>'+4tfc'=-^-x4x2x -j 

or Rj} >+ 2 Rc'=Y %- ay 

Also, Ra'+Rd'+Rc'=y x 8 X2=8 

4 ?n 

or * D '+j? c '=8-/?/=8~==-^ (ify 

From (i) and (("/"), we get 
32 

Rd'^~^- f and Rc'= — 4, i.e. acting 1 
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Now y'xD of real beam— of conjugate beam 
and 4>dd= relative change in angle at D 

=sum of shears in conjugate beam to 
the right and left of the support D 

The calculation of Afx (and hence y'xo) and Md are done in 
the tabular form below- (Table 5*4) 

Table 5*4 



x 

(™) 



Mx=y'xD 



Mjy= 



yxi> 

4>£>D 



1 

2 
3 
4 
5 
6 
7 
8 



(-T x2 ) + (4 x2xl *-3-)=- 2 

(-4-X3 ) + (|-i4)..j 

(-t* 4 ) + (t* 4x2 *tH 

(4x2)+(±x2xix l } — 



!5 3 
-12*12 —°' 171 



2x3 
' 32 



-01875 



-t4=- mh 



fx 3^=0336 

49 3 

^=0-383 



The influence line diagram for Md is shown plotted in Fig. 
5/1 5(</). 

Alternative Solution 

The deflection curve or the value of y'xo can also be deter- 
mined by the conventional double integration method used in 
example 5 3. 

Refer Fig. 5*I5(c), where R A =\ f . R B =\ I and /?c=£ t . Since 
there is discontinuity in the beam at the pin at D, we will treat the 
spans AD and DC separately. 
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(/) For the span AD, 

Measuring x from the L.H. support A, we get 
d*v x • . . 



EI 



dy 



and 



dx" * 
Ely** — jj+C x *+Ci 



, (*-4)' 

+ 2 
(x-4) 3 



At x=0, 
At *-4, 



.*. C a =0 

64_ 
12 



>>=0 



64 



3 



Cl " 12X4 J 
Hence tlie slope and deflection equations for span AD are : 

x a 4 : (jc-4) 3 



and 



and 



-+T 

vi 4 



+ 



At x=6 m. 



12 + t * 
216 - 24 



(s-4) 3 



(I) 

00 



s 



12 
4 



3+T- 

_J_7_ 
= 3 ' 



26_ 
3 



(ri) For r/n? jrpan DC 

Shear at pin just to its right, is equal to H snear at D 
is equal and opposite to Rc). 

Measuring x from D, to right 



<2x 4 



. x-1 



and 



At 



At 



x=0, EIy= 



^ + C lX +C 2 

_J26 
3 



26 

3 



8 4 
C x = + 5. 
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and 



Hence Ihe slope and deflection equations for span DC are : 

dx 4 

x* 26 

£/ ^T2"T +5x -T 



(in) 

(IV) 



At x=0, 



Now, ^/jb— relative change in this angle at D 

\ dx) da \ dxjoc 

==_L["--JZ_5~U L 32. 

Ell 3 J £7 3 



7 The calculation oT/xd is done in table 5*5. The term — has 
% EI 
been omitted for convenience. 



Table 5' 5 
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Example 5*6. Determine the influence line for the shear force 
at D t the middle point of span BC, of a continuous beam shown in 
Fig. 5' 16 (tf j. Compute the ordinates at 1 m Interval. 

Solution 

In order to plot the influence line for shear force Fd, the shear- 
ing resistance of the beam is first removed by inserting a sliding 
device which permits the relative movement between the two parts 
but does not impair the moment resistance. Thus the slide device 
is such that it maintains the same slope in the distorted beam to 
either side of the device. The unit load (external) is removed and a 
pair of the unit loads (unit shear) is applied at O. :,The beam will 
then distort as shown in Fig. 5*16(c). The S.F. at D is given by 



Fd=- 



Ydd 



Jl . Ei CON STANT B 



D 



-2m 



M— — x — 4x 


8 _,. 















T\ 



M D =2t-m 

4$— 



lzAlo-'2T-m 



tc) 




O 



I 2 



CONJUGATE BEAM 

s 

6 



o 
6 



3 

o 
6 



CM 
CO 
O 

6 




Fig. 5-J6. 
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where Yxd= deflection of beam at X due to unit shear at D. 

Ydd— total relative movement at D due to unit shear 
at D. 

Considering the equilibrium of the portion DC to the right of 
the cut we have 

Rc=l fandM*)=lx2=2 kN-m5 

Similarly, considering the equilibrium of the portion to the left 
of the cut, and taking moments about A, we get 

4R b =Md+1 X6=2+6=8 

Rb-=2 I 

Hence ^=2 — 1 = 1 f 

The bending moment diagram will be a triangle having a 
maximum ordinate of —4 kN-m at B. 

(a) Solution by conjugate beam method 

Fig. 5*16 (</) shows the conjugate beam loaded with —M/El 
diagram. Omitting El for convenience, the loading diagram will 
also be triangle having maximum ordinate of 4 at B t the load acting 
downwards. In addition to this loading, an \ unknown moment load 
P will also act at D' of the conjugate beam, to satisfy the condition 
that the slope at both the sides of the real beam is the same. 
Since the slope at the real beam is represented by the shear 
of the conjugate beam, the shear just to the right of D' must be equal 
to the shear to the left of D'. This condition Is satisfied by the 
moment ji acting at D' of the conjugate beam. There is a pin B' 
corresponding to the support B of the real beam. 

Consider the equilibrium of the portion to the left of hinge B\ 

... ^ s= ±(| x4x4x ^) = | t 

/2c'-totaIload-^'=^— X8x4j-y-i°f 

_ Again, considering the equilibrium of the portion to the right 
of pin B\ and takfrig moment about we get 

M+(|-x4x4xA)=.4px4 

3 3 3 *^ 
Since the bending moment of the conjugate beam represeni 
the deflection of the corresponding point of the real beam, the 
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moment p represents the relative movement of the two parts of the 
slide. Hence 

128 

The calculations of Mx (and hence Yxd) and Fd are done in; 
the tabular form below (Table 5*6). 

Table 5*6 



X 

{m) 



Yxd 
Ydd 



0 
1 



6 (left) 
6(right) 



(-T x3 ) + (-T x3x3x x)— 35 

(--|-x4) + (-f x4x4x 4-)^0 

(-^ 3 )-(-f—4;^- 



-5x3 



2x128 
4x3 



= -0059 



128 " 
35x3 



128 



= -0094 



.-0 082 



43_ 
6 

52_ 
3 



^x^+O-168 
J 3 ?X lT8=+°- 406 

-T x i50=- 0308 



The IX. for Fd is shown in Fig. S'\6{d). 
(6) Alternative Solution 

We shall now determine the values of Yxd for various values - 
of x, by the double integration method. Since the *m » tf£ 
continuous at D, we will write the differential equations forlwtt^- 
portions separately. Refer Fig. 5*16 (c). The reactions, calculated 
earlier, are as follows : 

Ra=1\ :Rb=21 andjRc=lt 
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and 



and 



(0 For portion AD 

Measuring x from A, towards right, 



EI 



dx z 



+2(jc~4) 



dv x 2 t 



_(x~4)» 



At 
At 



x=0, y=0 



^3 = 



,-4. „=0=-f,-4 Q; ,. Q-§J-« 



Hence the slope and deflection equations for portion AD are 



(x-4) 3 



(1) 
(II) 



At x=6 t 



pt d y\ — 36 4_ 8 . * 



34 
3 



0*0 .For portion DC 

Measuring x from D, towards right, we get 



2+(lXx) 

■3 



x=2, Ffy=Q=~4+^- -H. x2 + c 3 
C, ~ 3 

Hence the slope and deflection for portion Z>C are 



dy 



34 



dx '23 



(HI) 
(IV) 



At 



x=0, {Ely)oc^ 



76 
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- : t 1 / 52 _ 76 \ _ 



128 
3 EI 



The calculations of Yxd and Fd are done in the tabular form 
below (Table 5*7). The term El has been omitted for convenience. 

Table 5*7 



Dist. 
from A 
(m) 


Eq. No. 


Yxd 


Fv- 


>"a-0 
Ydd 






II 

(x--0) 




0 






0 


i 


- II 
<*-l) 


_..U± +. 5 . 

.63 2 




j j 

"T X T28 : 


--0059 


2 "-'i 
- i 

; 


II 


- s , 


3 " ' 4 




H X J 


0094 


i 

3 ! 


II 


6 ' 


24 , 7 
3 2 




7x3 
2 x 128 - 


-0-082 


4 ■'■ 


II 


. 6 




i 




0 


5 


II 


125 ^ 


40 , t 


43 


+ 6 128 






(A" --5) 


' 6" " 


~3~" r ~3~" 


"6 


,+0168 


6 (left) 


II 

(v-C) 




43 8 
3 3" 


52 
3 


52 3. 


+0-406 


6( Right) 


IV 

{x=Q\ 


i 




^76 
3 


76 x 3 
"3 X 128 


,.-0-594 


7 


IV. 
(*-l) 




1 34 76 
"6 3 3 


6 


7 6 x 3 
'6 128 


--=-0-308 . 


S 


IV 

(x=2) 


-4+ 


5 68 

6 '3 ' 3 


^0 




0 



5 8. FIXED BEAMS 

1. I.L. for support moment 

Let us now take a fixed beam AB, and plot the IX. for support 
moment Ma at A. Let the unit load be at section X, distant x from A 
[Fig. 517(a)]. As per Muller-Breslau principle, introduce a hinge at 
A, thus getting a basic determinate structure, which will deflect under 
the unit load at X, as shown in Fig. " 5'l7(fr). Let <f> A x be the 
resulting rotation at end A. Now remove the unit load and apply a 
unit moment at A, due to which the beam will deflect as shown in 
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Fig. 5' 1 7 (c). Let 4>aa be the resulting rotation at A and y'xnbt the 



VAX 



(a) THE BEAM 



1 

_'2 



lb J BASIC DETERMINATE STRUCTURE 
1 ^aa 

r 



V- A A 

7777? 



WIT- 



(c) MULLER-BRESLAU STRUCTURE 



r 



7^77 



(d) THE PROBLEM 



, (e) COMPONENT B.M D 

» A I _ _ , _L_ x 

A' 



if 



/ 





(gi I. L. FOR M A 



Fig. 5- 17 
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deflection at x t due to unit moment applied at A. Then 
Ma. $aa=$ax 

But 4>AX=y'xA, by reciprocal theorem. 

Hence Ma . $AA=y'xA 

y'x^ (5'9> 
or Ma= =~<£77 

Thus, the deflection of Fig. 5'17 (c), to some scale, gives the 
LL. for Ma, If *aa is taken as unity, the deflection at any point X 
gives the I.L. for Ma. 

Thus, the basic problem is shown in Fig. 5*17 (</), wherein we- 
have to find the value of deflection /xa at X, due to unit moment 
applied at A. We will solve, the problem by the conjugate beam 
method. Let the reactive moment at end B be M, due to unit moment, 
applied at end A. The component B.M.D. is shown in Fig. 5*17 (e). 
The conjugate beam A'B' along with the elastic loading (equal to- 
MjEl diagram) is shown in Fig 5*17 (/). 

For the conjugate beam, Ma'^0, because of the hinge at 

A'. Hence 

1 f 2 r l I L 1 r 

M'a^^-M.L l—L\--2~E! X ~J L 

which gives M= \. 

For reaction R'a at A % take moments at B' and equate to zero,, 
since end B' of the conjugate beam is free. 

.-. x l+ \ x x -f L --i- x x 4- £=0 
which gives R'a= — ^r/ 

i.e. RA '^~^kl^^ 

Now Mat' of the conjugate beam will give y'xA of the real; 
beam. 



L , 1 / 1 x \ x 



or M'x= -ytllL O^x-WL-lx*) 

y'xA=M'x= n X EIL (3i»x-6x«Z-3jt») 
Also, 4>aa of real beam=/2'-<= — jj^j 
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/ Hence from Fig. 5*9, 

The minus sign shows that Ma is opposite to the direction of 
unit moment applied at A. 

Ma=- * s - (L-x)* (5-10) 

Let us check this result by taking x=a and and by 

taking a point load W in place of unit load. In that case, 

Ma= 

<wlich matches with the well known result. 

The I.L. for Ma is shown in Fig. 5*17 (g). For finding the 
^maximum value of Ma, we have 

d ~ =0- ~ [L 2 +3x s -4Lx] 

or <L-x)(L-3x)=0 
' From which, we get x=Lf3. 

-.- . . , L/3 T r £ T 4 r 

^ — zrl^— 3-J =rr L 

2. I.L for Support reaction 

Let us now plot LL. for support reaction Ra, for a fixed beam 
■shown in Fig. 5*18 (a). Fig. 5'18(6) shows the basic determinate 
structure by removing the support reaction Ra, but by keeping 
fixidity intact at end A through an induced moment. The end A 
will deflect by an amount y*x, due to unit load placed at X. 

Now remove the unit load from X, and place it at end A, due 
to which the beam will deflect by yAA at A and yxA at X, as shown 
in Fig. 5*18 (c). From the method of consistent deformation, 
RA.yAA—yAx 
. : But yAx—yxA t by reciprocal theorem 

" ,\ Ra . yAA=yxA 

■or R A = y ~- (5'il) 

yAA 

Thus, the deflection curve of Fig 5*18 (c). gives, to some scale, 
the LL. for Ra. If yAA is selected as unity, the deflection curve 
gives the LL. for Ra, in which the ordinate yxA at any point X, due 
to unit load placed at A, gives the ordinate of LL. diagram. Thus the 
basic problem, shown in Fig. 5*18 (i) lies in finding the value of 
■deflection yxA, due to unit load and a reactive moment M at end A. 
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I 

A 


•x b\ 




_J 


-r X *■ 



(a) THE BEAM 



(b) BASIC DETERMINATE STRUCTURE 
1 

X 



t*XA 



. AA 

$~ T ' 

* (c ) MULLER BRESLAU STRUCTURE 



(d) THE PROBLEM 



(e) COMPONENT B.M.D. 

. l i. 

-x n\Eri 



□ 1 L 

If) THE CONJUGATE BEAM 






(L +2*) 



.'• (g ) I. L FOR R A 

Fig. 5.18. 

Fig. 5' 18 (e) shows the component B.M. diagram forthebeara 
problem of Fig. 5*18 (d), the corresponding conjugate beam A'B" 
is shown in Fig 5*18 (/), with the elastic loading (Mj'El), in 
which end A' is fixed while end B' is free. Since the slope at A o 
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the real beam, represented by shear at A' of the conjugate beam, 
is zero, wc have Ra'=0 for the conjugate beam. 

From which M—L. 

Again deflection jvjf^ of the real beam is given by B.M, M'x of 
the conjugate beam. 

... ^=-^(f /+ f ) 

-i{JK^)K*>x^ 

or R^SL j *2. (f .+ lx ) (5 . 12) 

which gives the equation of I.L. for Ra. 
At *=<), Ai=1 (as expected). 

Check. For a single point load W acting at a from ^ and* 
from B, we have the well known expression 

Wb* 

Putting W= 1 , o=jc and b=L-x, we get 

. which is the same as Eq. 5'12. 

Fig. 5*1 8 (g) shows the I.L. for R A , which is a third degree 
curve. 

PROBLEMS 

J- A beam ABC of uniform section, length 2L, is hinged at the collmear 
supports at its centre and ends. Derive the equation to the influence Jines for 
bending moment at the central support. Taking L=A m, plot the influence line 
to scale in dxatmg values at every quarter of each span . 

2. A continuous beam ABC is shown in Fig. 519. Compute the ordinate 
lhe !nfluen ee line for the reaction at C, at every quarter point of each span. 
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Fig. 5-19. 

3. For the continuous beam shown in Fig. 5-20, draw the influence lines 
for reaction at A, B and C. Indicate the values at every quarter of each span. 



2L 



"ft 



El CONSTANT 
Fig. 5-20. 

Answers 

1. O,=0 ; Ot^+0-236 ; £> a = +0-376 ; 0 a =+O-328 ; O 4 ==0 
0, =+0-328 ; O 6 =+0376 ; 0,= +O236 ; O t =0. 

2. O„=0 ; 0*= -0-028 ; 0,= -0*045 ; 0,= -OO39 ; 0 4 =Q 
O,— hO-149 ; 0,=+O-386 ; 0 7 = +O-68O ; 0 S = + 1. 

3. 
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O x 




o 3 
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O s j 0, 


0, 




Ra 

Rb 


+ 10oj+0-6718 


+0 375 j-f 0-1406 


0 


-0-0273 


-0 0312 -0 0196 
i 


0 


c-oo 


+ 0-4844j+0*8750 


+ 1-0781 


+ 10oj +0-832 


+0-5938 


+0 3086 


Rc 


0-00 


-0-1563 


-0 2500 j— 0-2188 


0 


+0-1954 


1 

+0 4375+0-7109 
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Statically Indeterminate 
Beams and Frames 

6" 1 . INTRODUCTION 

A structural system, generally called a structure^ may be defined 
as an assembly of members such as bars, cables, arches, etc., with the 
purpose of transmitting external loads of the surrounding environ- 
ment to the foundation. A s tructural system is in state of equilibrium 
ifthe constraints permit no rigid-body movement upon applicatio n of 
Io&Ll — The displacements or deformations are negligible in com- 
parison with the dimensions of tbe structure. A structure is said to be 
stable when it deforms elastically and immediate elastic restraint is 
developed under the action of externally applied loads. The stability 
of a structure depends upon the number and arrangement of internal 
members and external reaction components. If a system does not 
have a sufficient number of internal, or external constraints it will 
undergo a rigid-body movement upon the application of a small dis- 
placement. Such a system is said to be statically unstable, and is 
usually referred to as a mechanism. 

If a structure is stable under the action of forces acting in a 
plane, three conditions of equilibrium must be satisfied : 2J¥=0 ; 
1V=0 and ZAf=0, where EH is the algebraic sum of forces in hori- 
zontal or ^-direction, SP'is the algebraic sum of forces in vertical or 
^-direction and 3}M is the algebraic sum of moments of all the forces 
about a point. If t ke unknown forces (reactions and stress compo- 
nents) in Jhe_sy^iejn_cjinj5e_j^^ by the equation of eq uili- 
bri^mjjong, thesystem is^id^ja^st^ica j]y determinate structur e . 
Wheji__th£_niifliEi^^ 

exceeds the number o^cjojiditioiis^ is said 

tvj^yjatjwfbtjjtd&.ermw structure and the excess 

restraints or members are described as redundanisT In such cases, the 
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equations of static equilibrium alone cannot provide solution ;^they_ 
m ust be supplemented b y the eqiiations^pj ^ompatihil il y of deforma- 
^on^Tht degree of indeterminateness or redundancy is the number 
of unknown reactive restraints or stresses over and above the number 
of condition equations available for solution. 

A redundant structure can further be classified into two c*te- 
gories : externally redundant system and internally redundant system. 
Externally redundant structures are those which have redundant 
reactive restraints. Internally redundant structures are those which 
have redundant members and are overstiff. However, a redundant 
structure may have both external as well as internal redundancies. 

Tn e main_difference between thejed undaat str "ctures_ ^ndjhe 
•stetlgaHjL determinate ones resides in the fact that the stress distrib u- 
ti on depends f orthe first o nes not qnlv or f th e loadrnlfbut also' on 
therelativ e^ dimensions of their members and on the properties o f 
materjahof which the members are made. Statically indetermi nate 
structuxes_are_ yery sensitive to such factoj ^asthe settlement of their 
sjirjpgT^ Jemperature variation Ja cL^rfitaessjjr^^ wEiclr 
giyejisejo jidditional stresses, while t h e same factors would have no 
in fluence whatsoever on statically determinate structures. However, 
statically indetermina?e"sWctures~are" most widely used in various 
engineering activities. 

6 2. TYPES OF SUPPORTS : REACTION COMPONENTS 

There are three types of supports which may be encountered in 
plane structures (i) a roller support, (ft') a hinge support and (Hi) a 
built-in or fixed supports. These are shown in Fig. 6*1 (a), (b) and (c) 
respectively. 

A roiler suppo rt con sists of two rockers— the_up^er_xocker and 
the lower rocker,jyjthj^ the rotation of 

the upper rocker with respect to the lower one. Both the rockers can 
move together on rollers along the bearing plate. Such a support 
supplies a reactive force which acts normal to the surface of rolling 
and is directed through the centre of the hinged pin. Thus, only one 
parameter of the reaction, i.e. its magnitude, has to be known in 
order to determine the reactions completely. Such support is also 
known as f ree end suppor t or s imple support. 

A hinged support [Fig. 6'1 (b)] differs from the roller support by , 
the fact that the lower rocker is fixed ^d^anmitjnnye. _ The reaction 
passes through the centre of the pin but its magnitude and direction 
is unknown. In other words, this support has two reaction compo- 
nents—the horizontal and the vertical. Schematically, a hinged 
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support is represented by two bars connected by pin, or sometimes 
simply by a pin. 




(a) ROLLER SUPPORT (c) FIXED SUPPORT 

Fig. 61. 
Type of Supports. 

The built-in-support , shown in Fig. 6'1 (c), has zero depree of 
freedom^. The determination of the reactions developed by this 
-support requires the knowledge of three parameters — the direction and 
magnitude of a force passing through any chosen point (or its hori- 
zontal and vertical components) and the magnitude of the moment 
about the same point. Thus, a fixed support provides three reaction 
components. 

6*3. EXTERNAL REDUNDANCY 

For any structure, supported on external supports, the total 
reaction components can be easily found. The stability of a structure 
de pends on the number and arrangement orihe reaction components 
and component parts, rather than on the strength of the supports and 
partro£ffie structure. I q genera^ Jhree— reaction components are 
necessarvjor_the externafstability of plane structures. This condition 
of trjlgfl rgffi jp" r;nmpnnpnt<i is necessary but, not always sufficient. 
The arrangement of the three reaction components is very important 
from stability point of view. For example, if the lines of action of 
the three components are concurrent, the structure is [externally 
unstable because the point of concurrency becomes the instantaneous 
centre of rotation giving a critical configuration. Similarly, a struc- 
ture will also the unstable if the three reaction components have 
parallel lines of action, since the structure does not have any resis- 
tance to horizontal motion. 
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For a plane structure, three equations of static equilibrium are 
available. In addition to this, extra condition equation may some- 
times be available by special features of construction, such as inter- 
nal pins or links. A pin [Fig. (s2(d)] provided anywh ere in the 
structure cannotta-ansmit moment fronTone part oHhT^mgn^ 

ril/=Oatpin. Similarly, a Jink [consisting of a short bar with a 
pin at each end, as shown in [Fig. 6'2 (e)] provided anywhere in the 
structure is mcapableoft^^ 

force f ™^pnepart^^ provides two additional 

con&tio^i^^ Tkustotal 
number & condition equations of statical equilibrium for any 
structure arjCequal to the three equations of statical equilibrium plus 

additional wMtion equations because of a pin or a link anywhere in 
the structure. '-: 

A stricture is unstable if the total number of reaction compo- 
nents (R) a^Lless than the total number of condition equations avail- 
able. If thejtober of reaction components are equal to the condition 
equations, To* structure is externally determinate. If, however the 
number of reaction components more than the condition 
equations the structure is statically indeterminate externally the 
degree of irafcterrmnacy or redundancy being equal to the number by 
which the reaction components exceed the condition equations, and is 
represented by the equation 

E=Jl-r ( 6 .j) 
where Degree of external redundancy 

* a r— total number of condition equations available 

6 4. STATICALLY INDETERMINATE BEAMS 

A continuous beam is a typical example of externally indeter- 
minate structure. Fig. 6 2 shows some statically indeterminate beams. 

th ♦ f ?' 6 """ <flJ Sh0WS a P r °PP ed cantilever. For a general loading 
the otal reaction components (^are equal to (3+2)=5, while the 
total number of condition equations (r) are equal to 3. Hence the 
beam is statically indeterminate, externally, to second degree. How- 
ever, for verttcf loading, only two reaction components (Af anu>) 

Ste^^ ^ fc ^ WdMdC110 rCaCti0n *>*P*™UV) avai- 
lable at the propped end, making the total reaction components J? 

equal to 3, while the number of condition equations of sSq £ 
brium are only two (ZM/M) and *K~0). and the beam is sta 2Sjr 
indeterminate to single degree. 

and Zl' 6 ' 2ib l$ ows * fiKd with 6 reaction components, 

and three cond.tion equations. For the general system of loading. 
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therefore, a fixed beam is statically indeterminate to third degree. 
However, for vertical loading on the beam, the total reaction com- 
ponents are four only (two at each joint), and only two condition 
equations are availabe making the beam statically indeterminate to 
second degree only. 

1 ^ » i ^ 1 



(c) 

A 

Id) 

B 

LINK 



le> * & 



Fig. 6 2. 
Statically indeterminate beams. 

In Fig. 6 2(c), the total reaction components are equal to 
■(3+1 + 1 + 0=6 while the condition equations are three. Hence the 
beam is statically indeterminate to £thtid degree, for the general 
system of loading. 

In Fig. 6"2(*/), there is a pin at A. The total number of condi- 
tion equations are equal to three tquations of static equilibrium plus 
one condition equation (Le at the pin at A, making a total 

of 4. The reaction components are equal to (I+2+2)=5. The 
beam is statically indeterminate to single degree only. 

Similarly, the beam of Fig. 6 - 2(<?) has a link BC t giving two 
additional condition equations. The total number of condition 
equations are, therefore, equal to 3+2— 5, while the reaction com- 
ponents are equal to 2 + 1+2=^5. The beam is, therefore, statically 
determinate. 

It should be noted that in the care of continuous beams (or 
statically indeterminate beams), the shear and moment at any point 
in the beam are readily known once the reaction components are 
determined. Thus, these beams are statically determinate internally. 
The degree of indeterminacy of a beam is therefore equal to its 
external redundancy. 

6'5. DEGREE OF REDUNDANCY OF ARTICULATED 
STRUCTURES 

A piu jointed frame or articulated structure is composed of a 
number of bars or straight members connected by ftfctionless pins, 
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forming geometrical figures which are usually triangles. A stable 
and determinate frame can be built up as an assemblage of triangles. 
The first triangle is made up of three joints and three members, and 
each successive triangle require two additional members and one 
additional joint, lfj is the total number of joints and m is the total 
number of members, we get 

m-3+20-3) 

or m=2j—3 (6*2) 

If, however, the total number of reaction components absolu- 
tely necessary for stability (and hence the total number of condition 
equations available) are r and not 3, the above equation can be 
written as 

m=2j-r (6*3) 
The above equation gives the criterion for finding the degree of 
internal indeterminacy or internal redundancy. A truss or frame is 
said to be statically determinate internally if it has members given by 
Eq. 6'3. If, however, the number of members in a frame are more 
than given by Eq. 6'3, the frame is said to have internal redundancy. 
If it has fewer members, it is unstable. The degree of internal redun- 
dancy / is therefore given by 

I=m-(2j-r) (6*4) 
The degree of external indeterminacy £ is given by Eq. 6*1. 
Hence the total redundancy or indeterminateness which is equal to 
the sum of external indeterminateness and internal indeterminateness, 
is given by 

r=£+/«{(R-r)}+{«-(2/-r» 
or T=m+R-2j (6*5) 

where r^degree of redundancy (total) 

i?=total number of reaction components. 
Fig. 6*3 shows some typical articulated structures. 

(0 In Fig. 6'3{a), 

j=6 ; m ===G ; 

72=2+1=3 ;r=3. 
£=3-3=0 

/=m-(2/-/-)==9-(2x6-3H0 

r=£+/=o 

Thus the frame is statically determinate both externally as weir: 
as internally and is stable, 
(«) In Fig. 6-3{b). 
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E=R~r=4-3 = l 

/= m _(2/_ r )=15-(2x8-3)=:2 
r=£+/=l-f2=3 

Alternatively, r=m+i?— 2/=l5+4—16=3. 




(c) 





Fig. 6-3. 
Articulated structures. 

Hence the frame is indeterminate externally to first degree 
internally to second degree and thus has a total degree of redundancy 
equal to 3, * 

titiO In Fig. 6' 3(c), 

i?=4 ; r =3+l (due to hinge at A)=4 
£=4-4-0 

/-w-(2/-r)=6-(2x5-4)=0 

(Also, r«m+/?— 2/=6+4-10=0). 

The frame is thus statically determinate, both externally as well 
as internally. 
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(tv) In Fig. 6' 3(d), 

y=6;m=8 
r=4; r=3+l=4 
£=4-4=0 

/-m-(2y-r)-8-(2x6-4)-0. 
The frame is thus statically determinate, 
(v) In Fig. &3(e), 
7=25;m=42 

i?=8 ;r.= 3+3 (one for each hinge at A, fl, C)+2 (link C£>) = 8 
V 7=42-(2x25-8)=0. 
-The frame is thus statically determinate. 
6 6. DEGREE OF REDUNDANCY OF RIGIDLY JOINTED 
FRAMES 

fin the case of pin jointed frames, the members carry axial 
rnrggjgT y and hence two equations are avai lable at eacn joinCThe 
members of stiff jointed frames, on the other hand, resist thrust, 
shear and bending moment. There are, therefore, three equations 
available at each joint. 

#ig. 6'4 shows a stiff jointed frame. Assuming that the reac- 
tion components are known for the purposes of determining internal 
indeterminacy, and treating column AB as free body, the thrust, 
shear and moment in AB are 
known. Consider joint B at 
which there are total nine un- 
knowns (i.e. thrust, shear and 
moment each for BA, BC and 
BE), but of which three unknowns 
of BA are known and three con- 
ditions of static equilibrium at 
joint B can be arbitrarily assigned 
to the three unknowns of BC. 
Thus, there remain three un- 
knowns in the member BE at 
joint B. Once the internal stresses 
InlBE are determined, the total Fig- 
number of knowns at joint E are six (three for ED and three for 
EG), out of which three equations of statical equilibrium of joint 
E can be arbitrarily assigned to the unknowns of the member ED. 
Thns there remain three unknowns in the member EG at the joint E. 
Knowing the stress components in BC, ED and GF, and using the 
equations of statical equilibrium at joints C,D and F, the unknowa 
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■stress components in CD and FD can be easily determined. Thus on 
the whole, there are 6 unknowns (3 for BE and 3 for EG) to be 

■ determined and the frame is internally indeterminate to 6th degree. 
In general, therefore, the degree of internal indeterminacy /can be 

■ represented by the for mula ; 

where a is the number of areas completely enclosed by members of 
the frame. In Fig. 6*4, a=2, and hence 7=3x2=6 as determined 
above. The above formula is also applicable to continuous beams 
(Fig. 6-2), where ar=0 and hence 7=0. i.e, a continuous beam is 
statically determinate internally since the moment and shear at any 
point on the beam can be readily determined once the external 
redundant reactions are determined. 

The external in^eterminateness is given by Eq. 6"1- 
X E=R~r) 



In the case oT^ilfjolnted frame, r=3, since no hinge or link 
is provided in between the members. Hence 

£=fi-3 (6 . ?) 

Hence the total mdeterminateness or redundancy is given by : 

7*=£+/=(K-r)+3a=(#-3)+*a ^ 

Fig. 6*5 shows some stiff-jointed structures. 

(i) In Fig. 6' 5(a), 

£=3x3=9;a=2 

£=#-3=9-3=6 
7=3a=3x2=6 

7=£+/=6+6=12 
Thus the structure is statically indeterminate to twelfth degree. 
0*0 In Fig. 6- 5(b), 

#=2+2+2=6 ;a=3 
£=/?-3=6-3=3 
7=3a=3x3=9 
r=^£+ 7=3+9= 12 
■(Hi) tn Fig. 6' 5(c), 

#=2+2=4 ; a =0 
*V £=R-3=4-3 = l 

:a °<* 7=3x0=0 (i.e., the structure Ss statically deter- 

minate internally) 

7=1. 
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Fig. 6-5. 
Rigid-jointed Structures: 

(iv) In Fig. 6:5 (d), 

i?=3x4=12 ; a=4 

£-^-3-12-3-9 

/=3fl-3x4-12 

6 7. METHOD OF ANALYSIS 

There are two basic methods available for analysing, statically^ 
indetermjjiaje^sto^ 
briumjneihod. 

Compatibility method.' This method is also sometimes 
known as flexibility coefficient method or force method. In this method 
the redundant force s, are, .chosen„as unknowns and^ad^onal equa- 
tionsare obtalned by c onsidering the^geQmetr^l^ndjtions imposed 
onTnTdSpmaJions^f the structures. The common methods that 
fall under this category are : the method of consistent deformation 
(or the general method), three moment theorem, column analogy 
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■method, elastic centre method, Maxwell-Mohr equations, Casti- 
:gliano's theorem of minimum strain energy, etc. 

Equilibrium method. This method is also known as defor* 

tmation method or stiffness coefficient method. In this method, displace- 
ments of joints are taken as unknowns. The equilibrium equations 
are expressed in terms of these displacements and the external loads 

; > are solved to give the actual joints displacements from which redun- 
dant forces can be computed. The common methods that fall under 

,;this category are : Slope-deflection method, moment distribution 

^method, minimum potential energy method, etc. 

it " 7**» 7TTT rWT ft r r &n m 

(a) (b) 
Fig. 6-6 

The choice between compatibility method and equilibrium 
•method largely depends upon the type of structure and the manner 
in which it is supported. For example, consider a continuous beam 
Joaded as shown in Fig. 6'6(a). For the case of vertical loads shown, 
the reactions at A, B, C and D will be vertical — making a total of 4 
reaction components while the only two equations (i.e., £V=0 and 
ZM==0) are available from statical equilibrium. Hence the structure 
is statically indeterminate to second degree and any two reactions 
can be taken as unknowns for the compatibility method, and only 
two compatibility equations will be required. On the other hand, if 
equilibrium methods were to be used, there are four unknown joint 
rotations (i.e., 0.4, 8s, 8c and 0jd) and four equilibrium equations will 
have to be formulated and solved. The compatibility method will 
-therefore be preferred for this beam. Now take the case of the same 
beam but fixed at A and D as shown in Fig. 6'6 (6). There will be 
-two additional moments (unknowns), making total reatfion compo- 
nents equal to 4+2—6. Since only two equations {ZV~ 0 and 
£M=Q) are available from statical equilibrium, the beam is statically 
indeterminate to the fourth degree. In the compatibility method four 
equations will have to be formulated and solved for any four unkaowa 
•reactions. On the other hand, if equilibrium method were to be used, 
only two equations in terms of joints rotations Q B and Qc need be 
solved since §a and Oo are each zero. Though the fixidity of joints 
A and B have increased the redundants to four, the joint displace- 
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ments are reduced by two. The equilibrium method will be more 
suitable to this case. 

PROBLEMS 

1. Find the degree of indetermiaateness of the beams shown in Fig. 6*7 
for the general case of loading. 



\ 2T- 



"3t 



(a) 



LINK 



lb) - 



-zsr 0 2S - 

lc) 



Fig. 6-7 

2. Find the degree of internal, external and total indeterminateaess of:" 
the pin-pointed frames shown in Fig. 6-8. 





Fig. 6-8 

3. Find the degree of redundancy of the stiff-jointed frames. Shown im 
Fig. 6-9. 
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lb) 



(c) 

Fig. 6-9 



Answers 

1. (a) E=5 (6) E=0 

2. {a)E=0; I=Q ;T=1 
(ft) E=0 ; /=0 ; T=0 
(c) E=l ;/=0;T=l. 

3. (a)r=12 (b)T=0 



(c) E=4, 



(c) T=13. 



» * 1 



■3 



to 



1-7 



V 
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The General Method 



(METHOD OF CONSISTENT DEFORMATION) 



71. INTRODUCTION 

The general method, or the method of consistent deformation, as 
is sometimes known, is credited to Clerk Maxwell (1864), Otto Mohr 
(1874) and Muller-Breslau (1886). This chapter, however deals with 
the Muller-Breslaa version of the general method is which the 
condition equations of geometrical coherence of a structure are 
obtained by superposition of displacements as caused by the applied 
loads and individual redundant stresses and reactions. The degree 
of redundancy of a structure is equal to the number of excess reac- 
tion components over those required for statical equilibrium. The 
method essentially consist in replacing the redundant reaction com- 
ponents by unknown force or moment reactions and then writing the 
condition equations for geometrical coherence of the structure by the 
superpositions of the displacements as caused by the applied loads 
and the unknown redundant force and/or moments. The structure 
obtained by replacing the redundant. reactions by unknown forces or 
moments is known as a basic determinate structure. A number of such 
basic determinate structures can be obtained out of the original 
redundant structure, depending upon the choice of the redundant 
reaction component(s).to be replaced. 

7*2. STATICALLY INDETERMINATE BEAMS AND FRAMES 

The statically indeterminate beam or frame is analysed by the 
method of consistent . deformation by first obtaining a basic determi- 
nate structure. The condition equations for geometrical coherence 
of a structure with various types of supports are as follows : 

1. If a roller support is removed, the deflection in the direction 
perpendicular to the plane of rolling must be zero. 

2. If a hinged support is removed, the deflection in the vertical 
and horizontal directions at the point must be zero. 
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3. If a fixed support is removed, the rotation as well as the 
vertical and horizontal deflections at the point must be zero. 

There are, thus as many physical conditions of geometry as 
there are redundant reaction components. 

Example 7*1.' A cantilever of uniform flexural stiffness is 
proposed at the remote end. Find the load on the prop when a force 
W is applied at the centre of the cantilever. 

Solution 



~T~ 

A. 



• L/2.- 



0— : 



w 



-L/2 



W 



THE BEAM 



lb> BASIC 

DETERMINATE 

STRUCTURE 



W 



8 




Id) 



BB 
J±<e, 



7 

L 
1 




(f ) 



Fig. 71 

Let Vb — Redundant reaction (vertical) at B. 

The basic determinate structure is obtained by replacing the 
prop at B by an unknown vertical reaction Vb t as shown in Fig. 
7'1 (&). 

Let A b= Deflection of the end B( 4-) of the basic deter- 
minate structure due to external loading [Fig. 

7*l(c)J. 
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. &bb= Deflection of the end B of the basic determinate 

% structure due to unit load at B (The first suffix 

denotes the point where the deflection is re- 
ckoned and the second suffix denotes the posi- 
tion of the unit point load) [Fig. 7"l(e)l. 
From conditions of geometry at B, we get 

Ab+Vb.*bb=0 (7*1) 

The deflection Ab and Bbb can be obtained either by the area 
moment method or the conjugate beam method. Fig. 7*1 (c) shows 
the load W acting on the beam, with As as the deflection of the 
end 5^ the corresponding bending moment diagram is shown in 
Fig, f-Ud). 

W* = h £ *=~Si[t • -t * t)(t +f • T ) 

t B 
^ 48 EI 

Pyg. Tl(e) and (/) shows the unit load acting at B and the 
corresponding B.M.D. respectively. 

A 

" *^S^-i(-T- £ - L )(t l )=-•#/ 

B 

Substituting in Eq. 7*1, we get 

or V B =~W 

Alternative Solution 

An alternative basic determinate structure can be obtained by 
treating moment at A as redundant. The basic determinate 
structure, thus, has end A as simply supported with an unknown 
moment -A/,* acting, as shown in Fig. 7 2 (b). 

Let 8^=slope at end A of the basic determinate 

structure, due to the external loading as- 
shown in Fig. T2(c). 
4>aa = slope at end A t of the basic determinate 
structure, due to unit moment acting at 
A as shown in Fig. 7'2(e). 
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Then by conditions of geometry at A f 



w 



Ma 



L/2 -4- 



w 



W 



(a) 
THE BEAM 



-L/2 H 
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lb) BASIC 
INDETERMINATE 
STRUCTURE 





II 




(f ) 



Fig. 7*2 

Fig. T2{d) shows the B.M. diagram when the weight W is 
acting. Fig. 7*2 (/) shows the B.M. diagram for the unit moment 
acting at A, From the conjugate beam method, we get 

- , i r i _ wl "I i _ ,_ vm 

Substituting in Eq. 7'2 P we get 



16 El 
M A =- 



3EI 



3WL 
16 
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Knowing Ma, Va can be found by taking moments at B 



W. ™ +Ma—Va.L=0 



A 2 L 



W 



V b =W-Va=W- 



2 
11 



16 



' 16 16 



Example 7*2. A beam AB of span 4 mis fixed at A and B and 
carries a point load of 5 kN at a distance of 1 m from end A. Calculate 
the support moments by the method of consistent deformation. 

Solution 



-Im 



A 



i 



W-5kN 



i5kN 



i5kN 



3m - 



"IB 

lb) 

8 







Fig . 7-3 



THE GENERAL METHOD 



173 



For vertical loading, there are four reaction components : 
Ma, Va, Mb and Vb while there are two equations (2A/=0 and 
SP^O), available from statical equilibrium. The beam is, therefore, 
statically indeterminate to second degree. Let us choose Ma and 
Mb as the redundants. The basic determinate structure is shown in 
Fig. T3(b). 

Let 6^ and 6/?=slope at A and B for the basic determinate: 
beam, due to the external load. 
4>AA=s\opo at A due to unit moment at A 
4>As=s\ope at A due to unit moment at B 
•V *BB=slope at B due to unit moment at B. 

' ^£^=slope at B due to unit moment at A. 

■. Then, from condition of geometry at A and B, we get 
\ §4+ Ma . <j>AA+M B . <f>A B =0 [7*3(fl)3 

$b+Ma . 4>ba+M b . 4bb=0 [7'3tf)l 
Let us use conjugate beam method for the calculations of 8,4, 
GxijAA, 4>ab* 4>bb, 4>ba. Fig. 7*3 (d), (/) and (A) show the bend- 
ing moment diagrams for the external load, unit couple at A and 
unit couple at B respectively. These B.M. diagrams become the 
loading for the conjugate beam. The slope at any point of real beam 
isjequal to the shear force at the corresponding point of the conjugate 
beam. The sign convention for positive and negative shear force, 
is shown in Fig. 7*4. 



! 1 



t 1 

+ S.F. 



i 

i + 

— S. F 



Fig. 7-4 
From Fig. 7*3(rf), we get 

6.4— shear at end A of the conjugate beam 

„J_f_L x J 5 x4 V ±t!VL_ 15 _i 

" 4 1 2 4 /V 3 J EI~ B EI 
6i= shear attend B of the conjugate beam 

Similarly from Fig. 7'3 ( /) 



\ 1 25^ JL 

J EI " 8 EI~ 
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And, from Fig. 7-3(6) - 

, 1 f 1 A ,\2x4 1 4 I 

Substituting these values in Eq. 73(a) and 7*3(6), we get 

35 1— (tiH-MtJtH 



25 



Solving Eqs. (I) and (2), we get 

Ma= + ~ kN-m and M B =+~ kN-m. 
• • • 1© 1° 

^tflaal B.M.D. for the beam is shown in Fig. 7*3(i)(a)]. 
7*3. AlAXWELL'S LAW OF RECIPROCAL DEFLECTION 

-Afcapplied to beam deflections and rotations, Maxwell's theo- 
rem o^jSciprocal deflections has the following three versions : 

ifffthe deflection at A due to unit force at B is equal to deflec- 
tion atjfeliie to unit force at A [Fig. 7*5(a)j. 

fflis, $ab=*ba (7*4) 

(2) The slope at A due to unit couple at B is equal to the slope 
at B duTto unit couple A [Fig. 7*5(6). 

ThUS, <t>AB~<f>BA (75) 

(3) Hie slope at A due to unit load at B is equal to deflection 
at B due to unit couple at A [Fig. 7'5(<:)J. 

Thus, 4>ab'=Iba (7*6) 



at i ) Q( ii) 



B A 1-M 3 



• ( b ) 

b(i) b(ii) 



c t' ) c(ii ) 



Fig. 7-5 
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Proof 

By unit load method, S= j ^^j* in general (See Vol. 1). 

where Af=bending moment at any point X due to external 
load. 

m=bending moment at any point X due to unit load 
applied at the point where deflection is required. 
Let mxA= bending moment at any point X due to unit load at 
A. 

mA - fl =bending moment at any point X due to unit load at 
B. 

When unit load (external load) is applied at A, M=mxA. 
To find deflection at B due to unit load at A, apply unit load 
at B. Then m=mxB. 

Hence 8iM=*j- £/ =j ^ dx (1) 

Similarly, when unit load (external load> is applied at B. 
M—mxB 

To find the deflection at A due to unit load B, apply unit load 

at A. Then m—mxA. 

[Mmdx [mxB - mxA 
Hence 8^=1— = — -^j (2) 

Comparing (1) and (2), we get 
Zab—^ba- 

Similarly, other versions of the reciprocal theorem can also be 
proved. 

7*4. GENERALISED MAXWELL'S THEOREM : BETTI'S 
RECIPROCAL THEOREM 

Generalised Statement. If an elastic system is in equilibrium 
under one set of forces with their corresponding displacements and 
if the same system is also in in equilibrium under second set of forces 
acting through the same points with their corresponding displace- 
ments then the product of first group of forces and the corresponding 
displacements caused by second group is equal to the product of the 
second group of forces and the corresponding displacements caused 
by the first group. 

i.e Pa&a'+PbAb^P'a - Am+Pb'Ab (7'7) 

where P and A constitute first group of forces and their corresponding 
displacements, and P' and A' constitute second group of forces and 
•displacements. 
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That Is, the virtual work done by the first set of forces acting 
through the second set of displacements is equal to the virtual work 
done by the second set of forces acting through the first set of dis- 
placements. 

In Betti's theorem, the symbols P and A can also denote 
couples and rotations respectively, .as well as forces and linear deflec- 
tions, i.e. MaM+MaM^Ma'&a+Mb'&b (7'8> 

Thus, according to Betti's law, we have, in general 

XP.tS^EM.V^SP' k+VM'A (7*9> 

Example 7*3..^ continuous beam ABC is loaded as shown in 
Fig.7'6(a). Determine all reactions and draw B.M. and S.F. dia- 
grams. 

Solution 

A basic determinate structure is obtained by replacing the. 
central support by an upward force V B [Fig. 7*6 (b)]. 

Since there are three unknowns, r e. Va, Vb and Vc, the beam 
is indeterminate to the first degree and the following condition 

equation will be used. 

&b=Vb.*bb (Numerically) (0 

Now Ab=W.Zbd 

But from reciprocal deflections, $ b d=$db 

Hence Aa^.W 

Substituting in (1), we get the modified condition equation 

WMb^VbSbb ( 2 > 
When the unit load acts at B [Fig. 7*6 (e)}, the B.M. diagram 

will be a triangle having a maximum ordinate of +-y- at B. Hence 

M 

the conjugate beam [Fig. 7"6 (/) loaded with- diagram will 

be acted upon by a triangular load acting upwards. 

From conjugate beam method, [Fig. 7"6 (e)] and [Fig. 7*6 (/)} f . 
£/S flfl =B.M. at B due to loading of Fig. 7*6 ( /) 

and EttDB=BM. at D due to loading of Fig. 7"6 (/) 

Substituting in (2), we get 
^'96 B 6 



THE GENERAL METHOD 



or V B =~W\ 

Id 



Taking moment about C, we get 




Fig. 7'6. 
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/ll „,, 13„,\ 32-22-13 „, 



B.M.D. 



M B -V±U>L. 

The B.M.D. and S.F.D. have been shown in Fig. 7.6 (g) and 
7*6 {h) respectively. 

. - PROBLEMS 

1. A beam is fixed at both the ends and carries a central point load, 
^"ind the support moments. 

2. A cantilever of span L is propped at the free end. Calculate the prop 
reaction if Rc^rries a uniformly distributed load of w per unit length. 

3. A fixed beam of length L is loaded at third points by two point loads 
of W each. Calculate the fixing moments and plot the B.M. and S.F. diagrams. 

4. "Abeam AB, of flexural rigidity El and span L carries a uniformly 
distributed load of intensity w per unit length. It is encastre at A and B but 
support B settled durirg the application of the load by an amount 8. Show that 

H , it 

if 8= „-. , there is no fixing moment at B. 
Answers 

WL 



1. Ma=M b =- 



2. V B =-\- wL. 

3. -2.WX. 
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Three Moment Equation Method 

81. CLAPEYRON'S THEOREM OF THREE MOMENTS 
General Statement 

Let us consider two consecutive spans AB and BC of a conti- 
nuous beam, loaded with any system of loading. The ^ and y/ 
diagrams can be constructed as usual. 

Fig. 8*1 (a) shows two consecutive spans AB-BC of a con- 
tinuous beam with any type ofloading. Let suffix 1 {i.e. L u £\, I u 
etc.) stand for span AB, and suffix 2 {i.e. L 2t E it / 2f etc.) stand for 
span BC. 





nrmT 




.r _ 




~l 










A 


Ei 

Li 


I, B' 


i-z - 


-* 



(a) 



A 0RiG]NAL_POSmON OF t_ OF THE BEAM c 

A'Sa ' ' ' ~1'b 

-POSITION & & c 

GryA ^^AFTER LOADING I 0 




*-*J y B< b ) 



(c) 



At-DI AGRAM 



Fig. g*i. 
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Fig. 8'1 (b) shows the deflected shape of the two spans after 
loading, ia which the three supports A, B and C have settled to 
position A\ B' and C by the amounts Ia, Sb, Ic respectively, below 
the original centre line. 

Then /=S B -S^=S 1 (say) 

B 

where j^=defkction of B with respect to A 

c 

Similarly, y =S B — Sc=S 2 (say) 

B 

where y is the deflection of B with respect to C 

Fig. 8*1 (c) shows the fixing moment diagram, and Fig. 8'i (d) 
shows the free bending moment diagram for the two spans. 

Taking span AB first, and measuring x positive to the right, 
we have 

d 2 y 

£*! /j -^5- =^*+fi/, with usual notations. 

Multiplying both sides by x and integrating over the. range 
*=0to x—L l9 we get 

x ir~ y Jo =Jo ^ + ]o »' xdx 

At x=*L v d J~=iB and y A R =\ 
:. EMLJs-^A^i+A^' 

From which i B = ) (A^+A'J')--}- (1> 

Similarly, considering span BC, taking C as origin, and x 
positive to the left, we can obtain, 

<V=— ^ {A t x t +A' t x'd+ -|- (2) 

Due to the continuity of the beam, ia= — iB 
Hence adding (1) and (2), we get 

Substitutiag A^x^Wa+IMb)—* and 

0 

A 3l , x 1 r = (M c + 2M b) -^4- > w e get 
0 

0*1*1 ii E % l % L % 
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S Multiplying by 6 and rearranging, we get, 
Ma tH-* 2 ^ j& + ^)+Mc^ 

This is "the generalised theorem of three moments. While substi- 
tuting the numerical values of A x and A 2 for a given loading system, 
proper care of the 'sign must betaken. For usual downward load- 
ing^ i and A 2 will be negative. Let us use the above equation for 
some special cases. 

8'2. EI CONSTANT : GENERAL LOADING 

'...-y If E 1 I 1 =E 2 l 2 =El, then, from Eq. 8'1, we get 

; =0 (8 2) 

8^T : EI CONSTANT : NO SETTLEMENT 

. If EJ X =EJ 2 =E1 
arid Sj^O; S 2 =0, we have 

(8.3) 

8 4. EI CONSTANT ; U.D.L. ON BOTH SPANS 

If the beams have constant El, and rf the supports do not yield 
Eq. 8*3 will be applicable. Let -w x and w 2 be the U.D.L. on the two 
spans respectively. 

■:- Then Al ^{^) L ^^f 

A 1 X 1 ~ -— — X - - 



12 A 2 ~ 24 



Similarly, A z x 2 — ■ 



24 

Substituting these in Eq. 8*3, we get the special form 

A/>*I 1 + 23l/a,(£ 1 -i-£ a )+J|/ c L a = (8*4) 

If however, the. supports settle, the above equation can be 
modified as follows : 
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: (85) 

8*5- FIXED BEAM 

If the beam is *v e d at both the ends, the three moment 
theorem can be I for finding out the support moments by 

imagining a zero span to the left of A and zero span to the right of E- 
as shown in Fig. 8*2. 



a ^ 




B t B 




^•DIA 



Fig. 8*2. 

Thus, applying three moments theorem for the spans A'A-AB,. 



we get 



or 



0 + 2 Ma(0 4- L) + M B L + 0 + 



6Ax t =Q 



or 



(1) 



Similarly, for span AB-BB' 

MaL+2M b {L+0)+G+ 



or 



M^2il/ B +-^-=0 



(2) 



Solving (1) and (2), Ma and JI/b can be easily found. 
; Example 8*1. A beam ABC of length 2L rests on three supports 
[equally spaced and is loaded with U.D.L. w/unit length throughout the 
length of the beam as shown in Fig. 8' 3. Plot the B.M. and S.F. 
diagrams. 

bo I lit ton. 

Applying the three moment theorem for U.D.L. (Eq. 8 - 4), we; 

get 

wL z wL? 

Ma L+2 Mb(L -\- L) + McL — ^ +— 
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But Ma=0 and A/c=0 

wL* w wU 

For. the reaction Ra, write the equation of B.M. at B. Thus, 



la) 




lb) B.M.D. 




{ c ) B.Mja ON STRAIGHT BASE 
(d) 



wL 



Fig. 8*3 

L wL % 
-RaL+wL-^=Mb^ +~g- 

wL wL_ 3 _ 
3 

^c=— wZ, by symmetry. 

3 5 

i?B-2wZ,-(^+^c)-2H'/ J ~-^-v/.- T -vL 



The equation for B.M. in span AB is 



At 



3 . vex 2 
U* 3 wi 2 



8 



For point of inflexion, 



wx 



— -=0 which gives x—^-L. 



The B.M.D. can be drawn by superimposing /t-diagram over 
p-diagram as shown in Fig. 8' 3 (6). 
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Example 8'2. A cantilever beam ABCD covers three spans, 
tB=6m BC=12mandCD=4m. It carries uniformly spread loads 
f 2 kN \ kN and 3 kN per metre run on AB, BC and CD respectively, 
r the girder is of same cross-section throughout, find the bending 
xoment at the supports B and C and the pressure on each support Plot 
'ie B.M. andS.F. diagrams. 

Th l e U freTB.M. diagrams for AB, BC and CD can be constructed 

* usual. n , t £ 

W L* _ 2X6X6 q . N 

For AB, JI/™«.«- g g y kJN m 

For£C, Jtf»«.= g = l8kN-m 

3x4x4 . | XT m 

VOX CD, Mmax. = g~ 



3kN/m 



2kN/m 


IkN/m 










h-T-X 4 4 4 + * t._LiJ 


.ptrq 


B ^ 




4 m-*- 


p— 6m * 


12 m " 






4-09 



7-91 




+ 



6-06 




5-94 




3 '32 

A 



O 



H. 1 8-68kN 



Fig. 8*4. 

Applying the three moment theorem (Eq. 8*4) for spans AB 

2x6» , 1X12 3 

M^x6+2A/ B (6+12)+AiTcl2- — 5— +■ 4 — 
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op 67l^+36Af B +l2A/c-108+432 
or; 36M 5 -H2A/c = 540, since Af<=0 

or A/* +0*33 A/c- 15 I 1 ) 

Similarly, for spans BC CD : 
- , 1 X12 3 , 3X4 3 
, A/ B Xl2+2A/c(12+4)+A/z>x4=-4 + — — 

12AfB-i-32A/c-432+48-480, since M D =0 
or Mb 4-2*667 Mc -40 (2) 

..y From (1) and (2), we get 

A/c= + 10*71 and A/ 0 =-r 11*43 kN-m 
irf . For reaction at A, write expression for B.M. at 8, 
rf Thus -(^x6)+(6x2x3)=A/ B = + ll'43 

• For reaction at B, write expression for B.M. at C. 

' Thus, -RaX\*-RbX 12+6x2(12+3)+lXl2x6 
. -A/c = + 10*71 

% 12/?£r--(4-09xl8) + (12Xl5)+72-10'71 

g- ^ = i^|l= 13-97 kN 

Similarly for 7?z>, write equation for B.M. at C : 
- * D x4+(3 x4x2)=Afc= + 10-71 

D 24-10-71 
or ^ ==3'32kN 

Here, * c = (2x6)-Hl x 12)+(3 x4)-(^+i? B +7?z>) 

= 36-(4'09+13-97+3*32)=36-2l-38-14*62 kN 

The B.M. and S.F. diagrams are shown in Fig. 8*4. 

Example 8'3. A continuous beam ABCD, 20 m long is carried 
on supports at its end and is propped at the same level at points 5 m 
and 12 mfrom left end A. It carries two concentrated loads of 80 kN 
and SO kN at 2 m and 9 m respectively from A and uniformly distribut- 
ed load of 10 kNfm run over the span CD. Find the B.M. at the reac- 
tions at the four supports. 

Solution 

The free B.M. diagrams for three spans can be drawn as 
usual. 

For span AB 

^ M . = -g^= 80x < ax3 -96kN-m 
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v4=-yX5x96--240;*-y(5+2Hy 
7 

Ax = — 240 Xy =— 560, with A as origin. 



■t-2-f- 
H — -5m- 



jSOkN 



|50kN lOkN/m 



' B 



■7m 



• 8m 




■41- 



38-9 



+ 



18-9 



31- 



4- 



18-9 



47-9 



31-1 




^132-' 



For span BC 



Mmas.= 



Fig. 8'5 
50X4X3 



857 kN-m 



with C as origin, y4*==-(£x7x85'7)|(7+3)=-1000 
with B as origin, Ax~— (£x7x85'7H(7+4) = -U00 
For span CD 

10X8 2 



Mm 



8 



= 80 kN-m 



2 8 
Ax = — ^ X 80x 8 X y = — 1706*7, with D as origin. 



Applying three moments theorem for span AB-BC, 
$MA+2M B (5+7)+7Afc- 



6A l x 1 _,_ 6A z x f =Q 



or 5xO+24A/ B -i-7^c 
or 



5 7 
6x560 , 6X1000 



=673+857=1530 



5 7 

Af>+0-29A/c=63'8 (since Ma=0) (0 
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Similarly, for span BC-CD 
7Jtf*+2A/c(7+8)+8A/z>+-^- + -^-0 

6x1100 . 6X1706-7 _n^j_iofln-7?^ 
or 7jtfs+30Mc+0= ^ + g -943+lioU-^ij 

or _M B -h4*28A/c=317-6 (since A"d=0) (2) 
Solving (1) and (2), we get 

317*6-63*8 ~.. 1Kwm% 
4-28-0-29 = 635kNm 
and A/b=63*8-0*29x63*5=45-5 kN-m 

For reaction at A, write equation for Mb : 
{~Ra X 5) +(80 X 3)= M B = +45*4 
^ 240-45*4 ^6 



or 



For reaction at 5, write equation for Mc : 
-/?45+7)-^x7+80(3+7)+(50x3)==A/c=+63*5 

or -(38-9Xl2)-7i2 B +800+150=63-5 

i? B =60kN 

For reaction at Z>, write expression for Mc ; 

-*i>X 8+00 x 8 X 4)=Afc= +63*5 

to- \m=9L*=vrx kN 

For reaction at C, 

/2c=(80 +50+ 80)-(i^+i2s+^) 
=2!0-(38-9+60+32M)=79kN. 

The B.M. and S.F. diagrams are shown in Fig. 8*6. 

Example 8'4. Solve example 8S if the support B sinks by 10 mm 
below A and C. Moment of inertia for the whole beam=85% 10* mm* 
andE=2-lXl0 6 Njmm 2 . 

Solution 

Applying three moment theorem for span AB-BC, 
24^ B +7JI/c-1530+6£/ ^ +^ )=0 

in which -^i* 1 + <*4*£i.= -1530 from example 8 3. 

While substituting the numerical values of E lt / x , h a nQ 81 
proper care of units must be taken. 

£=2'1 X 10 5 N/mm*=2I0 kN/mm 8 
;=85xl0 6 mm* 
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£/=210x85xl0«-17850xl0 6 kN-mm 2 =17850kN-m* 

Thus, substituting all the values in kN and m units, 

24A/ B + 7Mc-l 530+6 X 17850 (~ + 1 \_o 

V100X5 T 100x7 j 
or Afa+0'29 A/ c =48'5 0) 

For span BC-CD, 

Si= movement of C with respect to B= x 10 mm 
(the movement of C being upwards with respect to B) 
S 2 =movement of C with respect to D=0 

.*. 7^B+30il/c-2223+6xl785of- — L _l 0 ^ 

°r ^ B +4*28J/c=339'6 (2) 

Solving (1) and (2), we get 
Mc=73 kN-m 
and M B ^2T4 kN-m. 

The reactions at various supports can now be found in the 
same manner as illustrated in the previous examples. 

Example 85. Sobt example 8'3 if the end A is fixed and D is 
simply supported. 

Solution 

Imagine a point A' to the left of A such that AA'=0 
For spans A' A and AB 

0+2Af,(5+0)+J/,x5-(i- x5x96){-i-(5+3) 1=0 
or 10^4-5^-640=0 (1) 

or M A +0-5M B =64 
For span AB-BC, we have 

5Ma+24Mb+ 7Mc=l$3Q (as in example 8*3) 
or Ma+4-$M b +\ 4 M c =306 (2) 

For span BC-CD. we have 

^/b+4-28A/c-317*6 (as in example 8'3) (3) 
From(l) and (2), 

4'3M B +V4 Af c =242 
or A/b+0-325A/c=56-2 ( 4 ) 

From (3) and (4), we have A/ c = -|^« 66 kN . m 

A/i,= 3l7-6-283=34-6kN-m 
A/^-64~17-3=46"7 kN-m 
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For reaction at D, 

- Rd X 8 + (8 X 1 0 X 4) =*Afc= 66 

320-66 254 
or Rd= g =—^-=31-8 kN 




Fig. 8*6 

For reaction at C, 

(-«DXl5)-(^cX7)-f(80xli)J-(50x4)=Ai r B = 34-6 
or 7i?c= -476+850+210-34*6 

rtc=81*4' 
For reaction at A, 
or -R A X 5 -f-Mx +80 X 3=M B 

or ff,^ ^-^+240 _ 46-7-34 -6+240 en , 
or ^= 5 5 = 50"4 

For reaction at 5, 

J?B=(80+50+S0)-(50'4+8r4+3r8)=46-4 

The B.M. and S.F. diagrams are shown in Fig. 8*6. 

Example 8'6. A straight elastic beam of uniform section rests 
on four similar elastic supports which are placed L metres apart. The 
supports are such that they are compressed by dfor each unit of load 
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upon them. Shaiw that when a uniformly distributed load of total amount 
>W comes on the beam, the reactions at central supports are each. 



J2EId\ 



Solution. (Fig. 8'7) 



\_ - . Fig. 8*7 

U.D L C! w= iJ, P er unit ^ en B t * 1 - 

Siakin|f<feapport A—RaJ ; Sinking of support B=Rs.d. 
Sinking ofWpport C=Rc.d ; Sinking of support D=Ro.d. 
Applying the three moment theorem for the span AB-CD 
(Eq. 8*5) 

^UX + 2M B ^McX^6El (1) 

8 1 =defiection of B with respect to A=§b—§a~(Rb'- RA)d 
S 3 = deflection of B with respect to 0=Sb— Sc=(£b— Rc)d^0 

Since i?s=i?c, by symmetry, 
W 

Ma~0 ; Mc= Mb by symmetry ; w== ~$£ 
Substituting the above values in (1), we get 



^[JTC-MW (*._*,,>] (2) 

Taking mbments at JS, 



Also, 2Rb-\-2Ra=W 
or Ra ~{Y ~ Rb ) 
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Substituting the values of Mb and Ra in (2), we get 

'If-d-JHCf-^f'-tf-)}] 

or g — WL—oKb.l——q- jj ^2 



or 



or i?B= 



V- 6 



lEld\ 



IF) 



llEld \ 
~ L* ) 



Hence proved. 

Example 8*7. A bridge of uniform cross-section rests on rigid 
abutments at the ends and three equal pontoons as shown in Fig. 8'8 
and has a concentrated had W, at the middle. When the bridge is 
unloaded the pontoons just touch it without exerting any force. With 
the load W at the middle and the two end pontoons removed the central 
deflection is one half what it would be with no pontoons. 

find the reactions and draw the bending moment diagram for the 
bridge due to central load with three pontoons in position. 

Solution. (Fig. 8*8) 

Due to symmetry, Ra^Rb ; Rb=Rd 

Let the settlement of any pontoon be=£fc, where R is the 
reaction and k is a constant. 




Fig. 8*8. 
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The value of k can be determined from the data given in the 
problem when there is only a central pontoon. In such a case, let 
^—reaction on the pontoon. 

.-. Central de 9 ection= ( ^ ) «= V 

hi 3EI 

with the pontoon. 
fH4L) 3 _ AWL 9 



With no pontoon, deflection= 
As per given condition. 



48 EI SEI 
*{W—P)L* ^ 1 AWL?_ 
3EI 2 3EI 



W 

from which, P= - . 

W 

Central deflection with the pontoon = Pk— — k. 
1 4WL S 

But it is equal to — — j-^j 
W_ k _ 1 AWL? 



2 2 3£/ 

, 4L 3 6E/k QT 

or k= jgj- ; Also ^ 3 = 8L. 

Applying three moments theorem for span AB-BC. 

■ ^.L+2M 5 (Z.+L)-fMcZ.^-6^-2 4 ^ )+^p-+^ ? -0 

Here 5 Mx=0/ ^=0, ^4 2 ^0 (since there is no loading on AB 
and BO) 

S[=5b— %A=(RBk— 0)=R B k, since Sw=0' 
S 2 =3 B -Sc = (*ij-/?r)A- 

.\ AM B LArMcL^r^~- ORb-Rc) = 0 
or J- A/c 4- (2V? j - Rc) = 0 

But «^*« g £ 

Hence 4MB+A/c + 8I(2i?5~i?c)=0 (I> 
For the span BC-CD, / 

A/ fl Z,+2Afc(2/_,HA//>Z.+ (Rc-Rb + Rc-Rd)=0 

But Rb—Rd and Mb — Md 

Mb+2Mc=^j^ {Rc-Rb)=Q ...(2) 
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or Mb-{-2Mc+&L(Rc-Rb)0 ' (2) 

Mb 

Now, —RaL=M b or Ra= — j- 
and - RbL- Ra2L=Mc 
Or Ajj= ^ — 2Ra — jr--r ~~ 

Hence /?c=W-2jR^ -2/?b=Wt- 



L " L L L 

2Mb 4Mb~2Mc 
L L 
_ _ )V] 2{Mc -Mb) 

Substituting the above values in (1) and (2) we get 

4Ma-\-Mc+mMB-2Mc-WL—2Mc + 2Mji)=Q (from 1) 

or S2Mb-1\Mc=-%WL (4) 

and Mb-V2Mc ±%$VL+2Mc-2Mb+Mc)=§ (from 2) 

or 31 Mb+26Mc^SWL (5) 

Solving (4) and (5), we get 

Af a=-0M02 WL=Md and A/c=— 0*43 WL 

The B.M.D. has been shown in Fig. 8*8. 

Example 8'8. A continuous beam ABCD has a weight w per 
unit length and rests on four knife edge supports A, B, C and D. 
The middle span carries a load W as shown in Fig. 8'9. Find (a) 
bending moments at B and C, (b) reactions at A and D. 

Solution 



3 



W 



|* — o — . j i 2a - ' .fi — q *| 



Fig. 8' 9 



For span AB, 



8 • U/ 

a- 2 wa z w w a wa* 
i** = -~3-X-g-XOX T = — 

For span BC, 

\v{2aY , x TT _ _ wa* 
M max =- g — due to U.D.L.= ~ 

W^z \.2a— z) . ... 
and M mmx — ~ due to -point load. 
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•\Ax vwith B as origin) = -[{— x™- x2axa} 

, f t Wz {2 a-z) 1 , n 

+ IT 2^ x2ax T (2fl+2) U 



2ira 4 -Jf r 
'-3— ~ -g* (2*-*) (2fl+z) 



^(withCas origin)— [{-lx^x2flxn } 

,fl Wz{2a-z) „ 1 n 
+ IT 2^" *2aX T (2a+2a-z) M 

2 Wz 

"«* g- (2a-z)(4a-z) 

Applying three moment equation for span AB BC, 

HaM IMb (a+2a)+Mc.2a=[ 6 - 1_L LT 2 - 

La 24 2a[_ 3 

; . +~6- (2*-z)(4a-z) J 

or 6A/. + 2A/c=-?- „«-+ (2*_z)(4*-z) (I) 
Similarly applying three moment equation for spans BC-CD 
M*4*+2McVa+a)+Mo.a=-l^ ^(2*-z)(2a + z) ] 



or 2Mb+6Mc=^- h«"+ g <2a-zK2a+z) 
From (1) and (2), we get 

and. ^iS- (2*-r)(*+2z) 

For reaction at .4, write equation /or A/ ff 

2 u. 1 
n ■__ 1 Mb 1 Q 

-Tolf<2«-2)(5«-2z) 

or wa-]gL ( 2fl _z)(5a~2z) 



+ LT X "24 J 

(2) 
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Similarly, 
1 



Mc 7 



Wz 



\6a 



- 3 (2a-z)(a+2z). 



Example 8*9. For a three span beam shown in Fig. 8' 10(a) 
find the reactions and support moments, and draw the B.M. and S.F. 
.diagrams. 

Solution 



I lOOkN 



k-2 



1 

21 



lOOkN 



5 m 




(a) BEAM WITH LOADING 



2 -+-2 




(b) FREE B.M.O. 




15 15 




tci FINAL B.M.D. 



53-95 



53*95 



46-05 4605 

td) S.F.D. 



53-95 



46-05 



53-95 



Fig. 8'10. 

Here the moment of inertia is variable for each span, but E 
is the same. Hence from Eq. 8*1 

M A .±L+2Ms (JfL + J^.)+Mc±Z + £#L =0 

The free B.M.D. is shown in Fig. 8*10 \b). 
For span AB 



Ax = — j X4X 100x2= -400 
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For span BC 

Ax=zsto, since there is no loading on BC. 



J 2 

=0 

Here Ma^O and Mb=Mc, due to symmetry 

/ 4 5 \ , ( 5 \ 6 X 400 , n 

or 14A/b+5:Wb=300 

From which Afa=15"789 kN-m=A/c 
For reaction Ra, take moments about B t 
-iU4)+i00 (2)=*Mb 

or RA =™ - ^ =50- 1^=46-05 US=Xo 

Hence -Ra = 100-/^=100-46'05= 53*95 kN=/?c 
The B.M. and S.F. diagrams are shown in Fig. 8*10 (c) and (d) 
respectively. 

Example 8'10. A two span continuous beam, fixed at the 
ends is haded as shown in Fig. 8' 11(a). Find the reactions and support 
moments and draw the B.M. and S.F. diagrams. 

Solution. The free B.M. diagrams for each span are shown 

in Fig. 8 11 (b). 
For span AB 

jte = x 75 X 1 0(5) = —2500 (with A or B as origin) 

For span BC " 

Ax (with B as origin) =(^-i- x4x 68-571 X -y J 

-|yX3x51*429 )x(4+l} — 20 
Ax (withCasorigin)=(-~x4x68*57l)x( 

-(y X3X 57*429 ]2 

=+440 

Imagine a point A' to the left of A, such that AA'=0 
Hence for spans A' A and AB 

6 X 2500 

0+2M^0 + 10)+Mb(10) + 0 To"" 0 

or 20^+10^=1500 

or 2Ha+Mb=15Q 0) 
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■Of 



or 



For spans AB-BC, we haxe 

, , w /-v 6X2500 , 6X440 _ n 
^(10)+2Mb(1O+7)+A/c(7)- ^ + ""7 

10Ma+MMb+1Mc= 1 122"86 
Imagine a point C to the right of C t such that CC'=0 
Hence for spans BC— GC\ 

AM7)+2Afc<7+0)+0- ^f^- +0=0 
7^+14^=17-14? 



6kN/m 



!20kN-m 



- 10 m- 



9= 



9- 



(a) THE BEAM WITH LOADING 



68-571 




5-918 



(c) FINAL B.M.D. 



68-571 



^fif 10 -3S6 I**-; 

r<rTTTmrifiiiiiiiiJ 




14-286 



35-357 

. (d) S. F. D. 

Fig. 8:11 

From (1) and (2) 

29A/b + 7Mc= 372*86 
From (3) and (4), we get 
Mb= 14*286 kN-m 
Hence from (1), Af*=67'857 kN-m 
and from (3) Afc = -5'918 (i.e. 5*9185) 
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For reaction at A, take moments about B and equate to it to M B 

or -10^+67*857+300-14*286 
From which i^=35'357 kN( f) 

Similarly, for reaction at C, take moments about B and equate 
it to Mb. 

~Rc X 7~Mc+ 120= Mb 
or ~7Rc~ 5*918+120=14*286 
From which Be = 1 4*257 kN( f ) 

.*. **=(6xl0)-(i^+i?c)=60-(35*357+14'257) 
t; =10*386(t) 
The final B -M. and shear force diagrams are shown in 
Fig- 8*]J (c) and (d) respectively. 

J PROBLEMS 

I / A fixed beam AB of span L carries a uniformly distributed 

load of w per unit length and is propped at a distance -y from A. If 

the deflection of the beam at this point is kR, where i?-load on the 
prop, de;termine the magnitude of R. 

2. : A fixed beam carries a load which varies uniformly in 
intensity from zero at A to 2w at B, A prop is placed at mid-span 
winch removes all the deflection at this point. Calculate the load 
carried by the prop. 

3. A beam ABCD, 16 m long is continuous over three spans : 
AB=6 m ; BC=5 m ; and CD=5 m, the supports being at the same 
level. There is a uniformly distributed load of 20 kN/m over BC. 
On AB, is a point load of 80 kN at 2m from A and CD, there 
is a point load of 60 kN at 3 m from D. Calculate the moments and 
reactions at the supports. 

4. Solve question 3 if the support B sinks by 0"5 cm. / for the 
section is 9300 cm 4 and £=2T0 X 10 s N/rnm a . 

5. Solve question 3 if the end A is fixed. 

6. ABCD is a straight uniform beam of length 4L. It is 
freely supported at its ends A and D, and at two intermediate 
supports B and C distant L from either end. The supports at A 
and D are rigid but those at B and C are such that they deflect by 
an amount A for each unit of load which is placed upon them. The 
oeam carries a uniformly distributed load w per unit length along its, 
entire length. 
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Show that the reactions at the supports are 

wL\~ 7^ 3 +48£Y^-| 3H-Z.T 19Z, 3 1 

8 L 4L» + 3£/X _j and 8 L 4L 3 +3£7F"J 

(Cambridge) 

1. A uniformly continuous girder ABC rests upon three similar 
floating supports, situated at each end and at the middle point B. 
The buoyancy of each float is such that every additional tonne of 
load increases its immersion by Initially, all the floats are equally 
immersed. If a load W tonnes is placed on the girder at B, show 
that the proportion carried by the central float is 

— Qj-pf-r , where 2a is the length of the girder. 

(•.+^f / ) 

8. A beam of length 2a and flexura! rigidity EI carries a uni- 
formly distributed load uyunit length and rest; on three supports 
one at each end and one in the middle. Assuming that the beam 
was straight before loading, show that, for the greatest bending 
moment to be as small as possible, the central support must be 
(8V2-ll)i«i 4 , 

24EI lower than tne end supports which are at the same 

level. 

9. A beam rests on three supports A, B and C at the same 
level. The spans AB and BC are each of length L. The span AB 
is loaded with a load W concentrated at tins middle, and the span 
BC has an equal load uniformly distributed. Find thr reaction at 
the supports. 

If the middle support sinks an amount 4r —Js- below the 

96 El 

end supports, show that there will be no bending moment at B. 
ANSWERS 

9wL i 



u ~ ; ' 4374.£/£+I6Z. 3 
wL 



1. 

>• 2 

3. Mb=56'S kN-m ; Af r =45*8 kN-m ; Ra=43-: kN ; 
Rb=W3 kN ; K D =W$ kN ; /?c = 93"0 kN 

4. Mb-44'8 kN-m ; M C --^S4'9 kN-m ; R c =44'2 kN ; 
_Rb = %T% kN ; R C =9S kN ; R D = 13 kN 

5.. M A = 70-6 kN-m ; M B =3fr3 kN-m ; Afc---=.5l*0 kN-m 



9 

The Slope Deflection Method 

1. INTRODUCTION : SIGN CONVENTIONS 

The slope deflection method, in its present foim, was first 
presented by Professor G.A. Maney (1915) of the University of 
Minnesota. In this method, the joints are considered to be rigid, i.e. 
the joints rot ate as a whole a nd the angles between the tangents to 
the~"eia stic curve m eeting at the joint do not change du e to deforma- 
tion?THe rotations of the joints are treated as unknowns. A series 
of simultaneous equations, each expressing the relation between the 
moments acting at the ends of the members are written in terms of 
slope and deflection. The solution of the slope-deflection equation 
along with the equilibrium equations, gives the values of the un- 
known rotations of the joints. Knowing these rotations, the end 
moments are calculated using the slope deflection equations During 
the decade just prior to the introduction of the moment distribution 
method, nearly all continuous frames were analyzed by the slope 
deflection method. 

The sign convention used in the case of bending of simple 
beams, etc., becomes clumsy if used for the ca.-e of more complex 
beams and frames where more Than two members meet at a joint. In 
our earlier sign convention for simple beams, a moment is considered 
to be positive if it bends the beam convex upwards and negative if 
it bends the beam concave upwards. Thus, for the case of structure 
shown in Fig. 9*1, the three moments acting at the rigid joint B, 
where the three members BA, BC and BD meet are all positive 
according to the previous sign convention since all the three mo- 
ments^tend to bend the three corresponding beams convex upwards. 
Hence the equilibrium equation SMu=0 at the joint B cannot be 
conveniently applied if the previous sign convention is used, though " 
ihe joint B is in equilibrium. 

However, the examination of joint B (Fig, 9"!) reveals that tbe 
moments Mba and Mad are clockwise while the moment Mbc is 
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D 



Fig. 9.1. 

a nti -clock wise. If the new sign convention is based on the direction 
.of the moment we get 

Mb 4-\-Mbd— Mbc=0. 



&r =;^ .---C I 

A " B 



A B 1' 



M 



AS 




Fig. 9.2. Sign convention. 
Hence in the new sign convention that will be used in this 
inethod, a supporj [ moment .acting in the clockwise^directton yvtiUss. . 
taken as positive and that injhe.witj^cfo^ 

A corresponding change will have to be made while plotting the 
support moment diagram. For any spanof _a_ beam pr_ member .with 
rigid joints a positive support" moment (or end moment) at the right 
hand end will be plotted above the base line and negative support 
moment below the base. Similarly, for the left hand end, the 
negative end moment is plotted above the base a'ld positive end 
moment is plotted below the base line, as shown in Fig. 9*2. 



■H ! ' 



,:t»'" 
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iihove sign convention for the end moments 



l||Vi in(imi tor the rotation and settlement is adop- 
j l iou (° r slope), will be taken as positive^nd 
e end of a beam settle, 
positive, it^rotaies 
V /nv ^ ^ w tho clockwise direction, and negative if it 

^ t NV " «hv*lo *« * ne anti clockwise direction. 



n ill l ^^lIKMUWMupcf wm Dc i 

u kl ^iioaMvin be taken a:s pt 



-- ! , 



"1 - £ 



" V 



RATIONS 

vUuK'atal slope deflection equations, consider 
\ i M A anc * B> and subjected to external load- 
^ to the external loading, the beam will 

will rotate. Let us now apply end moments 



* ViU N \ a ad B respectively, of such magnitude 
,j tllti i i;t at the ends A and 5, due to the external 
'"*" . ■ W v in other words, the applied moments 
" ^ VV v ^ l^xed end moments and therefore, a suffix 
«,iwwc " IX< & moments. Such moment, which 
ct'o to zero, will hereafter be called the fixed 
"\i>^\cv> easily calculated from the standard 
^ iiven system of loading on the beam. 
' " ' A .»oac»'i:vsd moment at A- for the beam AB. 
. v : \ ; .ng moment at B for the beam BA. 

...iv - v ' '- >::i:c through 0^ and t)j? respectively, and 
wV -. i -yards by an amount 8. Thus the ends 
' , . i^'t movements, both rotational as well 
; > v xvs» :,*kes the form ihown by solid line in 
■■ - • be the additional moments resulting 
^ vv s .V \im from its initial position when the 
„ :r.e same level. The rotation 9,4 and 
- * v >k ; ^x- i'A positive. AB' is the tangent to the 
"? j to the horizontal, while B V A' is 
" _\ • ±z an angle 8^ to the horizontal line 

:;> v vw. :iOiuent nun and mw, causing rotations 
x , - :an be easily calculated by the use of 
- c U*) shows the component bending, 
oasl moments. 



reference to the tangent A 
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A 



— £j^ / j4 * ( tne mmus sign is used because 
. B 

v\ .^v tne deviation of B is in upward direction with 

" ; respect to the tangent of A) 

- 1 ( 1 r L * 2L\ 




COMPONENT BENDING MOMENT DfAGRAM 




OEFLECTED SHAPE BA td) 

OF THE BEAM 



Fig. 9' 3. i 
Derivation of slope-detlection equations. 

But Y A b =1$a~*> [From Fig. 9*3 (b)]- 
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Hence -~-^2mAB-m B A^^LB A ~Z ) 

2mAB—mBA= -j—\ va — j- 1 v,; 
Similarly, =deviation of A with respect to the tangent at B 

B 

* Ax 

= -m{ 2m£tA ' mAB ) 

But Y B A =ZAb- 8 From Fig. 9'3 (fe) 

or 2jtiba — (tmb= ~fj~\ — ~L J 

Solving (I) and (2) for wab and ma a, we get 
2EI{ _ fi , fi 38 \ 

and 2fiB + e ^-^) W 

Thus, the vaiues of the additional moments m A s and m B A are 
known. Superimposing the effects of Fig. 9*3 (a) and 9*3 (b), we get 
the final deflected shape of the beam as shown in Fig. 9' 3 (<0, where 
in §a and 8 b are the final rotations of the ends A and B y and S is the 
deflection or settlement of the end B under the external loading. The 
final moments Mab and Mba at the ends A and B are respectively 
given by : 

\ AfAB = mAB + MFAB-—f-(^2^A + ^B-~-)'tMFAB (9*1) 

\ MBA=mBA+M F BA^^Y- (' 2e*+e,~ ' (9-2) 

These are the fundamental slope deflection equations for the 

span AB. Writing = and ■^-=R> the slope-deflection equations 

are sometimes written in the following form : 

Mab=2EKWa+§b-1R)+Mfab (9'3) 
Mba=*2EK(2&b+*a-3R)+Mfba (9*4) 
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9 3. CONTINUOUS BEAMS AND FRAMES WITHOUT JOINTS 
TRANSLATION 

A continuous beam is essentially a statically indeterminate 
structure which must satisfy both the conditions of geometry as well 
as statical equilibrium. In the method of slope- deflection, the condi- 
tions of geometry are satisfied at the very outset of the slope deflec- 
tion equations. In addition to this, the algebraic sum of the 
moments acting at a joint must be equal to zero, This condition 
furnishes as many equations as the number of joints. For example, 
for the continuous beam of Fig. 9"4, we get from the equilibrium of 
the joint B. r 

Mba+Msc^Q (9*6) 
Thus, we have two slope deflections equations (Eqs. 9*3 and 9*4), 
and one equilibrium equation (Eq. 9*5). The simultaneous solution 
of these equations give the unknown rotations. The end moments 
can then be calculated by substituting the values of these rotations 
in the slope-deflection equations. The procedure for the solution of 
a problem of continuous beam or frame without joint translation is 

summarised below : 

1. Treat each span as a fixed beam and calculate the fixed 

end moments. 

2. Write down slope deflection equations in terms of end 
moments, fixing moments, joint rotations and joint trans- 
lation for each span. 

3. Write down equilibrium equations for the individual joints. 

4. Substitute the rotations back into the slope deflection 
equations and solve for the end moments. 

Example 9*1. A beam ABC, 10 m long, fixed at ends A and B 
is continuous over joint B and is loaded as shown in Fig. 9'4 (a). Using 
the slope deflection method, compute the end moments and plot the 
bending moment diagram. Also, sketch the deflected shape of the beam. 
The beam has constant El for both the spans. 

Solution. 

(a) Fixed end moments 

Treating each span as a fixed beam, the fixed end moments are 
as follows : 

Afr^- 5 **? 2 ' *— 2*4 kN-m 
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% "«jr--„ --^■■ ■ ■■ j * ^„ 1& 

Fig. 9'4. 

(b) Slope deflection equations 

The end rotations 6^ and 8c are zero since the beam is fixed at 
A and C. Hence there is only one unknown, 0b. The ends do not 
settle and hence S for each span is zero. 

Let us assume 6* to be positive. The result will indicate the 
correct sign. The slope Reflection equations are as follows : 

For span AB t 

2FI 

or Mab^ — — 2"4=G*4 £7 6 B — 2'4 (1) 

and Mba^~^ 2Bb+*a-^}+Mfba 

2EI 

or M B A=—<r- (20 fl )+3-6=O-8 EI 6^+3*6 (2) 

For span BC 

2FF t 

Mbc^~~ (28 b )- 5-0=0*8 £/ 0a- 5*0 (3) 
2FF 

and Mcb=~J!- (9 s )+5*0=0*4 £7e fl -f 5'0 (4) 

(c) Equilibrium equation 

Since there is only one unknown, i.e. B B , one equilibrium equa- 
tion is sufficient. For the joint B, we have 



THE SLOPE DEFLECTION METHOD 



207 



or 
or 



EtQi 



M B a±Mbc=0 
(0'8£76 B 4-3*6)-l-(0*8 JS78j,-5 ; 0)«0 
1*6 £7 8*= 1*4 

il 4 
" 1*6* 

Tbe plus sign indicates that 8b is positive (Le. rotation of tan- 
gent at B is clockwise). 
(d) Final moments 

Substituting the value of El 8b in Eqs. (1) to (4), we gw. 



and 



M A n=0'4 (-| T g ) -2*4= -1-05 kN-m 
Mba=0S (j~)+3*6=+4-30kN-m 

(4^^-5*0— 4'30 kN-m 
AfcB=0*4 (-p| )+5-0=+5"3S kN-; 



Fig. 9"4 (b) shows the bending moment diagram. The deflected 
shaps of the beam is shown in Fig. 9*4 (c). 

Example 9*2. Solve example 9'1 if ends A and C are simply 
supported [or h'nged). 

Solution 

(a) Fixed end moment 

These are the same as calculated in the previous example : 
M PAB =-2'4 kN-m ; Mfba= + 3'6 kN-m 
Mfbc=— 5'0 kN-m ; M>ca=H-5'0 kN-m 



5kN 



8kN 



-3m 



-2m » ! ■ 2-5m - 
El CONSTANT 



4—2-5 



im "-j 




Fig. 9-5. 



1(C 
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(b) Slope deflection equations. 
For span AB. 

AUB^-f (29_4+0 B )-2'4=-0-4 M20-<+ 6jr)-2'4 (D 

M ba =1E-{2§s^a)¥ 3-6-0*4 £7(26*4- M + 3'6 (2) 
For span BC, 

^ sc= _^(2t) B + ec)-5-0=0-4£/(2eB+Oc)-5*0 (3) 

and JWcs=^(29c+6b)+5-0=0'4 £/(26c+6fi)+5'0 (4) 

(c) Equilibrium equations 

Since end .4 is freely supported, Mab=0 

,\ 0*4£7<2^+6s>-2'4=0 (1) 
Also end C is freely supported, Mcb—0 

0*4 £A29c+6aH-5\;=*0 < n > 
For the joint 5, ^/b^+^bc=0 

[0-4 £/l26B+e^)+.3-61+[0-4 £/(20b+«c)^-5-O]=O 
or 0*4 £/(46j»+8,i+*c).- 1*4-0 (HI) 
Solving Eqs. I, II and III, we get 

E n c =^*p am 

(d) Final moments 

Substituting the values of EIQa and EI 6b in Eq. (2), we get 

As a check, substituting in Eq. (3) 

Mbc^0-4 (~f-~-J^ )-5'0«- 615 kN-m 

Mb*+Mbc= H-6-15-6'1 5=0. 

The bending moment diagram and the deflected shape of the 
beam are shown in Fig. 9*5 (b) and (c) respectively. 

Note. The beam is statically indeterminate to single degree 
only. This problem has also been solved by the moment distribution 
method (Example 10*2) treating the moment at B as unknown. 
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However, in the si ope -deflection method, the slope or rotations are 
taken as unknowns, and due to this the problem involves three 
unknown rotations e.i, Qu and 0 C . Henc e the method of slope deflec- 
tion is not recommended for such a problem. 

Example 9 3. A continuous beam ABCO consists of three span 
and is loaded as shown in Fig. 96 (a). Ends A and D are fixed. Deter- 
mine the bending moments at the supports and plot the bending moment 
diagram. 

Solution 



5kN 8kN 
A 2kN/m 1 

*f* 5m — -*-{-* - 



1 



6-68 



5 in 



5m- 



rTTT^IIIDxJL^ 3-99 yffhv 5 " 50 



— --r — -t 



Fig. 9-6. 

(a) Fixed end moments 

~~- =-6 kN-m ; Mfba = + ^~ = +6 kN-m 



AB- 



A/fbc=- iii3x2« = _ 2 . 4 kN _ m 
jt/ Fcg=+ 5 *2x3* -+3*6 kN-m 
A/ FCi>=; _l^l=_5 kN . m . A/ F/JC==+ _8x5 =+5 

(6) Slope deflection equations 

$a and Od are zero since ends A and D arc fixed 

M^if£> I 6B]-6 = f Ob-6 
^= 2 ^ } [26*3+6= iSeB+6 

tf,c=-^?Z> [28 B 4-ec3-2-4^^(20.fec)-2-4 
Mcb^I^Q- [26c+G fi ]+3*6=:^|I(e B 4-20c)+3-6 



kN-m 



(I) 
(2) 

(3) 
(4) 
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Mcn= 2fl mi . v 5 .. 4 f- e,.-5 , (5) 

(c) Equilibrium equations 
At joint B, 

Mba + Mbc^O 

or j- A^e B +6]+[ 1 f-(26 B +M-2-4" 1 j =o 

' At joint C, tWcb-tA/cd^O 

J--, . [ «t (0, + 20c) + 3-6 6c~5]~0 

o|| e*+^e c -i-4=o. (ID 

? From (I) and (II), we get 

£/6*— 2*03 (0 

£/e c = + r26 (») 

(</) F/'rtfl/ moments 
V- ; Substituting these values in Eqs. (1) to (6), we get 

TA/^ B =y(-2'03)-6--6'68 kN-m 

jtfij,=y(-2-03) + 6«=H-4-65 kN-m 

Af B c«- — [(-2 X 2"03)+ 1 '26]-2'4= -465 kN-m 
McB=y [(-2-03)+(2xl-26)]x3*6« + 3*99 kN-m 

Mcz»=-^-(l-26)-5=-3-99 kN-m 
Mz>c=- |-(r26)+5« + 5-50 kN-m 

THfe/ bending moment diagram and .the deflected shape are 
shown in Fig. 9'6 (b) and (c) respectively. 

.' Example 9*4. A continuous beam ABCD t 12 m long is fixed at 
A and D, and is loaded as shown in Fig.9'7(a). Analyse the beam 
completely if the following movements take place simultaneously : 

</) The end A yields, turning through radians in a clock- 

wise direction. 
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(//) End B sinks 30 mm in downward direction. 
(Hi) End C sinks 20 mm in downward direction. 
The beam has constant /= 38'20 X 10* mm* and E=2x'l0* 
iV/mm 2 . 

Solution 




Or. 



— — -*r -~f 



Fig. 9-7. 

(a) Fixed end moments 

-8x5 



Mfab= 



8 



= -5'0 kN-m 



Mfba = 


=+ 


8X5 
8 


=+5*0 kN-m 


Mfbc= 




4x3 2 
12 


=—3"0 kN-m 


Mfcb — 


-+ 


4X3 2 
12 


- =+3-0 kN-m 


Mfcd— 




6X4 
8 


= -3*0 kN-m 


Mf-DC~ 


+ 


6X4 
8 


= + 3'0 kN-m 



(b) Slope deflection equations 

All the unknowns are assumed to be positive. 

For AB, 



30 3 1 



Mab= 



2EI 



1 5000 ~ 500 

2 9 
*250 + ° B ~ 500 



250 



to 
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^- i r(»'+A-ao)+ s -°- (2 > 



For BC, 



v L r> 3 °- 20 1 

A=— ; a— - 



3 3000 300 



• A/ 3 c=^(2e B+ 6c+-!^)-3-0 (3> 
Mc s = 2E 3 L ( 26c+6b+4^ )+3-0 (4> 



For CB, 



^^(>c + ^)+3-0 (6) 
(c) Equilibrium equations : 



There are two unknowns 0 b and 6c- Thus two simultaneous 
equations will be required which will be provided by the conditions 
of equilibrium at joints B and C. 
At joint B t 

Mba+Mbc^Q 

- ML 

■* 5 N — - , 

-30=0 

or ~EI^b+ \ £/9c+ j^QEl+r0=0 

£/8^-^£/e c +-^ + ||=o cr> 



JXt J1A 1 *W i»<" v 

( 29 »+iio--5lr) +5+ ( 29b+6c+ w) 



At joint C, 

Mcb-\-Mcd=0 

or T £/ec +T £/eB+ "T5u0 £/==0 

or £/ e B -h^-£/ec+ ^-^=o * to 

Subtracting Eq. (8) from Eq. (7), 
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Of: 



_51 £/6c= 83 £f . W 



T6 4000 16 

; But .^ = i^ix(1000)=X i»^°L =764 kN-m* 

,or e c = — 6*124 X I0~ 3 radians 

Substituting the value of 8c in Eq. (8), 
■\i ,\ EI 6*— (6-124 xUr 3 )+^-£/=0 

or Cb=OM84xIO- 3 radians («) 

(rf) Final moments 
' Substituting the values of Qb and 8c in Eqs. (1) to (6), we get 
itfce values of moments at the supports : 

Mab= 2^^ +0-184X JO"'- ± )- 5-0— 8-0 kN-m 

fe M„=^( 2x <,- l8 4XlO-' + ^-_ 1 ^)+5-0 
= +0 83 kN-m 

% Mflc--^^(2x0-184xl0- 3 -6-l24xl0- 3 +3^ )-3'0 
--0*83 kN-m 

iV f CB =i^l^-2x6-124xlO- 3 +0-l84xlO^+^-]+3-0 
= + 1-95 kN-m 

Mcd= 2X 4 764 (-2x6;124xl0" 3 + -^ g ..)-3*0=-r95kN-m 

The bending moment diagram and the deflected shape of the 
beam are shown in Fig. 9'7 (6) and (c) respectively. 

Example 9*5. A continuous beam ABC is supported on an elastic 
column BD and is loaded as shown in Fig. 9' 8. Treating join& : Bas 
rigid, analyse the frame and plot the bending moment diagram and the 
deflected shape of the structure. 

Solution. 

(a) Fixed end moments 

10x2x3 s , I0x3x2 2 _ , A , B 
Mfab— j 2 -=—7 2 kN-m , Mfsa = -\ 5S —+4 8 

kN-m 
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MFBc^r^^- = -1*5 kN-m; Mfcb = + 2^ = + V5 kN-m 



12 

Mfbd=:Mfdb~Q 



12 



lOkN 



e 2kN/m r 

B |HIUUIUU C 



■2m 



-3m 



-3m 



3m 



Fig. 9*8. 
iS'/ape deflection equations 

1% slopes 6^ and 6j> are zero since ends A and /> are fixed'. 
For span AB : 

m ab= 2SQIL [e B ]-r2=-jjE;/es-7*2 

Afj^=-2^1{20 B ]+4"8=-|-£/Q3+4-8 



For span BC : 

JfcB«-^aec+eB]+i-5*-y£TOc+yjErta+r5" 
For span BD : 

(c) Equilibrium equations 
Atjoint 5, Mb^+A/bc4-^fz)=0 



(1> 
(2» 

(3) 
<4> 

(5> 
(6> 



64 2 

or ~ EWb+ -|-£/0c-h3'3=O 

Atjoint C, AfcB=0 

y £/0s+^-£/6b+ 1*5=0 



(I) 
(ID 
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Solving Eq. (I) and (II) for Ob and 8 C , we get 

£/0 B :=-0-64K (0 
and £76 c = -0*801 00 

(d) Final moments 

Substituting these values in Eq. (1) to (6), we get 
jtf^=y(-0-648)-7-2---7*72 kN-m 




Fig. 9*9. 

AfjM = j-<-0-648)+4-8« 4-3 76 kN-ro 

MBc^jr <-°* 648 > + y (-0-801)-r5 = -2'90 kN-m 

McB=y (-0*801)+ y(-0-648)-H*5=0 

ArcD = y(-0'648)=~0'86 kN-m. 

^Dfl^J-^"" 0 ' 648 ^"" 0 ' 43 kN m 

The bending moment diagram and the deflected shape of the 
structure are shown in Fig. 9'9. 

Example 9*6. Analyse the rigid frame shown in Fig. 9' 10. 
Solution. 

{a) Fixed end moments 
M FAB = -1^- =-2*67 kN-m ; Mfba= + -*~ = +2'VI kN-m 
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Af F BD=-~£*=-2 kN-m ; Mfd'b= = +2 kN-m 



2kN/m 



1a 2 r 



-4m 



2m 



2m 



21 

2m- 



-4kN 



2kN 



Fig. 9'10 
(6) deflection equations 

§a and 6© are zero. 

M A8 =1EQ!1 [0 s ]-2-67=£/0 B -2-67 
Af^*- 2£/{2f ) [ 2e 5 ]-H2-67-2£'/9fl+2-67 
Mbd= ~- [2e e]-2 =EISb- 2 



M^=— 7 [6 s ]+2- 



1 



£/e-f2 



A/bc = — 2x2=— 4 kN-m. 

(b) Equilibrium equation 

For the equilibrium of the joint B. 

Mba-\-Mbd+Mbc~0 
(2£/0 fl +2-67)-H£/Gj3-2)-H-4) = O 
or 3£/6*=3-33 
or eH)b=VU 
(d) Final moments 

Substituting the value of £70s in Eqs. (1) to (4), we get 
A/.4fl=r!l-2-67=-i\56 kN-m 
M / M=2(ril)+2-67 = +4'89 kN-m 
Mbd^VI 1 -2=-0'89 kN-m 
iW^--Kl*n)-S-2-+2*56 kN-m 



0) 

(2) 
(3) 
(4) 
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The bending moment diagram and the deflected shapes of the 
Structure are shown in Fig. 9'1 1 . 



1-56 




2-56 



Fig. 9"11. 

Example 9*7. A porta! frame A BCD is fixed at A and D, and 
■is loaded as shown in Fig 9' 12. Treating joints B and C as rigid, 
calculate the moments at A, B, C and D. Draw the bending moment 
■diagram and sketch the deflected shape of the frame. 

Solution 



B wkN/m C 



A 

h- 



Et CONSTANT 



21. 



Fig 9 12. 
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(a) Fixed end moments 

Me M2L)* wl> , ' w{2LY , wL* 

rA/FBC— J2 ~~ J~> Mfcb=+ v ' = + — — 

(b) Slope deflection equations 

Qa and 8*> are zero since ends A and D are fixed. Also, since 
the frame is symmetrical and the loading is also symmetrical, there 
is no side-sway or deflection of the frame. The unknowns are, 
therefore, 0 b and 6c. 

For AB, 

Mab=^ (Q b )=-^eIQb (1) 

J FT A 

\ Mba= ~jr-(2QB)==~-m l! (2> 
For BC, 

For CD, 

Mcd=^~^2Qc ~j=-j-EBc (5> 



Mdc= 



(c) Equilibrium equations 
At the joint B, 

Mab+Mbc=0 
4 9 1 u?/2 



or ■ =0 
But by symmetry, 0c=—6.b 

and "-f-ec-- -f^e,— («> 

fXna/ moments 
Substituting these values in Eqs. (i) to (6), we get 
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The bending moment diagram and the deflected shape 
frame are shown in Fig. 9*13. 




Fig. 9** 3 - 

9 4 PORTAL FRAMES WITH SIDE SWAY 

In the case of continuous beams, etc., the effect of yielding or 
settlement of support is taken into account by introducmg mi tial 
fixed end moments. In the case of portal frames, however, the 
7mountofthe joJnt^omenLor,^ is not known and form an 
additional unknolETW^orla^^ sway due to one of the 

following reasons : . " 

1. Eccentric or unsymmetrical loading on the portal frame. 

2. Unsymmetrical outline of poital frame- 

3. Different end conditions of the columns of the portal frame. 

4. Non-uniform section of the members of the frame. 

5. Horizontal loading on the columns of the frame. 

6. Settlement of the supports of the frame. 

7. A combination of the above. 
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In such cases, the joint translations become additional unknown 
quantities. Some additional conditions will, therefore, be required 
for analysing the frame. The_add jlional_ conditi ons of equilibrium 
ar e obtained from the consideration^oTtEe sheaFTorce exerted on the* 
structure by the external loading. The horizontal shear exerted by a 
member is equal to the algebraic sum of the moments at the ends 
divided by the length of the member. Thus the horizontal shear 
resistance of all such members can be found and the algebraic sum of 
all such forces must balance the external horizontal loading, if any. 

In Fig. 9.14, the horizontal reactions are given by, 

tt Mab+M ba -Ph , „ 

Ha = z; o) 

Mcd+Mdc+^twL^ 
. and Hd= — _J . 

The above reactions have been calculated on the assumption 
that all the end moments are clockwise. 



B 

W7 



I 



<-l 



ha 



1 



L 2 



2 

ill. 
CL 



Fig. 9-14. 
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For the equilibrium of the frame, Sff =0 (3) 

Ha+Hd+P-wL 2 =0 
The above equation is known as the shear equation. Substitu- 
ting the values, we get 

D , Mcd 4- Mdc +-\- 
Mab+Mba-Ph , i -f-P-uX 2 =0 (4) 

Equation (4) gives the general expression of shear equation. If 
however, / ) =0, we get 



Mcd + M dc-\ — L-wLj 2 
Ma b+Mba . t 



Mab+Mba m Mcd+Mdc ___ wL* =0 \A(a)\ 
and t L% 2 

If w is zero, we get from Eq. (4) 

Mab+Mba- Ph + Mcd+Mdc + p =Q [ 4 ^)] 



it A 
If both P and w are zero ; we get 

MjbA-Mb4 j Mcd +Mdc 



=0 [4(c)] 



Example 9'8- Analyse the portal frame shown in Fig. 915. Also 
sketch the deflected shape of the frame. The end A is fixed and end D 
is hinged. 



IOkN 8 



- 4m 



4m 



El CONSTANT 



rrfrr 

Fig. 9-15- 

Solution 

{a) Fixed end moments t : 

There will be no fixed end moments for any of the spans of tha 
frame as 10 kN load is acting on the joint. 
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(b) Slope deflection equations : 

The unknowns in this case are 0b, 6c, 9z> and the joint trans- 
lation 8. Because E, I and L are same for alt members, K is constant. 
Assuming no change in the length of BC, the horizontal movement 

of B and C will equal to 8. For AB and CD t ■ 

Mab=2EK(Q b -~3R) (1) 

Mba=2EK(2$b-3R) (2) 

Mbc=2EKO$b+§c) (3) 

: Afcfl=2£AT(20c+e fl ) (4) 

'J Afcz>=2£^(2«c+6/)-3^) (5) 

; Mdc=2EK(2Qd+Qc-3R) (6) 

Since^A/ac is zero, 6/) can be expressed in terms of 6c, thereby 
reducing the number of unknowns to three. 

:-• Mdc^=Q=2$d+Qc—3R 

3/2 -6c 



or 



2 

(c) EqMibrium equations : 
At joint By 

Mba-{-Mbc=0 

So, 2£^(28 b -3K)4-2£^(26b+6c)=0 
or $EK$B-6EKR-t-2EKQc=0 
or 46 5 -3/?4-e c =0 (7) 

At joint C, 

Mcb-\- Mcd—0 

So, 2£Ar(26c + M+2£/C(28c+ez>-3£)-0 
or 40c +0b-Ho- 3R=0. 

3/?" — ~ 6c 

Substituting the values of 0z>= we get 

4Qc+e g + 3 *~° c -3*=0 

or 7ec+2e B -3i?=0 (8) 

(rf) Shear equations : 

Mba+Mab _|_ Afcz) j p_ q 
4 4 

2£JC(29B-3/?)+2£A:(ej-3.R) ■ 2£K(29c+6p-3,R) nn . 0 
or 3QB-6/?H-^-t-29c+- 3j? ~ 6c -3i?=0 



or 
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or 66,-15*+-^ +36c«0 <» . 

From equation 7, 0c = 3.R— 46b 
Substituting in equation (8) 

21.R-280b+29b-3*=O 
or 18i?=260B 

Hence 0c = ^- 9*-40b=-^ , (« 

3X13 vfl 6* 
■ X6 B — ^~ 

and . 6*--^ ^ =20b CW 

Substituting in equation (9), we get 

66b-15x-^- *b+~£+*b=Q 
44 _ 40 

f dB =~Ek 



or 



, 30 

or 



130 fl 10 , fl 60 
and hence R=-*-™r* *c«-rn^ and 6z>= 



33£^ f 11 £AT " " 11 EK 
(e) Final moments : 

Substituting in equations 1 to 6, we get 

"<~™ (ttVw)-- 1 ™™-* 

and WcD =2^( 7 f| F -f T ^-|f^-) = -909 lcN . I n 
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The bending moment diagram and the deflected shape of the 
beam has been shown in Fig. 9' 16. 



l2*73kN-m 




09 B 



IB-18 



la) B.M.D. 



A 3)L^ 

lb J DEFLECTED SHAPE 



Fig. 916. 

Example 9*6. \i portal frame ABCD is fixed at A and D, and 
has rigid joints at B' and C. The column AB is 3 m long and column 
CD, 2 m long. The beam BC is 2 m long and is loaded with uniformly 
distributed load of intensity 6 kNjm, The moment of inertia of AB is 
2 I and that of BC and CP is I (Fig. 917). Plot B.M. diagram and 
sketch the deflected shape of the frame. 
Solution 

{a) Fixed end moments 
Mfcb=-\-2 kN-m 

MFAB=MFBA = AfFCD = AfFDC=Q. 

Let the joints B and C move horizontally by 5. 
(b) Slope deflection equations 



Mab- 



Mba 



Mbc = 



Mcb 




and 




^-J = y£/(26a-S) 
29B-fec)-Z 
^2ec+6B^+2 
(28c- -y )=£/(26c-f5 8) 



(i) 

(2) 

(3) 

(4) 

(5) 
(6> 
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(c) Equilibrium equations 
x ~ At joint B, 

.■ or i-£I(26.-8)+M20-+0c)-2 
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T 



B 6kN/m 

nnmnz 



= 0 



or \ e B — 5- 8+26j,+6c *"^ 

6 

ot 140b + 30c-4S= £[ 



(7) 



3m 



■L.1 T 



TT 



-2m 



2m 
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At joint C 

or £/(20c+0 s )+2+£/(29c-l"5S) o 



£/ 

(J) Shear equation 
3 2 



Fig. 9-17. 



or 
or 



3 2 

W ^88+I6e*-W+9ttc-13-5»+I88c-13-58-0 

240 B 4-276c-43S 

2 , 4S__14 
From equation 7, 6c = ^ + 3 3 

Substituting the value of Qc in equation 8, 



58) 



(9) 



or 



or 



10 L 23 



53 



30 , 23 



53£f 106 



(10) 



or 



or 



Substituting the value of 6 C in equation (9), we get 
24fl*+|j+36S-126e*=43$ 
54 

102flB-^y-7S 

n ~ 54 l-» 
Ub ~102£7 102 



(ID 
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Equating the value of 0» given by equations 10 and 11, 
J2_ + 11 . 54 _ 7 
S3EI 106 102£7 102 



( 23 + M »- 54 

V 106 T 102/ 0 102J 



or 



or 



0*2868= 



- 30 
02£7 53£7 

-0-035 



EI 

-0-1? 3 
El 



Substituting in equation 10, 

30 



23 



^ - Similarly, 



" 15ET 106 f/ ~"£T 

} - 2 - - 4 x 0'»23 _14 0-538 
3 £7 3 ' £7 



EI 

-A. ft ' !64 
"f7" " 



2*51 -0-674 



£7 £/ £/ 
- (e) Final moments 

"Substituting in equations 1 to 6 S we get the values of end 
moments. Thus, 



^4£/(°:^-f 0 ^)^^0-88kN 

/2XV-53 _. 0-123 \ _ 
\ EI EI ) ' 1 

rr /2x0-538 0'6?4\ . 



m 



Mb a — -j- EI 



Mbc 



60 kN-m 
60 kN-m 



I 60 




J \|-!9kN-m ^8 



r **f--„ ' V"\ 



0-49 



088 



(a J 8.M.D. 



lb) DEFLECTED 
SHAPE 



Fig, 9*18 
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„Y -2 x0 674 ^0-538 \ , „ , t . lftfAT 
A/cb=£7( + — El 1 +2=-} 1*19 kN-m 

A* ^- 2x0-674 l-5x0-123\ 1(10|rM 
Mcd=EI\ — H ^ ! = — 1 19 kN-m 

and ^c-£/("°^— -rl*5x 2^1^-0-49 kN-m 

The bending moment diagram and the deflected shape of the 
frame have been shown in Fig. 9*18. 

Example 9"10. A column AB fixed at the ends carries a had of 
8 kN on the bracket as shown in Fig. 9' 19. Plot the bending moment 
diagram and the deflected shape of the column. 

Solution 

The load of 8 kN will give rise to a clockwise couple of 
4 kN-m at C. The point C will be displaced by an amount 8. 
(a) Slope deflection equations 

There are two unknowns 6c and S. We shall assume 6c to be 
positive. JS for CA is assumed positive and that for CB, is assumed 
negative. 

A/„c = ^( Oc-f-) (1) 
„ 1EI( 38 ^ 

McA=- r ( 20c- T} (2) 



Mci 



2 



{ 2*+y) (3) 



M B c=^[ 6c+|) (4) 
(b) Equilibrinm equation 

As there are two unknowns, two equations will be required for 
finding out the values of unknowns. One equation will be provided 
by the fact that the clockwise couple at C causes clockwise moments 
in CA and CB. 

Mca-\-Mcb~4 

^(2e c -f) + if( 2 e c+ | s )= 4 

4 2F/R 3 

or ±-m c -^~ -f 2£/0c + y£/S=4 

or 20£/6 c +5£/S=24 

24 

or 206c+53=^ (5) 
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Fig. 9-19. Fig. 9*20, 

(c) Shear equation 

The couple acting at C also gives rise to horizontal reaction at 
A and 5, the two being equal in magnitude but opposite in direction. 

Now horizontal reaction at A=^l?+M£± and, horizontal 

Mcb ±Mbc 
reaction at B— j 

Mac+Mca _ Mcb-\-Mbc 
As the two are equal so, ^ ^ 

_3__ — 2 

or 30£/e c — 70£/& 

of «c= — |"S 
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Substituting in equation 5, we get 
— 3-S4-58~ E/ 

125 s „ 24 
or "T" £/ 

-0*576 CO 
or S ~ IT 

7 0-576^^344 (h) 
/and * C =T X ~£T £/ 

f/H finflJ moments 
% The va.ues of moments may now be found out by sub— 
the values of 6c and S in equations 1 to 4. 
= , 2El( 1-344 0-576X ^.^ kN . m 

Thus, M^c — -3—^ EI EI I 

• 2£/ / 2 X 1*344 ,£576\ ^ j g kN . m 

Mca= -3-^ — g7 ^ £/ ) 

2£/f2x 1*344 _3_xO'576\ ^ kN-m 
Mcb=— V~~ £/ 2£/ / 

2£/ / 1'344__ 3__ x 0'576 \ q. 48 )^. m 
and Mbc=~y~\ EI 2 EI f 

The B.M. diagram and the deflected shape have been shown 

inFig^'20 Apor{al frame ABCD is hinged at A and fixed 

Example 9 11. A portal jra ^ 

atDmul has stiff joints at B and C Th Reflected shape of 
Fig.9'21. Draw the bending moment diagram ana 

the frame. 

Solution 

.(a) Fixerf moment 

M fB c=-^— =-l'5 kN-m 

JVfrcB= + l - 5kN-m 

Mfcd = Y2T ~~ 3 

Let joints* "and C move horizontal^ by 0. Ther. are four 
unknowns : 80, and S.. 
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Assume all unknowns to be positive. 



^^"^SrC 2fl-+6B-i|i )^/(20„-f 0*-S) (I) 



3m 



.i_J 



6kN 



im 



I-5I 



A 



Im 



4m 



Fig. 9-21. 

2Ex3If _ n , fl 3S \ 
^ = "2xTl 26fl + 9 ^-—j=£/(26 jB +e /4 -S> (2> 

2£/ 

^ c== __(2eB-fec)-r5=£7(28fl4-6c)-r5 (3) 
2Ef 

M;a=- 5 -(2ec+ej)+l*3=£Z[20c+fe) + I-5 (4> 

(c) Equilibrium equations 
At joint 5, 

Mba+Mbc=0 

or ; £7(26*+ e^-S)+£/(2O s +0c)---|-«o- 
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At joint C, 

Mcb+Mcd—O 



or 
or 



£/(20c + 9B)4-y + ^(26c--^-)-y-0 



or 



(r/) Shear equation 

Mab +Mba . Mcp + Afoc "'/-I 

z~ + ^ ~ 2 

£ /(20^+Og-ii)+g/(20B+0^-^) 
3 

£/ / n 3S \ 8 £/ / 0 3S \ 8 
-f (.26c— 4 - )-y + - 2 ( »c- 4 - )+ T ^ 

+ _ - : : - 2 

9 36c 9 . 48 
or 8e < +48 fi -4S-f-80fl+40 J< -4S-h3ec- yS +— f-f £/ 

or 120^+126*+-^ 6c- ^- " <*> 

The end A is hinged. So A/*ij=0 
£/(26^+6j-8^=0 
or 0if=S-20w HO) 

Substituting the value of 8 a in equation 7, 

48- 86* + + Oc -8 - j|j -0 
or 0c— 76. +38— j|f =0 

or 0^^+70.-38 UD 

Substituting the value of 6 B in equation 8, 

36c+fi-20 rf — j 8-- g|r-=^ < 12) 

Mc^+f 8-^0 

Substituting the values of Ob and Oc in equation 9, we get 
27 63 *>7 41 48 

330- 47 „ 
0r ^ = T56£7 + 78" 8 
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Substituting the values of 8c and in equation 12, we get 
9 ( 1 9x330 , 47X19 , 5 7 



or 



5-09 




959 . 

or 



(a) B.M.D. 



3395 



7-52 



Fig. 9'22. 



(b) DEFLECTED SHAPE 



78£7 



3395 312 

8 = — _, x 



7S£/ " 959 



13580 

959£7 



Hence 



o __?1 0 _ i 7 13580 _ _ 6-42 
\56EI~ 78 X 959£/ "" . EI 



0 fl = 



7x6^2 3x13580 



2EI 



EI 



~959£/ 



q-94 



and 



-13580 2X6*42 



r33 
El 



CO 
(") 

m 

» 



Di ~959£/ ' £/" 
(e) Fi'na/ moments 

Substituting the values of (U 6b, 9c and 8 in equations 2 to 6, 



we get 



A/ a a = EI y - — ^ - "£T + 959£/, J + 
A/,c = £/(=^ ! ' 33 - ^ )-l'5 = -5-09 kN-m 
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/ -2x0*94 121 Vl'5 = "I*71 kN-m 
A/cb = £/( £/ + EI ) 

EI -2XO-5M 3 13580 \ « 
Mcd---~y' 17 + 4 * 959£i / 3 

=+0-171 kN-cm 

/-0-94 , 3X13580 \,t A7s= 4.7-52 k N-m 
and JWdc=£/^-eP+ 4x959£/ / 

The bending moment diagram and the deflected shape of the 
frame have been shdwn in Fig. 9 22. & 

Example 9*12. Analyse the frame shown m tig. 
constant for the whole frame. 




Fig. 9*23 

Solution 

{a) Fixed end moments : 

-10X4 _ _ 5 kN . m Ai fCB -+5 kN-m 
Mfbc — ~ g 

(b) Slope deflection equations: But as Ate is 

The unknown quantities are 6* Oc 6. and*. ^ 
;2 ero, 0, can be expressed in terms of 6c thn • ™ y 

knowns. Treating all these unknowns as positive, we get 

Mab=2EK{ Ob- -j-) 

/ ft 38 \ (2) 

(3) 

Mbc=2EKWb+$c)-5 i 
Mcb=2EK{2Sc+*b) + 5 



Mcd=2EK 
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and ; Mdc=2EK ( 20d+0 c — y )=o 



and q d *=4 



S-Gc 



or 



2 <6> 
(c) Equilibrium equations : 
At joint B t 

Mba+Mbc=Q 

: 2EK^2d B ~~- S )+2Etf(2e*+G c )-5=0 
At joint C, 

AfcB + Mcd =0 
: I 2£AT(2e c -f8 B )4-5-h2£A:( 28c -fO^- ^-^-, 0 

or | ^ 4-26z>-2S+-^==0 (8 > 

(d)z§hear equations : 

2 +-3— =0 

2£* ( e B -I » J+W Mb-4" a } . 

i — — ± ' V 2 ' 2^(2ec+ e 0 - a) A 

2 +; 3 -0 

or 9e B +4e c 4-28 / >-lls=0 (9> 

From equation 7, 83=*— - — 1 1 sj_ 6c 

Substituting the values of Q D and e* in equation 8, we gei 
53 n 8 25 



or 



3=26 e c -h- 2 l 



£tf (J0> 
Substituting the values of 6* and fl/> in equation 9, vferget 

Equating the values of 8 in equations 10 and 1 1, we get 
EK 33 c ^ 53£tf 
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1372 fl _~12_80 9c ^^'iM. (0 

or -53- Oc— or yc EK 

^ -26 X0-933 , 25 _ 0^5 
Hence S= ^ + j^— 

5 3X0-75 , 0933 , 1M39 
^ %EK + 8xST + 4£^C + £tf 
0-75 0*933^ 

fl + £ * 0-842 0-v) 
and 0/>= 2 ~~ ££ 

(c) Ffiw/ moments 

Substituting the values of Bb, 6c, $d and S in equations 1 to 5, 
we get 

M^IEK (-i^f -f5 x ™. ) =+0-028 kN-m 



2-31 




0-028 



(0) B-M.D. 



{to) DEFLECTED SHAPE 



Fig. 9*24. 

The bending moment diagram and the deflected shape of the 
frame have been shown in Fig. 9*24. 

Example 913. The frame shown in Fig . 9' 25 has fixed ends at 

. 0-20 



A and D. The end A rotates clockwise through 



EK 



radians and the 
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B 



2m 



end D slips to the right through ~ £ ~- units.. Find the moments induced 
in the members of the frame and sketch the deflected shape. Take EK 
constant. 

Solution. 

Since there is no external loading, there will be no fixed end 
moments. 

When D moves to the right 
through a known distance A the 
joint B and C will move to the 
right through some unknown 
distance S The movement 5 causes 
rotation of AB and DC and A 
causes negative rotation of CD. 
So, the net rotation of DC with 
respect to AB is the algebraic 
sum of rotations caused by S and 
A- There are thus three un- 
knowns : 8 By 6c and 5. 

(a) Slope deflection equa- 
tions : 

'2x0'2 n 3S ■ 

3 I 



3m 



2m 



EK CONSTANT 



Mab = 2EK 



EK 



Fig. 9-25. 



Mba = 2EK{ 26/,+ -—- 

Mbc=2EK(2Qb+ 6c) 
Mcb=2EK(2$c+$3) 



0*4 



Mcd=2EK 



26c + 3 



(2) 

(3) 
(4) 



(5) 



°'i_8 
EK 



(6) 



{b) Equilibrium equations : 
At joint B. 

Mbi-\~Mbc=0 



or 



or 



2EK\^ 28 B -h 



0-2 
EK 



-S j+2££ (26 fl +6c)= 



111 

THE SLOPE DEFLECTION MbTHOD ^ i 

e c = S -i-4e B < 7 > 

At joint C, 

Mcb+Mcd— 0 

2£/C(28c+8 B )+2^i 26c+3 ^ - 

or 86c+2te+^-3S-0 

(c) Shear equation: 

Mab±Mb4 , Afco+A/nc 
3 2 



or 




+ i 2 — 

«{ fc 4 (£-«)} 

+_ 2 

This reduces to, 

— +68b+Wc-13-8=0 (9)> 

Substituting the value of 8c from equation 7 in equation 8,. 
we get 

8 *--g-32.8a+2e,+-g-3*-0. 

5s „H = 3oe fl 

8 0*4 



or 05 ~ ^ "~30£/C 

Substituting the values of 6c and Qb in equation 9, we get 

s 3l 4 ...CO' 
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Hence fl g = 3 ' 4 - 0'4 ._ (VQ497 

9x6£tf 30£* ~ -g^— radians ...<//) 



and '\ fl^J*— 9: 2 ^ 4x0-0497 

9£x £/r ^ — 

(<0 /Vfla/ moments : 



0*021 

radians ...(///) 



Substituting in equations I to 6, we get the value of moments 
as follows : 



0-OI54 



,: -P l5 6 _^ 



<0 



\0. 



0025 



0*145 (a J 3.M.O. 



A 



B 



tb J DEFLECTED SHAPE 



Fig. 9*26. 

A/,<b=-M>'I45 units ; Mb A =- 0-156 units 
units ; A/ca=40*0I54 units 
Mcd=~Q 0\54 units ; A/z>c= -f 0*025 units 
It is to be noted that the quantity EK has the units of moment 
ine units of the above moments will, therefore, be the same as the 
units of EK. 

The bending moment diagram and the deflected shape of the 
frame have been shown in Fig. 9'26. 

Example 9 14. The portal frame shown in Fig. 9'27 has fixed 
ends. If the end D sinks by t\*find the moment induced in the frame 
The members have the same uniform cross-section. 
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Solution 

When the end D sinks by A. 
the joints C will also sink by A and 
i?C will rotate in clockwise direc- 
tion. There will be side sway also 
on the right side. Let the move- 
ment of B and C, perpendicular to 
the axis of AB and DC be 3. There 
are thus three unknowns; 0b, 0c 
and 8. Since there is no external 
loading, there will be no fixed end 
moments. 

(a) Slope deflation equation* ; 



31_ 



Mas 



2£/.' 38 



(1) 



MBA=i£[2$B-p r ) (2) 



■A 



-2L 



3i V 



Mbc — 



2EI 
2L 



Mcb 



Mcd- 



( 

_ 2EI / 
2L \ 



2e fl +(}c- 



El CONSTANT 



Fig. 9*2 7. 



2e C +0B- 



3A 
2L 

3 A 



2L 



and 



A/ DC — 



2EI 

2L 
2EI 



2L 



(~-ar) 

( *-£) 



(b) Equilibrium equations : 
At joint B. r 

Mba+Mbc^Q 

4E/0B 



3Z, 



2EU , 2EIQb 
3I 2 L 



or 



At joint C, - 

2£/e c , £/0s 3£/A 



£/6c 3£7A 
* £ 2Z. 2 

A-0 



=0 



3 



2L 2 
3 



+ 



2£/6c 3£/8 
2L Z 



=0 
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(c) Shear equation 

±— - 3Z, 3Z. g £ 2L a L 2L 2 

■ "~3L 2Z - 

It reduces to, 



or 



-0" 



or 



i2e B +27e c -35-^=0 m 

Substituting the values of 6b in equation 7, 

L L 3 3 L 2L 

6c -37" L + 74 i 
Substituting the value of 6b in equation 9, 

I5L + 18A _48ec-f27 0c~ 3 -^O 

ft _ 6 A-_ 17 A 
6c ~~7L 21 

Equating the two values of 6c, 

"TL A "2ir S -W S+ 74L 




Fig. 9"2* 
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^ 13. 1 + >7 s _„ 6 A _ 21 A 



°- - 37L ^ 21Z, 7i. 74/, 

or ■ 1-165=0-573 A 

or S=0-4935 A (z) 

Hence 0 c -~ xO'4935 A+ ~ A=0'457 ^- (//) 

and 0*= A x o-4935 A + ^ A~4x0"457 A 

/ =0*412^- m 

Final moments : 

r By substituting the values of0 B( 0cand 8 in equations 1 to 6 

we get the end- moments as follows : 

"■/■-' 0"06£/A , 0 22£-/A 
Mab= jj — ; Mba=-\ 

V ir 0'22^/A 0 '17£/A 

* MBC = L2 ; MCB~ 

' . . , 0-17£/A „ 0-28E/A 

~f e -" McD = -\ jt — ; Mdc — 

Trhe bending moment diagram and the deflected shape have 
been given in Fig 9'28. The values marked in Fig 9*28 (a) are to be 

EI A 

multiplied by the factor ~jjr~ - 

PROBLEMS 

1. A beam ABC t 32 m long, fixed at A and C and continuous over sup- 
port fi, is loaded as shown ia Fig. 9 '29. Calculate the end moments and plot 
the bending moment diagram. 

!2kN 

,A 2kN/m 1 r „ 

jujJUIUAW WJB i £| 

L« 6m *\+ 3m — »4— 3m H 

El CONSTANT 

Fig. 9-29. 

2. A continuous beam ABCD is fixed at ends A and D, and is loided as 
shown in Fig. 930. Spaas AB.BC and CO have moments pf inertia of/, 1*5.1 
and I respectively and are of the same material. Determine the moments at the 
supports and plot the beading moment diagram. 

8kN 16kN 

3kN/m 1 

~ Dfc 



I 3kN/m I 

\ ^ BUi iuniunc I ^ 

*U 2-5— 4m 3*lm-4* 



^_l-5 ^ 2-5—^ 4m *-p m *K" 2m -—| 



Fig. 9 30. 



242 



STRENGTH OF MATERIALS AND MECHANICS OF STRUCTURES 



3. Solve problem 2 if there is no support at D. 

4. -Using t lie slope deflection method, calculate the moments at the 
>upport«f the beam loaded as shown in Fig. 9*31. 



|8kN 



2kN/m ,6kN 



2 m >|< — 3 m — 



2m -*H — 4 m - 



5m 



El CONSTANT 



"Fig. 9-31. 

$ ©raw the bending moment diagram and sketch the deflected shape of 
the frajne^shown in Fig. 9*32. All members a arc of the same material. 



GkN 



1 n H U i i J U U j B \ 



31 



■2m 



31 



3m 



21 



■5m- 



I 

-Im 



l-5m 



Fig. 9-32. 
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6. Draw the beading moment diagram and sketch the deflected shape of 
ihe frame shown in Fig. 9-33. 



I 



2m 



A 



4kN/m 



21 

— 3m 



4kN 



21 



2m 



2m 



21 
3m 



D 

TV 



Fig. 9-33. 

7. The frame ABCDEFshown in Fig. 9-34 has rigid joints throughout 
and is rigidly held at A, E and F. It carries a uniformly distributed load of w 
per unit length along BD. The stifBness ratios of the members are shown in the 
diagram and all the members are of equal length. Determine the bending 
moment throughout the frame and sketch the bending moment diagram. 



w kN/m 



IJJUiU* JTTTT 



uummim 



CO c 



F 



Fig. 9-34. 
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8. A portal frame ABCD, fixed at ends A and Z> carries a point load 2 5 
kN as shown in Fig. 9 35. Draw the bending moment diagram and sketch 
the deflected shape of the beam. 

9. Analyse completely the portal frame shown in Fig. 9.36- 



2-5kN 



■I— L 



21 



■ 3m 



4m 



21 



l-5m 



SkN- 



l-5m 



■ 9kN/m 

I 

— — 2m - 



21 



1*51 
0 



2m 



Fig. 9 35. Fig. 9 36. 

Answers : 

1. M A b 5-25 ; JUkf-+7*5 ; M B c=-1S ; M Cj b=+9-75 kN-m. 

2. M^ s --4-6 kN-m; M BA ~+2-9S: Af B c=— 298; Mcb«=+5*7 
Mcz>=-5-7 ; M£>c= 4-4-27 kN-m. 

3. Af^=— 5-83 ; M B A=+0tt ; Jtfae=-0 55 ; M C s=-H6kN-m. 

4. Mab—— 7 06 kN-m ; Afsj =+3 63 ; Af>c=-3*63 ; JVf C fi=+314 ; 

M C D=-510kN-m. 

5. Mab=—0 B2 kN-m ; M^=+l-35 ; M BC =-1'51 ; Afca=+0S9 
Afco=-0-23 ;M OC =-011 ;M a£ =+015 ; 3f £iJ =+0 078 ; 

A/ C f=-015; Afrc=-0 08kN-m- 

6. JU>ff-+0'91; Af^c= + i-82; AfBc=-l*82;JV/cB= + l-71 ; 
A/cE"=+0'14;Afc£<=-l-85; M £ c=-2'93. 

7. JW^b==H — J2-;M £ : Z )= — ^-;A/bc« — ^ ; Af*^=+ — ; ^ 

AfcF«=Af/c=0. 

8- Af^ B =+0- 137 kN-m ; Af w =-+0-647 ; M S c=— 0 647, Jtf C jJ=+0-461; 

Afci>-= -0-461; M/) C = -0 325. 
9. A/,^-4-34 kN-m ; M BA *"+2'22 ; Af B c-2-22 ; JWca=+3-33 
M cD =-3-33 ; A/£>c=-3-26 ; H,<=4*703<- ; Hd-3J0<- ; 



10 



Moment Distribution Method 



10 i> INtRODUCTION : SIGN CONVENTIONS 

■iThe method of moment distribution belongs to the group of 
approximate methods. Essentially, it consists of solving the simul- 
taneous equations in the slope deflection method by successive 
approximations using a series of cycles, each converging towards ihe 
prfcise final result. The series may, therefore, be terminated when- 
ever one reaches the degree of precision required by the particular 
problem under consideration. It leads to a very substantial reduc-i 
ti on lib the cumber of equations and in the case of structures, where 
joints can sustain angular twists alone but cannot be deflected, the 
method permits to avoid completely the solution of simultaneous 
equations with several unknowns. The method was first introduced 
by Prof. Hardy Cross in 1930. The moment distribution method 
could be used for the analysis of all types of statically indeterminate 
beams or rigid frames. 

The sign convention used in the case of bending of simple 
Sbcams, etc. becomes clumsy if used for the case of more complex 



o 

rmr 



Fig. 10*1 
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beams and frames where more than two members meet at a joint. 
In our earlier sign convention for simple beams, a moment is consi- 
dered to be positive if it bends the beam convex upwards, and 
negative if it bends the beam concave upwards. Thus, for the case 
of structure shown in Fig. lO'l, the three moments acting at the rigid 
joint B t where the three members BA, BC and BD meet, are all 
positive according to the previous convention since alii he three 
moments tend to bend the three corresponding beams convex 
upwards* Hence the equilibrium equation XMb—O at the joint B 
cannot be conveniently applied if the previous sign convention is 
used, though the joint B is in equilibrium. 

However, examination of joint E (Fig. 10*1 ) reveals that the 
moments, Mb a and Mbd are clockwise while the moment Mbc is 
anticlockwise. If the new sign convention is based on the direction 
of the' moment, we get 

Mba+Mbd—M bc — 0. 

Hence in the new sign convention that will be used in this 
method, a support moment acting in the clo ckwise direction w ill b e 
takenM&asitiwMndjh^^ 

A corresponding change^wili nave to be^made while plotting the 
support moment diagram. For anv span of a ^beani-or_meinjier_with 
rigidjojntSjj. a B25*t* ve su PP or ^ momentjo r end moment) at the right 




Fig. 10*2 
Sign convention. 
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hand end will b e plotted above the base line and negative sup port 
moment be lowlhe ba se. Similarly, for the left hand end, the nega- 
tiveeOTmoment is plotted above the base line and positive end 
moment is plotted below the base line, as shown in Fig. 10 2. 

In addition to the above sign convention for the end moments, 
the following sign convention for the rotation and settlement is 
adopted : (!) Aclockwise^xot ation will be taken as positive and 
anti-clockwise rotajio^a^uiegative^) If one end of the beam settles, 
the selltenjeVwlirbetaken as positivejifjt "^rotates the beam as a 
whole inlne^IocEwT^ and negative if it rotates the beam 

as a whole" nTthe anticlockwise direction. 

10 2. FUNDAMENTAL PROPOSITIONS 

For the better understanding of the theory and the mechanism 
of moment distribution, the following fundamental relations and 
deductions for prismatic beams are useful. 

1 . Beam hinged at both ends 

Fig. 10*3 (a) shows a beam hinged at both ends, and subjected 
to a moment ^ at the end A. Due to this, the rotations at the ends A 




Id) 



Fig. 10' 3 
Beam with both ends hinged. 
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and B are Bab and On/ respectively. Fig. 10*3 (b) shows the corres- 
ponding bending moment diagram. Since the beam is hinged at both 
the ends, the fixed end moments Mfab and Mfba are zero. Hence 
the slope-deflection equations for the span AB are : 
2EI 

Mab=-j-[2& A b + Qba] (1) 

and MB4 =2M$ Aa+2 a BA] (2) 

For the joint B t the equilibrium equation is 

Mba=0 
Hence, from (2), we get 

Substituting this in (1) and noting thatM^B^, we get 

If §ab~ unity, we have 

v- =k= ~ (10-1) 

Eq. 10" 1 gives the following important proposition : 
Proposition 1 

The moment k required to rotate the near end of a prismatic 
beam through a unit angle, without translation, the far end being freety 
supported, is given by 

* r 

This moment k is known as absolute stiffness or simply, stiff- 
T he stiffness of a _ memb er is the moment require d to rotate the 
ewMQdtfcowteejv!^ - 

2. Beam hinged at one end and fixed at the other end 

Fig. 10"I4 (a) shows a prismatic beam hinged at A and fixed at 
tf, and subjected to a moment ^ at the hinged end (called the near 
end). Due to moment /*, the end A rotates through angle 8^ while 
cue - station of end B is zero since it is fixed. Let the induced moment 
at the eid *!*(£'. Since there is no external loading on the beam 
except the moment p, the fixed end moments Mfab and Mfba are 
zero. Hence the slope deflection equation are : 

Mab=h=MI [26^+0] (I) 
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or 



From (1), we get 



L 
4EI 
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(2) 

(3) (10*2) 
(4) 



A ,,-""' 



T 

M 
1 




(0) 



i-. 



lb) 



T 



©A8>t NEAR END 

1 



FAR END 



* L 



T 




'■«-, T 



Fig. 104 

Beam with far end find. 

Substituting in (2) the value of *as, we get 



(10*3) 



Eqs. i0"2 and 1$'3 give the following two important proposi- 
tions : 

Proposition 2 

A moment k required to rotate the near end of a prismatic beam 
through unit angle, without translation, the far end being fixed, is 
given by 

k= AIL [10-2(a)l 
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Proposition 3 

fM , A t ™™ nt » hich states the near end of prismatic beam without 

n^flT;f £/flrC ^^^ at the f ar end a moment 

°f o*e half its magnitude™ J in the same direction. 

3. Several members meeting at a joint 

ztzI*M\£VZ\ Sh °T memberS A0 > BO > CO and i)a meeting 
and / * " and L 4 be the lengths and /„ /„ I* 

CO anH respective members AO, BO, 

2 • * ^ aD CXternaI moment is applied at the rigid 
of ?L - ^ J T tWiUr ° tatethr0Ughan an 8 Ie6 ' D ue to the rigid ity 
applied moment,* will be resist£d by aU {he foUf 

rp!T?t - ^' ^ ft and * be the shares of the a PP«ed moment ? 
resisted the members OA, OB, OC and OD respectively, as shown 

m ft nIti^^ ), S ° t ^ t ^ = ^ + ^ + ^ + ^' The magnitudes of these 
moment|4epend upon the stiffness of the members, and are given by 
Eqs. 10" I (a) and 10 2. — 

3E I 

* 1= ~~Lr~ e==Ari9 0) CEq- 101 (a)} 

4E I 

^ == — ff- 6 =^ 9 (2) [Eq. 10-2} 

3.E / 

"Z~ 9 =*38 <3)[Eq. lO-l(fl)] 



^1= 




- 6=^0 








^3 = 




-8=* 8 e 




Fig. I(T5 
Several members meeting at a joint. 
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^ 4 4^ 6 ^ W (Eq- 10*2) 

^4 

where k l9 Jt s , jfc 3 and fc 4 are the stiffness of the members OA, OB, OC 
and OP respectively. From (1) to (4), we get 

Also, from statics 

p.~f»i-t-M2-l- A*3+E^4 

From (I) and (H), we get the following expressions for the 
moments \L lt ft a and ^ 4 : 



and (d) 

Eq. 10*4 gives the following proposition : 
Proposition 4 

A mo ment which tends to rotate a jo int without translation , w ilt 
be divided amongst thec onnectin% m embers at thejpintj^pj^ortion 
to their~ rr ^^iess " . ~ 

The quantities ^ 3 and jfr ate called distribution 

fqctorsjov . the members <X4, 05, OC and 0Z) respectively. The 
moments V* and j* 4 are called the distributed m oments^&nd 

are^ad^rectiQtt opposi te to that of ft. since thev final ly restore the 

equilibrium at the joint. 

. 

Relative stiffness (A') : When several members meeting at a 
joint have different conditions of support at their other ends, it is 
always convenient to express the stiffness of the members in terms 
of relative stiffness. We have seen that the absolute stiffness (fc) of 

4EI 

a prismatic member with far end fixed is • If all the prismatic 

members meeting at the joint are of the same material and are fixed 
at the far end, the stiffness of each member relative to the others 
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may be represented by — . However, if some of the prismatic mem- 
bers meeting at the joints are freely supported at the other end, 

their relative stiffness may be taken equal to -i ■ -i, since the ab- 

4 2j 

solute stiffness of such members is ~ and is ~ of that of the 

L, 4 

members fixed at the far end. 

Example lO'l. Calculate the distributed mementsfor the mem- 
bers OA, OB, OC andOD {Fig. W 5), if their lengths are 150 1 200, 
100 and 200 cm and moments of inertia are 300, 400, 300 and 200 cm* 
units respectively. The applied moment at joint O is 8100 N-cm. 

Solution 



The calculations are arranged in Table lO'I. 

Table lp'l 
(Example 101) 



Member 


Length 
(cm) 


em* 


Absolute stiffness 
<*> 


Distribu- 
tion factor 
k 

w 


] Distribut- 
ed moment 
(N~cm) 


OA 


150 


300 


3Ex300 ,„ 
150 6E 


6 

27 




1800 


OB 


200 


400 


4£x400 
200 ~ 8E 


S 
27 




2400 


OC 


100 


300 


3£x300 
100 


9 
27 




2700 


OD 


200 


200 


4£Tx200 
200 4E 


4 
27 




1200 






Sum 








8100 



10 3. THE MOMENT DISTRIBUTION METHOD 

The basic mechanism of moment distribution can be best 
-understood with reference to Fig. 10*6 which shows a two span conti- 
nuous beam ABC with ends A and C fixedffhe method essentially 
consists of first locking all the joints (which are not fixed) so that 
each span of the structure behaves like a fixed beam) For the present 
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case of Fig. 10'6 (a), joint B is locked against rotation. The fixed end 
moments of the two beams AB and BC are : 



Mf ad— — 



Wab z 



5x3x2 2 



5 2 

5x3 2 x2 



= ~2'40 kN-m 
= + 3*60 kN-m 



Mfbc—- 



WL 



8X5 



= -5*00 kN-m 



M F cb=+~ ^=+5 00 kN-m 



5m- 



0- 



.2 4 



5kN 



8kN 

_L 



-2m- 



• 5m- 



El CONSTANT 



C* (a) 



[BEAM 



5-0 (b) 
— £f F.E.M. 



1-4 



1-4 



"T UNBALANCED 
MOMENT 



^2^-- ^BALANCING 



MOMENT 





A 


B 


C 


te ) MOMENT 






|o 5 


0-5 1 




DISTRIBUTION 


! 


-2-40 


+3-60 


-5-00 


+ 5-00 


F.E.M. 


2 




+O-70 


+O-70 




BALANCE 


3 


40-35 * 






^ +0-35 


CARRY OVER 


4 










BALANCE 


5 


-1-05 


+ 4-30 


-4-30 


+ 5*35 


FINAL MOMENTS 



1-05 



. 4-30kN-m/ini 


Ik 5-35 ... 




W I 




If ) 

FINAL B.M.D. 



Fig. 10'6 
Mechanism of moment distribution 
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The fixed end moment Mfab and Mfbc are negative since they 
act in the anti-clockwise direction, while Mfba and Mfcb act in the 
clockwise direction and hence positive according to our new sign 
convention. Fig. 10"6(6) shows the fixed end moments marked in the 
appropriate directions. At the joint B t there is an unabalanced 
moment of T*4 kN-ra {i.e. 5'00— 3*60= 1*40) acting in the anti- 
clockwise direction. It is this unbalanced moment which keep s the 
joi nt B locked againsTl^atio n^ Actually, joint B is free to rotate. 
Inorder to permit it to rotateTor to unlock it, a balancing moment 
of 4- 1 '4 kN-fi {i.e. clockwise) is applied at B as shown in Fig. 10'6 
(d). Now according to proposition 4, end moment applied at a joint 
is to be resisted by the members mating at the joint in proportion 
to their stifinesses. Here, both the beams have equal span of 5m, 
and their 4©§ also the same. Hence their stiffnesses are equal. Due 
to this the distribution factors at B will be 0'5 for each of the beams 
BA and BC as marked in Fig. 10'6(e) showing the moment distribu- 
tion in the tabular form. Thus, the balancing moment of +1*4 
kN-m is distributed equally to both the beams BA and BC, each one 
getting a balancing moment of +0*70 kN-m, as indicated in step 2 of 
Fig. 10 6(e). Since th e far ends of the beams BA and BC arc fixed , 
th e carry overmomen tsatAhs farends A and C are each 4-0'35 kN -m 
a£m3^te£instep sTTnusTaU the three steps (step 1 - calculation 
of FttM^m^l : balancing the joint, and step 3 : carry over to 
the far ends) constitute one cycle of moment distribution. 

At the third step. Fig. \0'6{e), when the moments are carried 
over from the near ends to the far ends th ere is no carry over _ 
^afia^-tomjoj m 4 

£jjjgg§jg"y fo""*- 7 ' ^MMim^ ^d that a fixed joint does 
not ne ed any^bamcm and il^a bsorbsall the moment s carried o ver 
tpltjro m the other end . Thus, in thelhTrd step, ioifinraocs not have 
any unbalanced moment. The second cycle consists of the balancing 
of the joint B t which, in the present case, is not required. Hence 
there are no balancing moments against step 4 and the moment 
distribution is over. The last step consists of finding the "final 
moments at each joint by taking the algebraic sum of the moments 
m each of the vertical columns for A, B and C. The final moments 
are : 



At A , Mas = - 1 '05 kN-m 

At B, Mba=+M0 kN-m 

Mac = ■— 4 *30 kN-m 



At B, Mba= +4*30 kN-m "V . . t . . . 

I joint perfectly balanced 
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AtC, Mcb= 4-5*35 kN-m 

Fig. 10*6 (/) shows the final bending moment diagram for the 
beam. 

In general, the complete moment distribution process consists 
of a number of cycles. The carried over moments (step 3) may 
constitute the unbalanced moments for the next cycle. The following 
examples explain the procedure for other cases when the far ends of 
the beams may or may not be fixed. For example, if joints A and C 
are not initially fixed, but are hinged, they are locked first, and then 
balanced in step 2. Then, in step 3 joint B receives carry over 
moments from both joints A as well as C. These moments become 
the unbalanced moments for the second cycle, as indicated m 
Example 10*2. 

Example 101 Solve problem of Fig. («) if ends A and C 
are simply supported {or hinged). 




Fig. 107. 

Solution 

Step 2. L»ck the joints A, B and C, jand calculate .the fixed 
en* moments by treating AM and MC as tw» fixed beams. The 
mements are. 

Mfab^-2'A0 kN-m ; A/f^ = + 3'60 kN-m ; 

AfFsc==-5'Q0 kN-m ; Mfcb=+5-00 kN-m 
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Since both the beams have the same values of £ t I and L, and 
have the same end conditions, their relative stiffness will be equal. 
Thus the distribution factors will be 0"5 each at joint B for members 
BA and BC. 

Step 2. Unlock the joints A, B and C in succession, and 
balance them by applying balancing moments in a direction opposite 
to the unbalanced moment at that joint. Thus, at joint A, the 
unbalanced moment is — 2"40 kN-m, and hence the balancing 
moment will be +2*40 kN-m. At joint C, the balancing moment 
will be— 5'OOkNm. At joint B, the unbalanced moment is — 1 "40 
and hence the balancing moment will be 4-1-40 kN-m, which will be 
applied equally (i.e. 4-0*70 kN-m) to each of the spans BA and BC 
at joint B. This is indicated in step 2 of Table 1 0*2. 

Table 102 
(Example 10-2) 



Cycle 


A 


1 


3 


c 






0-5 


0*5 






1 
2 


-2-40 
+2-40 


+3-60 
+070 


-5-00 
+0-70 


+ 5 00 
-500 


F.E.M. 
Balance 


3 

I 

4 


+0-35 
-0-35 


+1-20 
+ 0-65 


-2-50 
+0-65 


+0-35 
-0-35 


Cany over 
Balance 


5 

II 

6 


+0*32 
-0-32 


-0-17 
+0-17 


—017 
+017 


+0-32 
-0 32 


Carry over 
Balance 


7 

IV 

8 


+009 
-009 


-0-16 
+016 


-0 16 
+0 16 


+009 
-009 


Carry over 
Balance 


9 

V 

10 


+008 
-008 


-0-04 
+004 


-0-04 

+004 


+0 : 08 
-008 


Carry over 
Balance 




0 


+6-15 


-615 


0 


Final 



Step 3. Half of the balancing moment, with the same sign 
(see proposition 3) is carried over to the opposits joint. These carried 
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over moments constitute unbalanced moment for the second cycle. 
Hence a line is drawn after step 2. The complete moment distribution 
is shown in Table 10 2. The moment distribution procedure can be 
stopped at the end of any cycle when the needed acc uracy is 
achieved . In the present case, the carried over moments at joint B 
from joints A and Care equal in the third cycle. Hence the proce- 
dure can be terminated at the end of the third cycle. 

Fig. 10'8 shows the final bending moment diagram and the ~ 
deflected shape of the beam. 

Example 10*3. A continuous beam ABCD consists of three span, 
and is loaded as shown in Fig. I0'8(a). Ends A and D are fixed. 
Determine the' bending moments at the supports and plot the bending 
moment diagram. 

Solution 

{a) Fixed end moments (kN-m units) 

2x6 2 



Mfab=-— ~~~J2~~ = ~"6 ; Mfba= ■ 



12 



— + 6 



5x3x2 s . . , 5x2x 2 3 

Mfbc — ^ — =-2*4 ; MecB=+ £ J -^ + 3'6 



5 s 



5 2 





B 21 1 C I I nr 


* i 

6m - 


-•—3m — *K2m-+-2-5m-4*2'5m-^ 
Utf 5m *■+-—- il 



(a) 



■ j* B C Ot 

* "-^ r \ r- { „.r — f tc) 

Fig. 13-8 

{b) distribution factors 

The relative stiffness and distribution factors are calculated i 
Table 10*3. 
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Table I0'3 













Joint 


Member 


Relative stiffness 


Sum 


Distribution factor 


B 


BA 


1 

6 


17/ 


5 

17 





BC 


21 

~f 


30 


12 
1 1 


C 


CB 


21 

5' 


3/ 


2 
3 




CDf 


/ 


5 


1 






5 




"3 



(c) ^foment distribution 

The moment distribution is carried out in Tabic 10*4. The final 
bending moment diagram and the deflected shape of the beam are 
shown in Fig, 10 8 {b) and (c) respectively. 

Table 10"4 

a b c D 





1-5 
17 


12 
17 






~3~ 


1 1 , 
3 1 

i 






—6 00 


+6>00 


-2-40 


+3-60 


-500 


+ 5 00 


F.r-.M. 




-106 


-2-54 


+0-93 


+0-47 




Balance 


-0-53 




+0-46 




-1-27 




+023 


Carry over 




-014 


-0-32 


H-0-85 


+0-42 




Balance 


-007 




+0-42 




016 




+021 


C 




-0-J2 


-030 


+ 


0 11 


+005 






-006 
-001 <_ 


-002 


+005 
-003 


-0-15 
+0-10 


+005 


+0 03 
• +002 


C 

Balance & carry 
over to fixed ends 


-6-67 «- 


+4-66 


-4-66 


+4-01 

i 


—4-01 


+ 5 49 


Final momeots 



Note. It should be noted that the last cycle ends with the 
balancing of hinged or continuous joints and with carry over to the 
fixed joints. 
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Example 10'4. Solve example 20'3 if the ends A and D are 
simply supported (or hinged). 
,aHt& ^Solution : 
•;i:y- -< :{a) Fixed end moments 

#vj*f,k Lock all the joints against rotation. The fixed end moments 
^■wil? jbe the same as found in the previous example. 
al t&*S&) Distribution factors 

Considering joints A and D locked when the other joints are 
balanced, the same distribution factors, as calculated in the previous 
example will be applicable. 

(c) Moment distribution (Table 10*5) 
9 Taele 10*5 

• A B c d 



—6-00 +6J0 
+6-00 -106 



2_ 
P 



-2-40 
-2-54 



+3-60 
+0-93 



-500 
+0-47 



+5-00 
-500 



F.E.M. 
Balance 







-0-53 
+053 


+3*00 
— 102 


+0 46 
-2-44 


-1-27 
+251 


-2-50 
+ 1.26 


+0-23 
-0*23 


Carry over 
Balance 


-0-51 
+0-51 


+0-26 
-0-45 


+ 1-26 
-1-07 


—1-22 
+0-89 


-011 
+0-44 


+0-63 
-0-63 


C 
B 


-0 22 

+0-22 


+026 
—0-21 


+0-44 
-0 : 49 


-0-53 
+ 0-57 


-0-32 
+0-28 


+0-22 
-0-22 


C 
B 


-011 
+011 


+0-11 
-012 


+0-29 
-0-28 


-0-25 
+0-24 


-011 
+012 


+014 
-014 


C 
fi 


-006 
+006 


+006 
-0 05 


+0-12 
-0*13 


-0*14 
+0-14 


-007 
+0-07 * V 


+006 
+006 


C 
B 


-002 
+002 


+003 
-0*03 


+0*07 
-007 


—0*06 

;+o-o6 


-003 
+003 


+0-03 
-003 


C 
B 


000 


+6-78 


-6-78 


+5-47 


-5*47 


000 


Final moments 
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Alternative Solution 

An alternative method of solving the problem is to keep ends 
A and D free throughout the operation,.except in the beginning when 
the fixed end moments are calculated. In that case, the relative 
stiffness of BA and CD will be^ftji of what have been taken in the 
previous example. The revised distribution factors are calculated m 
Table 106. 




Fig. 10-9 

Table 106 



Joint 


Member 


Relative stiffness 


Sum 


D.F. 


B 


BA 


3 1 
4*6 


63/ 


15 5 
63 21 




BC 


21 


120 


48 16 




5 




63 ™ 21 


C 


CB 


2/ 
5 


iu n. 


8 
11 




CD 


3 / 
4*5 


20 


3 
11 



In the first cycle of the moment distribution (Table 10*7), only 
joint A and D are released and balanced, and half of the balanced 
moments are carried over to B and C respectively. A line is then- 
drawn and thc.initial moments are found by taking the sum of the 
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first two lines of the first cycle. In process of the balancing and 
<*rry over that follows in the subsequent cycles, ends B and D are 
kept permanently free so that they neither need balancing nor is any 
moment carried over to them. The moment distribution is shown in 
Table 10*7 

> Table 10*7 

A 4 B C D 





5 


16 




8 


3 








21 


21 




11 


11 






_fi-00 +6-00 


-2-40 


+3-60 


-5-00 4-5 00 


F.E.M. 
















Release A & B 


-1-6-00 +3-00 








-2-50 <- -500 


and carry over 



0 


4-900 


-240 


4-3-60 


-7-50 . 


000 


Initial momenta 


— 


: . -i-56 


-5-04 


4-2-84 


4-1-06 


— 


Balance 






4-1-42 


—2-52 






Carry over 




^ -0-34 


-1-08 


4-1-83 


4-0-69 




Balance 






4-0-92 


-0-54 






C 




. -0-22 


-0-70 


4-0-40 


4-0-15 




B 






4-020 


-0 35 






C 




-0.05 


-0 15 


+0-25 


4-0- 10 




B 






+012 


-007 






C 




-003 


-009 


4-0-05 


4-002 




B 






4-002 


-005 






C 




-o-oi 


-001 


+0-03 


4-0-02 




B 


000 


4-6-79 


-6-79 


4-5-46 


-5-46 


000 


Final moments 



Example 10*5. Solve example J0'3 if there is no support at the 
end D. 
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'Rotation. 

(a) Fixed end moments 

Eods B and C are clamped and AB and BC are considered as- 
fixed beams. The overhanging portion CD becomes a cantilever 
fixed at C. Hence 

Mfab=—6'00 kN-m ; Mfba^+6'00 kN-m 

Mfbc = — T 40 kN-m : M*cb = +3-60 kN-m. 
^ - Mfcd=-Sx2S=-20 kN-m. 




tc) 

Fig. 10*10 



(b) Distribution factors 

The stiffness of t he cantilever CD is zero since it has no* 

SU P^£ t ^Bi?^The ^stributioTfactore at B are caIcaiated^on"tne- 
premise~B3aTTnd C will be kept free throughout the process of 
moment distribution. 

(c) Moment distribution 

In the first cycle of the moment distribution, end C is balanced 
and half the balancing moments are carried over to end B. Aline is 
then drawn and the initial unbalanced moments are found by taking: 
the sum of the moments in the first two lines of the first cycle. lot 
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Table 1t*S 



Joint 


Member 


Relative Stiffness 


Sum 


D.F. 




B 




I 

6 


71 


t 

5 
14 






BC 


_L 27 
^4^,1 5 


15' 


9 
14 






CB 


2f 
5 




1 




C 






21 . 








CD 


0 


5 


0 





the process of balancing and carry over, end C is kept permanently 
free so that it neither needs balancing nor is any moment carried 
over to it. 



Table 111. 



A B C D 







5 
14 


9 
14 






1 


0 










-6-00 


+6-00 


-2-40 


H-3-60 


-20-00 


000 


F.E.M. 










+8-20 


<- +16-40 








Balance Cand 
over to B 


carry 


-600 


a. 


6-00 


+5-80 


+20 00 


-20-00 




Initial 




—213 «- 




4-21 


-7-59 












Balance B and 
over to A 


carry 


— 8-ii 


-S~ 1 "79 1 


-1-79 


+20 00 


-20-00 — 


Finatmoments 



10 4. SINKING OF SUPPORTS 

(a) Beam fixed at both the ends 

In the previous treatment, we have considered continuous 
beams resting on rigid supports which do not yield or sink under 
loads. However, if one of the ends of the beam sinks, additional 
moments will be induced at both the ends of the beam. I fthe sinkin g 
of the support js^ such as to rotate the beam as a whole in the clock- 
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wise direction, the moments at both the ends will be in the anti- 
clock wise direction and of equal magnitude . Similarly, if the sinking 
rotates the beam in anti-clockwise direction, the induced moments 
at both the ends will be in clockwise direction. 

Fig. 10*1 1 shows a fixed beam of span L, with right hand 
support sunk by an amount S. Fig. 10" 11 [a{ii)] shows the component 
bending moment diagram due to the moments M induced at each 
end, while Fig. 1(T 12 [a(iii)] shows the net bending moment diagram. 
The beam has evidently, a point of contraflexure at its middle point. 




mi 



(a ) SINKING OF R.H. 
SUPPORT 



m- 306 



(b) SINKING OF L.H. 
SUPPORT. 



L ^ 




I 



(c) SINKING OF PROPPED CANTILEVER 



Fig. 1011 
Sinking of Supports 



From the conjugate beam method, we get 

Ell 2 3 L 2 ' l L )~ 



Hence 



6EI 



(10-6) 



This is, thus, the expression for the moment in duced at both 
the ends. According to our new sign convention since this moment 
acts irTahti-clockwise direction at each end, it is negative. 
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Similarly, if the left hand of the beam sinks by an amount S 
"Jfig. 10M1 b fi)l, the moment induced at each end is given by 
gq 10*6 and will be positive at each end. 

(b) Beam fixed at one end and freely supported at the 
other end [Fig. 10 : U (c)]. 

If the beam is freely supported at the other end, the moment 
induced at the fixed end will be in the anti-clockwise direction if the 
rotation of the beam as a whole is clockwise and vice versa The 
bending moment diagram will be a triangle having an ordinate M at 
the fixed end. From conjugate beam method, we get 
•Y* 1 (ML 2 T \ ML* 

or / 
i 0 . 5 . CONTINUOUS BEAM ON ELASTIC PROPS 

In the case of a continuous beam supported on elastic props, 
there are usually more than two members meeting at a joint. In 
ich a case, proposition 4 is used. The unbalanced moment at any 
Joint is distributed amongst all the members meeting at the )0$nt in 
; ihe ratio of their relative stiffness. See examples 10*8 to 10*11 tor 
illustration. 

10 6. PORTAL FRAMES WITH NO SIDE SWAY 

A simple portal frame consists of a beam resting on two 
columns The junction of the beam with the columns consist of rigid 
joints The analysis of such a frame, when the loading conditions 
and the geometry of the frame is such that there is no joint transla- 
tion or sway, is similar to that of continuous beam on elastic props. 
' A portal frame may, in general, have more than one span and more 
than one storey. Examples 10*12, 10*13 and 10'14 illustrate the 
procedure of analysis of such frames when they do not have any joint 
translation. 

Example 10 6. A continuous beam ABC is shown in Fig. 10 12 
Siia). Calculate the moments induced at the ends if support.B settle by 
30 mm Draw the bending moment diagram and the deflected shape of 
the beam. Take E=2x 10 s Njmm* and 1=3*10* mm" constant for the 

whole beam. 

Solution 

(a) Fixed end moments 

Clamp the supports B and C against rotation so that each span 
behaves as the fixed beam. Due to downward settlement of support 
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ti^lf^T 4 ^^ as a whole. Hence fixed end moments 
at A and B will be anti-clockwise {i.e. negative) ; 

M FA b=Mfba= ~ 6m -6x2xio 5 x3x; o«x^n 

L 2 (3000) 2 N " mm 

= -12xl0« N-mm = -i2kN-m. 
Similarly, for the fixed beam BC, 

Mfbc=Mfcb=+ j^L-'i 6X2X10 S X3X10 6 X3 Q 

L z ~r (2000)* N-mm 

= +27xI0 fi N-mm=+27 kN-m 
neUheStrS"' * 00 fi « d ^ —s because: 



8 
~2T 



|* —3 m 

i3-*78kN-m 



30 mm' 



2m 



-2m 



!2-*5kN-m 



(o] 




5-56kN-m 



6-07 
(b) 



Y 

Fig. 10' \ 2. 
(b) Distribution factors (Table 10' 10). 

table 10*10. 



(C) 



Ji>mr 


j Members 


Relative-st iffness 








BA 


I 
3 


5/ 


-§-=0-4 






/ 








BC 


2 




3 

- 5 -=0-6 


c 


CB 
CD 


/ 

2 

/ 
2 


I 

i 

i 


1 

-r-« 

1 
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(c) Moment distribution (Table 10* U) 



TABLE 10*11 

A B C D 



0 4 


0-6 05 


0-5 


F.E.M.- 
Balance 


—12-00 -12 00 
-600 


+27-00 +27-00 
-9 00 -13-50 


-13-50 -.. 


-3 00 - 
- +270 


-6-75 -4-50 
+4*05 +2*25 


- -6-75 
+2-25 - 


Carry over 
Balance 


+1*35 - 
- -0-45 


+ 1-13 +2-03 
-0-68 -101 


— . +1*13 Carryover 
— 1-02 — Balance 


-022 

- +0-20 


-0:50 -0-34 
+0-30 +017 


-0"51 

+017 - 


Carry over 
Balance 


+010 - 
- -003 


+0-08 +0-15 
_005 -003 


_ +0-08 
-0-07 


Carry over 
Balance 


-002 - 
_j_Q-01 « -0-02 


-004 -003 
+0 02 +0 01 


_ -003 
+0-02 +0-01 


Carry over 

Balance and carry 
over to A and D 


-13-78 —15-56) +15-56 +12-15 


-1215 -607 


J Final moments 



The bending moment diagram and the deflected shape of the 
beam are shown in Fig. 10*12 (6) and (c) respectively. 

Example 10*7. A horizontal beam ABCD is carried on hinged 
supports and is continuous over three equal spans each of 3 m. All the 
supports are initially at the same level. The beam is loaded as shown 
in Fig. 10-13 (a). Plot the bending moment diagram and sketch the 
deflected shape of the beam if the support A settles by 10 mm, B settles 
by 30 mm and C settles by 20 mm. The moment of inertia of the 
whole beam is 2'4 X 10* mm! 1 units. Take £= 2 X 10 5 N(mm*. 
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Solution. 




Fig. 10*13. 

(a) Fixed end moments 

Clamp all the joints against rotation so that each span behaves 
as a separate fixed beam. The fixed end moment at each end, will 
be the algebraic sum of the fixed end moments caused by the external 
loading and the settlement of supports. 

For the span AB t end B sinks by 30-10=20 mm | relative to 
end/*, and hence the F.E.M. due to this settlement will be of 
negative sign. 

,\ A/r,„=:-g? j £/ S— jL* 3 6x2xl0 5 x2-4xl 0 6 x20 



8 L 2 ~~ 8 (3000)»xTO fl 
= -3-6*4=-9*4 kN-m 

M~m= 1 WL - 6El * ■ 8x3 6x2xl0 5 x2-4xlQgx20 
8 ^ 8 (SOOO^XIO 2 

= -f-3-6'4= -3*4 kN-m. 
For the span BC, end B sinks 30 -20=10 mm j relative to end 
C. The F.E.M. due to this settlement will be clockwise (i.e. positive) 
since the sinking of the supports rotate the beam as a whole in the 
anticlockwise direction. 

w & ■ 2X3*. 6x2xl0 6 x2-4xi0 6 Xl0 



Mfbc — 



12 12 ^ (3000) 2 xl0 6 

= -r5~f-3-2 = -H-7 kN-m 
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=1-54 3"2=+4'7 kN-m. 

For the span CD, end C moves 20 mm 4- relative to £), and 
hence the F.E.M. will be positive. 

Wab* , 6£/S 
Mfcd=— La ~t-jT- 

9 x1 x2 a , 6x2Xl0 5 x2'4xl0 6 x20 
— 3 s h (3000) a Xl0 6 

= _4 + 6-4=+2'4 kN-m 
Wba 2 , 6£/S 

MFDC=-\ JJ~ ~\ Jj~ 

QX2X1 2 . 6X2X10 5 X2-4X10 6 X2 0 
+ 3* tfOOOfXlO 8 



= +2+6'4=* +8*4 kN-m 
Distribution factors (Table 10'12) 

Table 1 01 2 



Joint 


Member 


Relative stiffness 


Sum 


D.F. 




BA 


3 / 
"4 " L 




3 

7 


B 






71. 






BC 


1 
L 




4 

7 
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(c) Moment distribution (Table 10 13) 

TABLE 10'13. 

A B C D 



-9-40 
+940-* 



-3-40 

+4-70 



+ 1-70 



+4-70 



. F.E.M. 
+2 40 -f 8-40 Balance A & D 
\ and carry over 
4-20 t- -8 40 to B and C 



000 



+ 1*30 
+1.<29 



+0:36 



+ 1-70 
-1-71 



+4-70 
-1-66 



— 1-80 
-1-24 



000 



Initial moments 
Balance 



-0-83 
+0-47 



-085 
+0-49 



+0-36 



Carry over 
Balance 



7 . 

-0*11 



+0-25 
-014 



+0-24 
-0-10 



-0-14 



+002 



Carry over 
Balance 



-0-05 
+003 



-0-07 
+0-04 



+003 



Carry over 
Balance 



000 



+0-28 



-0*28 



+2-79 -2-79 



000 



Final moments 



The B.M.D/andTThe deflected shape are shown in Fig. 101 3 (b) 
and (c) respectively. The beam has four points of contraflexure. 

ExamplelO'*. A continuous beam ABC is supported on an elas- 
tic column BDf and is loaded as shown in Fig. 1014. Treating joint B 



IOkN 
_L_2L 



r 



-m 



■3m 



3m 



• 3m 



fftuf 



Fig. 10-14. 
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as rigid, analyse the frame and Mot the B.M.D. and sketch the deflected 
shape of the structure. 
Solution 

{a) Fixed end moments 

10x2x3 2 



Wab % 

Mfad= jj- 



Mfba — ' 



Wba % 



5 2 

10x3x2 2 



Mfbc — ■ 



L 2 
wL z 



5 2 



--7*2 kN-m 
-=4-4"8 kN-m 



2x3 2 



= -1*5 kN-m 



12 12 
Mfcb=* + V5 kN-m ; Mfbd=Mfdb=0 
(b) Distribution factors (Table 10*14) 
Table 10*14 



Joint 


Member 


Relative stiffness 


Sum 


D.F. 




BA 


21 
5 




i ■ 
'24 

159 =0 ' 405 


B 


BC 


3 / / 

4 3 4 


59/ 

"60 

1 


15 

-59 =0'254 




BD 


/ / 
3 3 


t 


20 

-59 =0-340 



(c) Moment Distribution (Table 10 3 5) 
Table 10 1 5 



A 




B 






C 




BA 


BD | 


BC 










0 406 


0 340 


0254 








—7-20 


+4-80 


000 


-1-50 
-0*75 «- 


4-1-50 
— 1 50 


F.E.M. 
Balance C and carry 
over to B 


—7-20 


+480 


000 


-2-25 


000 


Initial moments 




-103 


-0-87 


-0-65 




Balance 


—0*52 












Carry over 














Balance 


—7-72 


+3-77 


—0 87 


— 2'9( 


) 




j Final moments 
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From proposition 3, 

A/ O fl=*Mim=H-0'87H-0-435^-0-44 kN-m 

The B.M.D. is shown in Fig. 10'15. The dotted lines show 
the deflected shape of the beam. 




0-44 



Fig. 10'15 

Example 10*9. The continuous beam shown in Fig. 10' 16 has 
rigidly Jixed ends at C and D, is pinned at E and has rigid joints at A 
and B. The members are of uniform section and material throughout. 
Sketch the bending moment diagram for the frame, showing all impor- 
tant values. Also, find the values of the horizontal and vertical reactions 
at DandE. 

Solution 

(a) Fixed end moments : 

w 12X1 X2 1 I2X2XI* 16 8 
M FAB = _ r _ = _ T - T 

--8 kN-m 

12x2x1* , 12xlx2« , 8 .16 

Mfba=^ p— + = + y+"3 

-=+8 kN-m. 



Foment distribution method 
4x4 2 



Mfbc = — 
Mfcb 



12 
4X4 2 



12 



5*33 kN-m 



^+5'33 kN-m. 
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i i 4k N/m t 



3m 



D 



im » | « 1m 

3 m 



- 4 m ■ 



Fig. 10" 16 
(b) Distribution factors (Table 10' 16) 
Tadle 10*16 



AB 



Jotnt 


Member 


Relative stiffness 


Sum 


O.F. 




AD 


I 

~3~ 


j 1 

1 2 a 



=0-5 



HA 




/ 

~3 








0-4 


BE 


3 
4 


/ _ 
3 


/ 
4 


10/ 

,- 12 




03 


BC 




/ 
4 








0-3 
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(c) Moment distribution (Table 10*17) 
D A 



Table 1017 
B 



Jo - 

6^ 





AB 




0-5 


0-5 





000 000 
— +4-00 



BA 



—8-00 +8-00 



+4-00 -107 



BE 
0-3 



000 



—080 



B 
C 



Ci> 



\ 

—5-33,/ 



-5-33/ +5*33 



—0-80 — 



F.E.M. 
B 



+2-00 . — 1—0-53 +2 00 
— • 4 0-26 I +0-27 —0-80 



—0-60 



— —0-40 
— 0 60 — 



C 
B 



+0-13 




1—0-40 


+013 






—0-30 


C 




• +0-20 


+0-20 


—005 


—0 04 


—004 




B 


" +010 




—002 


+010 






—0-02 


c 


+001 


*- +0*01 


+001 

i 


—004 


—003 


—003 


-*— 001 


B AC 


+2-24 


j +4-47 


-4-47 


+8-27 


—1-47 j 
1 


—6-80 


+4-60 


Final 
moment 



The bending moment diagram is shown in Fig. 10*17 



4-60 




Fig. 10*17 
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(d) Calculation of reactions 

Considering the equilibrium of AD and taking moments 



about A* 



3 3 



get, 



or 



•or 



Similarly, taking moments about B t of all forces below B, we 

-1-47+3//e=0 

He= ^-MT49kN*-. 

Taking moments about B, of all forces to the right to B, 

-6*80+4*60-4Kc +4 X 4 X 2=0 
Kc=7-45kNf 
Taking moments about B, of all forces to the left of 5, 

8'27+-2*24+3K o -(3x2*24)-(12xi)-(12x2)=0 

A Fz>=10'74kNt. 

Considering the vertical equilibrium of the whole frame 
F£+7*45+10-74-12-12 (4x4) 

Example 1010. Analyse the rigid frame shown in Fig. 10" 18. 



2kN/m 



2kN 



Ja^ 21 



21 
4m 



2m 



2m 



J 



21 

■2m- 



-4kN 



JSr 



Fig. 1018. 
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Solution 

(a) Fixed end moments 
Clamp all joints. 

1 x 4 2 

Mfab = -—~- —2'67 kN-m 

Mfba = +TW kN-m 
Mfbc=~ 2X2=— 4 kN-m 

A/fz>*=+2 kN-m 
(6) Distribution factors (Table 1018) 
Table 10*18 



Joint 


Member 


j Relative stiffness 


.Sum 


D.F. 




BA 


21 




2 






4 




3 


B 


BC 


0 


3/ 


0 








4 








/ 




1 




BD 


4 




3 



(c> Moment distribution (Table 10'19) 



Table 10*19 

; i 



AB 


BA j £C 


< 

BD j Z)# 


Member 




2/3 


0 J 1/3 

1 i 


Distribution 
factor 


-2-67 

- - n 


-J-2-67 
* +2-2-2 


-4-00 
000 


-200 
-hill 


+ 200 


F.E.M. 
Balance 










+ 0-56 


Carry over 
Balance 


-1-56 


+4-89 


—400 


-0-89 


+2-56 


Final moments 
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4-89 




2-56 



Fig. 10-19- 

Fig. 10*19 shows the bending moment diagram and the deflec- 
ted shape of the structure. 

Example 10' 11. Draw the bending moment diagram and sketch 
the deflected shape of the frame shown in Fig. 10'20. 

Solution 

(a) Fixed end moments, 

Mf bc - - - - 3 kN-m ; Mfc b = + = + 3 kN-m 

Mfce=+ ^-+2 kN-m; A/fec — — 2 kN-m 

{b) Distribution factors (Table 10"20) 
(c) Moment distribution (Table 10'21) 

The bending moment diagram and the deflected shape of the 
f rarae are shown in Fig. 10*21. 
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4kN/m 



+ 



21 

■ 3m 



4kN 



21 



2m 



2m 



21 
■ 3m - 



0 



Fig. 10-20. 







Table 


10-20 




Joint 


Member 


i 

j Relative stiffness 


Sh/*t 


D.F. 




z 

BA 


1 31 

2 6 




-y- =0-43 


B 






7f 
6" 






BC 


21 4/ 
3 6 




4 

— =067 




CB 


21 1 4/ 
3 6 




04 


C 


CE 


21 _ 3/ 

4" ~~ 6 


10/ 

6 


03 


i 

i 


CD 


3 2/ _ 3/ 

4 4. 6 




0-3 
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' A Table 10-21 


A 


B 


c 


D 


E 


Joint 


AB 


BA 


BC 


CB 

• 


CE CD 


DC 


EC 


Member 


1 0-43 


0-57 


04 


03 


0-3 | 




D.F. 


— 


+ 1*29 


-300 
-1-71 


+3-00 
-200 


+200 
-1-50 


-1-50 




-200 


F.E.M. 
Balance 


+6*65 
+0-21 


+ 0-43 
+0-07 


-100 
+0-57 


+0-£6 
-0*34 


, -0 26 ' -0-26 


— j -0-75 


Balance 


—017 J +0-28 
+0-10 1 -012 


-008 


-0 08 


— | -013 


Carry over 
Balance 


+004 
+001 


+003 


-006 
+0 03 


+005 
-0 02 


-0 02 


-0 01 




-004 
—0-01 


Carry over 
Balance and 
Carry over to 
Fixed ends 


+091 


+ 1-82 -1-82 


+ 1-71 


+0-14 | -1-85 




—2-93 jFinal moments 




2-93 



Fig. 10-21. 
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Example 10*12. Analyse the portal frame shown in Fig. W22 by 
moment distribution method. The frame is fixed at A and D and has 
rigid joints at B and C. Draw the bending moment diagram and sketch 
the deflected shape of the structure. 

■Solution 



; 6kN/m 



2m 



■ 4 m- 



Fig. 10-22. 

{a) Fixed end moments 

MfBc-=~ 6x ^- = -8 kN-m ; M FCB =+*^ . =H-8k-N-m 
(b) Distribution factors (Table 10*22) 
Table 10*22 



Joint 


Member 


Relative stiffness 


Sum 






BA (or CD) 


I 21 
2" 4~ 


31 


2 
3" 
















4 






BC (or CB) 


/ 




1 






4 




3" 



ffc7 Moment distribution (Table 10*23) 
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B 



Table 10'23 
c 



D 





+ 5-33 


-80 

H-2-67 


+80 
-2-67 


-5-33 




F.E.M. 
Balance 


+2 67 


+0-89 


— 1-34 

-i-0-45 


+ 1-34 
-0-45 


—0-89 


—2-67 


Carry over 
Balance 


-f 0-44 


+0-15 


-0-22 
+0 07 


+0 22 
-007 


-0 15 


-004 


Carry over 
Balance 


+007 
-J-0-01 *• 


+0 02 


-003 
+0 01 


+003 
-0 01 


-0 02 -> 


-007 
-0 01 


Carry over 
B, and CO 


+319 


+6-39 


-6-39 


+639 


-6-39 


-3 19 


Final moments 



The bending moment diagram and the deflected shape of the 
structure have been shown in Fig. I0*23(a) and (b) respectively. 



^rTTTnrrrr^ 



12^kN-m 



6-39 



•fee- 




/3-I9 



(o) 



319 



tb) 



: / ft 10 ' 23 ' V . • . 

For finding out the horizontal reaction at B, consider the 
equilibrium of AB. Taking moments about B, we get 

3194-639 



-+-4'79 kN=4'79kN 



Similarly, Hd^ 3 ' 19 . 6 ' 39 - ^-4 79 kN-4'79 kN« 
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Example 10*13. Analyse the portal frome shown in Fig. 10' 24. 
Draw the bending moment diagram and the deflected shape of the 
structure. 

Solution 



20kN 20kN 
B | C j 51 | D 



3m 



-2m 



■2m 




2m —f. — 2m- 



21 



Fig. 10-24. 



(a) Fixe&end moments 



Mfbc=Mfcd=-^- ^=-10 kN-m 



M;fcb^Mfdc^+ ^-= + 10 kN-m. 



(6) Distribution factors (Table 10*24) 
Table 10*24 



Joint 


Member 


Relative stiffness 


Sum 


Z).F. 


B (or D) 


BA (or DE) 


21 8/ 

"3" !2 


12-5/ 
12' 


0 64 




BC (or DC) 


1-5/ 4-5/ 
4 12" 


0-36 




CB 


1-5/ _ 3/ 
4 8 




0333 


C 


CF 


3 /_3/ 

4 2 8 




0*333 




CD 


1-5/ 3/ 

4 8 




0-333 
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(c) Moment distribution (Table 10*25) 
Table 10*25 

v4 B C D E 



BA BC 
0-64 0 36 




CB 
0-333 


CF 
0-333 


CD 
0-333 




DC 
0-36 


DE 
0-64 






— +6-40 


—10-00 +100 
+3 '60 — 


— 


— lO'O +io-oj — — 
- —3-60 |— 6-40 ' — 


F.E.M. 
B. 


+3*20 — 


— +1-80 




—1-80 — 


— —3-20 


CO. 
B. 


+3-20 +6-40 


—6-40 +11-8 


0 


—11-8 +6-40 


—6-40— 3-20 


Final 
moments 



Moment at column base=0 



The bending moment diagram and the deflected shape of the 
structure have been shown in Fig. 10*25. 



6-4 


A ,h 

T*p^ 20kN-m \ 


8 A >v 

y zo 

y \ \ 


6-4 






L 





Fig. 10-25 

Example 10*14. Analyse the single span double storey portal 
frame shown in Fig. W'26. The ends A and F are fixed. 
Solution 

(a) Fixed end moments 

Mf be~- - 3 * 9 ' =-20*25 kN-m 
Mfeb= +20*25 kN-m 
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31 
9m 



6m 



21 



21 



3kl 

Ennnnnn 



N/m 



6m 

J 



21 
A 



31 



21 
F 



Fig. 10-26 
(b) Distribution/actors (Table 10*26) 
Table 10*26 



Joint 


Member 


k 


Sum 


D.F. 




BA 


V I 
6 3 




1 

'3" 


B 


BE 


3/ / 
9 3 


I 


I 

3 




BC 


It I 
6 3 




1 
3 


C 


CB 
CD 


21 _ I 
6 3 

3/_ / 
9 3 


■ 2/ 
3 


1 

? 

1 

2 



(c) Moment distribution (Table 10*27) on page 285. 
The bending moment diagram and the deflected shape of the 
frame have been shown in Fig. 10*27. 
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1-46 kN-m 



1-46 




Fig. 10*27. 

Example 10*15. Analyse the box culvert shown in Fig. 10'28. 
All th^joints A, B t C and D are rigid. Plot the bending moment diagram 
and the deflected shape of the frame. 

Solution 



12 kN 



H — 3m 4 " 



3m- 



4m 




El CONSTANT 



^H iftrttrrtti in 



2kN/m 



Fig. 10*28 
(a) Fixed end moments 

M FA b?=-^=-~?- = ~V6 kN-m 
Mr ba = + ~ = + ^~ - + 1*07 kN-m 

Mfbc= — 9 kN-m ; Mfcb=+9 kN-m 

Mfcd= — 1"07 kN-m and Mfdc= + V6 kN-m 
2x6 s 

MFAD—+—f=— — +6 kN-m and Mfda^—6 kN-m 



• MOMENT DISTRIBUTION METHOD 

(b) Distribution factors (Table 10*29) 
Table 10*29 



Joint 


i 

Member 


Relative stiffness 


Sum 


Z).F. 




AD 


£ 


" 12 


51 


04 


A 




I 


3/ 




0-6 




AB 


A = 


12 






BA 


I 






0-6 


B 


4 


12 


5/ 






/ 


21 


12 


0-4 




BC 


6 : 


12 





(c) Moment distribution 

The frame may be cut in AD and opened out. The moment 
distribution will be carried out as usual as shown in Table 10'29. 

Table 19*29 



(£>) A B C D (A) 


0-4 


o-ej 0-6 


0-4 04 


0-6 0-6 


0-4 


F.E.M. 
B. 


+600 
—1-76 


—1-60 +1-07 
—2-64 +4-76 


—900 +9 00 
+317 —317 


—107 +1-60 
-4-76 +2-64 


—600 
+ 1-76 


4-0-88 
^-1-30 


+2-38 -1-32 
— 1 96 +1-75 


— 1-59 4-1-59 
+ 116 —116 


+ 1*32 —238 
—1-75 +1-96 


—0-88 
+ 1-30 


CO. 
B. 


+0-65 
—0-61 


+0-87 —0 98 
-^0*91 +094 


—0-58 +0-58 
+0-62 —0-62 


+0-98 —0-87 
—0-94 +0-91 


—0-65 
+ 0-61 


CO. 
B. 


4-0-30 
—0-31 


+0-47 —045 
—0-46 +0-45 


—0-31 +0-31 
+0-30 —0-30 


+0-45 —0-47 —0-30 
—0-46 +0-45 +0-31 


CO. 
B.. 


+3-S5 j— 3-85 4-6-23 


-0-23 +6-23 


—6-23 +3-85 


—3-85 
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The B.M.D. and the deflected shape have been shown in Fig, 



10*29. 



6-23 




6-23kN-m 



to] 




Fig. 10*29 

10*7. PORTAL FRAMES WITa SIDE SWAY 

' In the case of continuous beams, etc.. the effect of yielding or 
settlement of supports was taken into account by introducing initial 
fixed end moments. In the case of portal frames, however, the amount 
of *sway' or joint movement is not known and the analysis is done by 
assuming some arbitrary fixed moments. These assumed fixed mo- 
ments due to side sway are then distributed and the reactions 
(horizontal as well as vertical) are found. Th^gebr^mofjhe 
horizontal reactions due to the asjume^swayjnomen^ 
to^be^^orce. If not, "the "assumed sway moments are reduced 
proportionately as discussed below. 
Causes of Side Sway 

The portal frames sway due to one of the following reasons : 
v (*f Eccentric or un symmetrical loading on the portal frame. 
J#f Asymmetrical out-line of portal frame 

Oy Different end conditions of the columns of the portal frame. 

Non-uniform section of the members of the frame. 
^) Horizontal loading on the columns of the frame, 
.^y Settlement of the supports of the frame. 

(7) A combination of the above. 

Method of Analysis 

The analysis of portal frames with side sway is done m the 
following steps : 
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loads and distribute the moments. 

(b) Ca.cu.ate the horizontal and ^J^J^^ 
algebraiUnj^^ 

^55^3^. ^tude 

of P " 

\/„2 (a) Remove the holding force P and permit the joints 

4umUab.es.av moments at the four joint C ^ 

^ iL^be^ie^ese arbitra.y sway moments. 

(b) Calculate the horizontal and vertical reactions due to the 
(W Calculate ui a i ae braic sum of the horizontal reac- 
assumed sway moments. The_algeoran.j. S w Trforce~S 

■*^E^^ZoT^£rZ£^ must be of 
proportionately as discussed below. The sway 
such magnitude that the algebra.c sum of the horizontal 
due to sway is equal to the sway force S. 

Let and ff 3 be the horizontal reactions. 

Then, Actual Sway Moments- cX Assumed Sway Moments. 
Thus the actual sway moments are known. 
Step 3 («) The final moments at each joint will be equal to 

in step I (a) and the moments due to actual sway 

step 2). . r 

(W The final reactions will be equal to the algebra.c sum of 

those found in 1 (i>) and 2 (6). 

Ratio of Sway Moments at Column Heads U 

Wh^hejoin*^^ 
two co^^M^S^^^-^'- J** ™ Heoend 
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iB' 
I 



tcTIc 



L2 



Case!. Both ends hinged (Fig. 10*30) 

Consider a portal frame with 
dimensions as shown in Fig. 10*30. 
Let a force P cause the frame to 
sway, so that the joint B moves to 
B' through a horizontal distance 
Considering no change in the length 
of BC y joint C Will move to C 
through distance fi. 

From 10-4, for a beam 
hinged at one end and fixed at the 
other, the .fixed end moment due to 
movement or settlement ' of the 
support is.given by Eq. 107. 

- 

ment,1s^ Iy ' thefiXed eDdm0mem induced at c due to move- 

3£7 2 3 



■ 



Fig. 10*30. 



(0 



Mcd—' 
Dividing (/) by («), we get 



Hi) 



(10*8) 



Mcd ■ 

^J™ b0th J t ^ columns ""ate in the same direction, the 
moments Mb, and Men will be of the same sign (either positive or 
negat.ve, as the case may be). For the case of Fig. 1 "30 bort Z 

l%X£££Szr- si8n since °" colL - ~ - 

Case II. Both ends fixed 
movent ^icc= S aP ° rtalfrainefixedat ^th the ends, lie 



For the beam ^45, fixed at 
ends ^ and B, the fixing moments 
due to the movement of the joint 
B by S is given by 

6£7 T S 



Mba~Mab~ 



(0 



For the beam CD, fixed at 
ends Cand D, the fixing moments 
due to the movement of the joint 
C by 8 is given by 

i-2 



6 K 



/ 
/ 
/ 



IB 




Fig. 10*31 
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From(0 and («)» we get 

Mba /i/V 



(10*9) 



Mcd 

Both the moments, Mba and Afcc, will always be of the same 
sign For the clockwise rotation (o r for the sways to the right), the 

sway molnehTs^r^OlII^^ ( ° r 
for "brswa^To^^JeftJu _the.away momente^Utbe_pQsi^vejL 

Case III. One end fixed and other end hinged 
Let us now take the case of a porta! frame fixed at one end and 
hinged at the other end, as shown 



in Fig. 10*32. 'The movement P- 
BB'=CC=?i. 

For the beam AB, fixed at 
A and B, the fixing moments due 
to the movement of the joint B i 
by S is given by 

For the beam CD, fixed at 
C and hinged at D, the fixing mo- 
ment due to the movement of the 
joint C by S is given by 



-H&k 



It* 

L2 



1 



6 k 

— 1 , 



Fig. 10' 3 2 



Mcd— 



From (0 and (ii), we get 

Mba _ ItJLi* 



Mcd 



(10*10) 



Thus equations 10*8, 10*9 and 10*10 give the ratio of the 
moments induced at the column heads due to side sway, for vanous 
end conditions. 

Example 10*16. Analyse the portal frame shown in Fig. W 33. 
The end AisfixedandD is hinged. The joints B and C are rigid 
Drat the bending moment diagram and sketch the deflected shape of 
the frame. 

Solution 

As the load is acting on the joint, there will be no fixed end 
moments, However, due to side sway, moments will be induced at 

joint A, B and C. 
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lOkN 



-4m 



4m 



El CONSTANT 



o 



Fig. 10 33 



Distribution factors (Table 10*30). 

Table 10'30 



Joint 


Member 


Relative stiffness 


Sum 


D.F. 




BA 


I 
4 




0-5 


B 




21 










4 






BC 


/ 
4 




05 


C 


CB 
CD 


/ 41 
4 - 16 

3/3/ 
"4" x 4 - 16 


11 

16 


0-57 
0 43 



Side Sway 

Under the action of the 10 kN load, there will be side sway to 
the right and the columns^ and CD will rotate in a clockwise 
direction. Thus negative moments will be induced at A, B and C in 
these columns. As the end A is fixed and D is hinged, the ratio of 
moments will be : 

Mb a _ _2ljLS 2!_/V_ _ 2_ 
Mcd I 2 fL^ — If4* ~ 1 
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Also Mba = Mab 

Let k first of all, assume arbitrary values of these moments 
and find out the corresponding sway force. 
Let Mcd= - 5 kN-m 

Mba=Mab=-W kN-m 
Moment distribution (Table 10 31) 



Table 10*31 

4 R <* . 


> |«5 
L tO 0 -k> ° 


0-5 j 0-57 


0-43 


F.E.M. 
Balance 


+5-0 +2-86 


-50 0 

+2-14 * — J 


M-2-50 - 
-0-72 


+ 1 *t3 T* J" 

-071 -1*43 


-107 - 


Carry over 
Balance 


-Q-36 - 
+0-36 


-0-72 -0*36 
-f-0-36 +0-21 


+0-15 - 


Carry over 
Balance 


+0-18 - 
_ -005 


+0-10 -r018 
-0-05 -010 


_ | Carryover 
_0-08 - | Balance 


-003 - 
+ 0-01 *~ H-0-03 


-005 -003 
+0 02 +0-02 


+001 - 


Carry over 

Balance and 
Carry over 


_ 7 . 70 -5-38 j +538 +3-85 -3-85 0 


Final moment 


i -7-70-5-38 13 08_ v:)7 kN ^ 
Horizontal reaction at A~^ A ~ 4 

3*85 

Horizontal reaction at £ = 0"963 kN*- 



The sway force causing the assumed moments=3*27+ 0*963 

=4*233 kN-* 

But actual sway force is 10 kN: hence the moments will be 



increased proportionately in the ratio of -^j, as shown in Table 
10*32. 
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C D 



Table 10*32 
B 



Sway= 


=4-233 kN 


-7-70 


-5-48 


+5-38 


+3-85 


-3-S5 


0 


Sway--= 


10 kN 


-18-18 


-1273 


+ 12-73 


+909 


-909 


0 



The horizontal reaction at A = 



3-27 
4*233 



X 10=7'72 kN- 



The horizontal reaction at D= X 10=2*28 kN*- 

The bending moment diagram and the deflected shape have 
been showo in Fig. 10"34. 




9-09 



1848 



la) B.M.D. 



F 

(b) DEFLECTED SHAPE 



Fig. 10-34 

Example 10*17. Draw the bending moment diagram and sketch 
the deflected shape of the frame shown in Fig. 10'35. The ends A and 
D are fixed and BC is loaded with U.D.L. of 6 kNjm. 



3m 



6KN/m 



-2 m 



21 



C S 



2 IT. 



la) 



lb- 



Fig. 10-35 
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Solution 

(a) Fixed end moment? 

Mfbc ^£*£. = _2 kN-m ;Mec B =+2 kN-m 
Let a horizontal forc^P be applied at B to hold I it against 
translation. The moment distribution is then done as usual. 

(b) Distribution factors (Table 10"33). 

Table 10*33 




(c) Moment distribution (Table 10" 34) 
V Table 10*34 



D 



A . 


057 1 


043 




jo-5 


0-5 








o o 

+ 1-14 


-20 

+0-86 


+20 
-10 


0 

-10 


0 


F.E.M. 
Balance 


+0-57 


+0-29 


-0-50 
+0-21 


+0-43 
-0-21 


-0-22 


-050 


Carry over 
Balance 


+015 


+0-06 


-o-n u -' 

+ 0-05. 


+010 
-005 


-0 05 


-oil 


Carry over 
Balance 


+003 ; 

+0-01 


+0-02 


—003 
+0-01 


+003 
-0-02 


i ~~ 
-0-01 -* 


-003 


Carry over 

B. & Carry over 


+ 0-76 


+ 1-51 




+ 1-28 


-1-28 


-0-64 


| Final moments 
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Horizontal reaction at A, A 0 = ° 76 ^ 1 51 =— 3 27 -0*76 kri-*p 



and horizontal reaction at Z>, k d = i^±2l*t = -L2? =0 96 kN^ 



The value of P pr eventin g side sway =0'96— 0'76' 
: " =0*20 kN** 



4r 



(d) Side Sway 

Now let a sway force 3* 40*20 kN jbe applied at C. This will 
cause the columns AB and DC~\o rotate in anticlockwise direction 
and thus clockwise moments will be induced at column heads such 
that 

M*± _ A/£i 2 - 2//9_ _ 8 

We shall assume arbitrary values of sway moments in the above 
proportion. 

Let Mba = Mau = +% kN-m- and Mcd^Mdc = +9 kN-m. 
O) Distribution of correcting moments (Table 10'35) 
Table 10*35 

. ' A B C D 







0-57 


0 42 




|-0-5 

i 


0-5 








+ 80 




+80 
-457 


-3-43 


-4-5 


+ 90 
-4-5 


+ 9-0 


F.EM. 

Balance 

i 


-2-29 


+ 1-29 


-2-25 
+0 96 


-1-72 
+ 0 86 


+0-86 


-225 


Carry over 
Balance 


+0-64 




-0-25 


-1-0-43 
—018 


+048 
-0 24 


-0-24 


+0-43 


Cany over 
Balance 


— 0-13 


H 


007 


-0-12 
+005 


-0*9 
+0-05 


+004 


-0 12 


i 

■ Carry over 
Balance 

i 


-i 0 04 




-0*01 


-! 0 02 
-001 


+003 
-0 02 


-001 


+0-02 


Carry over'- 
Balance 


1-6*26 


H 


4-53 | 


— 4-53 




-515 


+5-15 


+708 


Final moments 
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Horizontal reaction at A = 



6-26+4-53 10'79 



^=3*60 kN- 



3 3 
^ 5-15+7-08 12*23 , M 

Horizontal reaction at D^= ^ 5=1 ~2 

So the sway force, which induces the assumed moments 
= 3'6+6'12=9*72 k*J*; 

But the actual sway force is=0*20 kN*- 
The correction in the moments may now be carried out as 
shown in Table 10*36. 

Table 10*36 
A B C D 



1. Sway=9-72kN 
t2. Sway=0 20kN 
- 7 3. Non-sway 

.4. Final moments 



+6-26 +4-53 

+0-12 +0-09 

+0-76 +1*51 

+0-88 +1-60 



-4-53 
-0-09 
-1-51 
-1-60 



-515 
-010 

+ 1*28 
+ 1-18 



+5-15 +7-08 

+010 +015 

-1-28 -0-64 

-1 18 -049 



The final reactions are as follows : 

A 0*88 + 1*60 
Horizontal reaction at A= = 



=0*83 kN-* 



Horizontal reaction at D= 



2 

For vertical reaction at A take moments about Z), 
2FW0-83 X 1)-(12 X D+0-88-0-49-0 
K^=6*22 kN and Kd=12-6-22-5*78 kN 
The bending moment diagram and the deflected shape have 
;been shown in Fig. 1 0'36. 



•or 




0-49 



la) B.M.O. 



(b) DEFLECTED SHAPE 



Fig. 10*36 
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Example 1018. The frame shown in Fig. 10*37 is hinged at A. 
The end D is fixed and the joints B and C are rigid. The column CD 
is subjected to a horizontal loading of 2 kNjm. A concentrated load 
of 6 kN acts on BC at 1 mfrom B. Analyse the frame completely and 
sketch its deflected shape. 

Solution 



6kN 

1 I » ' l 1 i fa .. ■ mm | 



3m 



J' A 



■1m -4*-lm 



1*51 



to) 



4m 



•D- 



Z 
■*■ JC 
■* CM 



I — 

I 

1 

I 

1 

I 



(b> 



Fig. I0'37. 
Table 10'37 



Joint 


Member 


Relative stiffness 


J Sum 


D.F. 




BA 


3 l-5/„ 31 
T 3~~ 8~ 




3 
7 


B 






11 

8 






BC 


/ 41 

2 8~ 




4 . 
7 


C 


- 

CB 


1 21 

2 4 


3/ 
"4* 


2 
3 




CD 


/ 
4 




i 

3 
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(a) Fixed end moments 

Mf bc== _ I*!.*!! = __ i -5 kN-m; Mfc b = -f i '5 kN-m 

Mfcd =- l^-^-rei kN-m ; MrDc^+l'M kN-m 

(b) Distribution factors (Table 10'37) 

(c) Moment distribution 

Assume a horizonal force Mo be applied at the joint B to 
prevent the side sway. The moment distribution, neglecting the sway 
will then be carried out as shown in Table 10*38. 

Table 10'38 



A B C D 





3 
7 


4 
7 


2 

"3 


1 

3 


i 

i 

| 


0 0 

- +0-64 


-1-50 +1-50 
+0-86 +0-78 


-2-67 +2-67 F.E.M. 
+0-39 — 1 Balance 


— -017 


+0 39 +043 
—0-22 -0-29 


_ +0-20 
-1-40 — 


Carry over 
Balance 


— +006 


-0-15 —on 
+009 +007 


_ —007 
+0 04 — 


Carry over 
Balance 


— -0 02 


+004 +005 
—002 —003 


\ __ +0-02 
J —002 —0-01 


.Carry over 

bVc.o. 


— +051 


-051 +240 


—2-40 +2-81 


Final 
moments 



Horizontal reaction at A= ° ~ l — 0'17 kN-* 



For horizontal reaction at D i.e., h dy taking moments about C 
for equilibrium of CD, 

h dX 4=4x2x2+2-81 -2-40=16-41 

or A d =4-10kN 

So i> s =8-0-17-4-l«=3 , 73 kN -+ 
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(d) Side Sway 

As actually there is no force like P acting at joint B, so apply 
an equal opposite force 5=3*73 kN *- at joint C to neutralise the 
effect of P. 

This sway force S will rotate the column in anticlockwise direc- 
tion and thus inducing clockwise moments at the end of the columns. 
The ratio of moments is as under : 
Mcd _ 27/16 = 6_ 
Mb a 37/2x9 8 
So let Mcd = Mdc = -b 6'0 kN 
and Mff. 4 =+80kN 

{e) Distribution of correcting moments (Table 10*39) 



Table 10'39 





3 


4 




2 


1 








f 


7" 




3 


V 








+ 8-0 








+60 +60 


F.E.M. 




-3-43 


-4-57 


-40 


-2-0 





Balance 





+086 


-20 
+ 1-14 


-2-28 
+ 1-52 


+0-76 


-1-0 


Carry over 
Balance 




—0-33 


+0-76 
-0-43 


+057 
+0-38 


— 019 


+0-38 


Carry over 
Balance 




+008 


-119 
+0 11 


-0-21 
+0-14 


+0-07 


—010 


Carry over 
Balance 




-003 


+007 
-004 


+006 
-004 


-002 


+0-P4 


Cr.rry over 
Balance . 




+0 01 


-002 
+001 


-002 
+001 


+0-01 


—001 


Carry over 
Balance 


0 


+5-16 


—5-16 


—4-63 


+4-63 


+5-31 


Final 
moments 
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Horizontal reaction at A— — ^ — = 1*72 kN 

„ 4-634-5-31 9-94 . ... ... 

Horizontal reaction at D=- ^ = -4— = 2 485 kN 

Corresponding sway force^l'72+2*485-=4'205 kN«- 

But the actual sway force is 3*73 kN only. Hence the moments 
will be reduced proportionately aad added algebraically to the non- 
sway moments as shown in Table 10*40. 





A 


Table 10'40 
B 


c 


D 


1. Svvay-4-205 kN 


i 0 

1 


+516 


-5-16 


-4-63 


+4-63 


+5-31 


2. Sway=3-73 kN 


io 

1 


+4-58 


-4-58 


-4*11 


+ 411 


+471 


3. Non-sway moments 


! 0 


+0 51 


-0 51 


+2-40 


-2-4C 


+2-81 


4. Final moments 


!o 


+5'09 


-509 


-1-72 


+ 1-71 


+7-52 




Fig. 10*38 
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Horizontal reaction at A — 



5 09 



Horizontal reaction at D= 



-1*70 kN- 



8x2 + 1*71+7*52 



-6*3 kN- 



For vertical reaction at A, taking moments about D t 
V a X 2=6 X 1+8x2- l*70xl-7*52 = 12*78 
or F a =6*39 kN f 

Kj=0*39 kN| 

Tbe bending moment diagram and the deflected shape of the 
frame have been shown in Fig. 10'38. 

Example 10*19. Use the method of moment distribution to ana- 
lyse the portal frame shown in Fig. 10*39 if the hinged support D sinks 
by an amount A. The members have the same uniform cross-section. 

Solution 



C P 



•5L 



2L 



i 

Fig. 10*39 

(a) Fixed end moments 

When the hinged end D sinks, the end C of the beam will also 
u \ settle, by the same amount. Due to settlement, there will be side 
sway in the right side. Let a force P be applied at C to prevent this 
side sway.. 

The. settlement of end C will induce moments in BC in anti- 
clockwise direction. 

Mfbc=;Mfcb=-^J^ =-6c(Say) 



where 



c= 
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{b) Distribution factors (Table 10*41). 

Table 10*41 



Joint 


member 


Relative stiffness 


bum 


D.F. 


B 


BA 


1x2 11 
3L ~ 3L 


5/ 


ft -A 




BC 


I 3/ 
/,~ 3L 


"3L 


06 


C 


CB 


/ 8/ 

L ~ 8L 


11/ 


0-73 




CD 


3/3/ 

4 x 2L = 8Z, 




0*27 



(c) Moment distribution 

Table 1042 

A B CD 



0-4 

- " - 

- +2'4c 


0-6 jo-73 

-6-0c -60c 
+3-6c +4*36c 


0-27 

— - 

' + 164c - 


F.E.M. 
Balance 


+ l-2c - 
- -087c 


+2-18c +l-8c 
— l-31c — i-31c 


-049c - 


Carry over 
Balance 


-044c - 
- +026c 


-0-66c -066c 
+040c +048c 


+0-18c - 


Carry over 
Balance 


+013c - 
- -0-lOc 


+ 0-24c +0-20c • 
_0 14c -014c 


-0 06c - 


Carry over 
Balance 


-0 05c - 
- +003c 


-007c —007c 
+004c -h005c 


+0 02c - 


Carry over 
Balance 


-f0*02c - 
-O'Olc «- +001c 


+003c +002c 
+0 02c —002c 


-001c - 


Carry over 
B & CO. 


+085c +l-71c 


-1-71C -l-28c 


+ 128c 0 
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The moment distribution, assuming absence of sway, will be 
as shown in Table 1 0"42. 

0*85c+l*71c 1713c 

Horizontal reaction at A = 



3/2/, 
1_*713£/A 
/» 
l'28c 



0*64£7A 



2L 



Horizontal reaction at D = 

£/A 2*353£/A 
P=(l-7l3+0'64) ~ = 3 . 

(d) Side Sway 

Now apply a force S=- 2 -^~- at B in opposite direction 
to that of P. Side sway will induce anticlockwise moment A, B and 

' " i 2 /£ 2 2 1/4 9 

Arbitrary values of sway moments in above proportion are 

assumed as given below: _ 

0 ; 25 

(e) Distribution of correcting moments : 

Table 10*43 
r C 



D 



|0-4 

_80 -30 
_ +3-20 


0-6 jo" 

4-4-80 4-1*64 


H 

-2-25 - 
4-0-61 - 


F.E.M. 
Balance 


-fl-60 - 
_ -HO 33 


O-0-82 +2-40 
„0-49 —1-75 


-0-65 - 


Carry over 
Balance 


-016 - 
_ +035 


_0-87 -0-24 1 -- - 
4-0-52 -0-17 j 4-0-07 


Carry over 
Balance 


40-18 - 
_ .-0-04 


4-009 -fO-26 
-0-05 -019 


^~ — r Carry over 
_0-O7 _ ■ Balance 


_0 02 - J -° 09 -° 03 
+0 02«- +0 : 04 j+0-05 +0-02 


4-0-01 - 


Carry over 
B.&C.O. 


_ 6 . 3S ._4-7S| 4-4-78 4 2-28 


-2-28 - 
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The distribution of these sway moments is carried out as shown, 
in Table 10*43. 



The horizontal reaction at A = — 



6-38+4-78 7-44 
3/2L L 



2"28 1-14 
The horizontal reaction at D— = — ~£ < 



The sway force == 



7*44 . T14 



8*58 



: c 2-353 £/A . . 
But the actual sway force is and hence the sway 

moments will have to be corrected accordingly and added to the 
non-sway moments as illustrated in Table 10*44. 

Table 10*44 

ABC 



1. Sway= 



8-58 



2 . sway^^ 

3. Non-sway 
moment 

4. Final moment 



-6-38 
1-75E/A 



-4-73 

_1'31£/A 
L* 



0-85£/A 
+ IS 

_ 0-90E/A 



1-71£/A 



+ 



04£/A 



4-4-78 

, 1-31E/A 
~*~ £* 

171E/A 



0-4E7A 



4-2-28 
063EJA 



+ 



L 2 
1-28E/A 



0-65£/A 



-2-28 

0-63E/A 
' L* 

1-28E/A 
h L x 

0-6S£/A 



The bending moment diagram and the deflected shape have 
been shown in Fig. 10' 40. The values marked in the figure are to be 

multiplied by the factor — ^ — 




Fig. 10-40, 
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Example 10*20. Analyse the double span single storey portal 
frame shown in Fig. 10' 41. The beam BC is loaded with a U.D.L. of 
3 kN/mnm. The ends A, F and E are hinged and joints B, C and D 
are rigid. The moment of inertia of beams is double the same for the 
columns. 

Solution 



T 

3m 

l 



3kN/m _ 

nnmrD c 



-4 m- 



21 



■4m 



21 0 



P 



Fig. 10-41. 



ifl) Fixed end moments 
3x4* 



Mfbc=- 



12 



= — 4 kN-m ;-Mfcb—+4'Q kN-m 



(b) Distribution factors (Table 10*45) 
Table 10*45 



Joint 


Member 


Relative stiffness 


Sum 


D.F. 




BA 


3 / /' 

4 x 3 4 




0-33 








3/ 
4 






BC 


21 
4 




0-67 


C 


CB 
CF 


21 
4 

3 11 

4 x 3 4 


5/ 
4 


04 
0-2 




CD 


2/ 
4 




M 



(a) Moment distribution 

Let a horizontal force P act at joint D to prevent the side sway. 
The moment distribution is carried out as shown in Table 10*46. 
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Table 10*46 
c 



0-33 
BA 



+ 133 



0 67 
BC 



04 

CB 



-40 +40 
+2-67 -1'60 



0-2 
CF 



-0-80 



0-4 

CD] 



067 
DC 



-1-60 



0-33 
DE 



F.E.M. 
Balance 



-J-O-27 ! 


_0 80 4-1-33 
+0-53 -0-53 


l 

-0-27 


_ -0-80 
-0-53 +053 


+0-27- 


Carry over 
Balance 


__ ; _o-27 + 0-27 I 
+0-09 j +0-18 - 0 * 22 


-010 


+0*27 -0-27 
-0-22 +018 


+009- 


Carry over. 
Balance 


+004 


-Oil +009 
+0-07 -007 


-004 


+0-09 -011 
-0-07 +0 07 


+0-04- 


Carry over 
Balance 


-001 


—003 +004 
-002 -0-03 


-o-oi 


+0-03 -003 |- - Carryover 
-0-03 +0 02 ' +0 01- j Balance 


- 4-1-74 


„i-74 +3-28 | -1-22 


—2*06 -0-41 


+0-41- 





1*74 __q.co 
Horizontal reaction at A- — 3- 



Horizontal reaction at E- 
Horizontal reaction at F= 



0*41 



3 
1*22 



=0*137 kN- 



=0*407 kN< 



So 



P=0*58+-0*137-0*407.-0*31 kN< 



<d) S0e sway 

t t« force S-0'31 kN- be made to act at. joint B to neu- 
*J£Zi * - *C and » = - 

Let us assume an arbitrary 
moments. 
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0) Distribution of sway moments (Table 10*47) 
Table 10"47 

B C D E 



1 

BA 
033 


BC 
0-67 




CB 
04 


CF 
0-2 


CD 
0-4 




DC 
0*67 


DE 
0-33 






F.E.M. 
B. 


- -100 

- +3-33 


+6-67 


+4-0 


-100 

+2-0 


+4-0 


+6-67 


—10-0 - 
+3-33 - 


- -0-67 


+2-0 +3 ; 33 
-133 -2-67 


— 1-32 


+333 +20- 
-267 -1-33 


—0-67- 


CO. 
B. 


— +044 


-1-33 -0-67 
+0-89 +054 


+0-26 


-0-67 -t-33 
+0-54 +0-89 


+0-44 - 


CO. 
B. 


- -009 


+0-27 +0 45 1 - 
-0-18 -0-36 +0 18 


+ 0-45 +0-27 
—0 36 —0 18 


-0 09 - 


CO. 

B. 


- -fO-06 


-018 -009 
+0:12 +007 


- 

+004 


-009 -0-18 
+007 +0-J2 


+0 06 - 


CO. 
B. 


- - 

- -001 


+003 +006 
-002 -005 


-0 02 


+006 +003 
-0 05 -0 02 


-0-01- 


CO. 
B. 


- +0*01 


-003 - 
+0-02 - 




- -0 03 

- +002 


+001 - 


CO. 
B. 


- -6-93 


+6-93 +4-61 


-9'22 


+4-61 +693 


-6-93 - I Final 

* Moments. 



6*93 

Horizontal reaction at A=— ^-=2*31 kN<- 



6"93 

Horizontal reaction at E=-—~ =2*31 kN<- 

9*22 

Horizontal reaction at F=-y— =3*07 kN<- 

Sway force corresponding to assumed moments 

=2*31 +2*31+ 3'07=7-69 kN-*- 
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But the actual sway force is 0 31 kN. Thus the sway moments 
will have to be reduced proportionately. These may then be added 
to non-sway moments to obtain the final moments as shown in 
Table '0*48. 



Table 10*48 

c 



A B 


CB 


CF 


CD 


D E 


1. 


Sway =7 69 kN 


0 -6*93 


+ 6-93 +4-61 


-9-22 


+4-61 +693 


-6-93 0 


~2. 


Sway=0-31 kN 


0 -0-28 


+0 28 +0 19 


-0-38 


+019 +028 


-0-28 0 


3. 


Non-sway moments 


0 +V74 


-1-71 +3-28 


-1-22 


-2-06 -0-41 


+041 0 


4. 


Final moment 


0 +146 


-1-46 +3 47 


-1-60 


-1-87 -013 


+013 0 



Horizontal reaction aU= 1 =0*485 kN-* 



Horizontal reaction at F— ^° =0*53 kN-*- 

r*13 

Horizontal reaction at E*= -y-=0*045 kN-*- 

For vertical reactions taking moment about C for equilibrium 
of left side portion, 

0'485x3+3x4x2-3-47=K fl x4 
or 4K fl =21*99 
or F a -5'5 kN f 

Taking moments about C for the equilibrium of frame on right 
!hand sjde, 

K € x4=-0*045 x 3-r87=-2'005 




fig. 10 42. 
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or - ; ' ^=0"50" I 

K/=124-0'5— 5*5=7*0 kNf 
IChe bending moment diagram and the deflected shape have 
been shown in Fig. 10*42. 

10 8. PORTAL FRAMES WITH INCLINED MEMBERS 

|ithe previous article, we have considered the sway moments 
due to^e moment of the column heads in a direction perpendicular 
to th^jfntre line of the columns. Due to such movement, the beam 
BC ngpL motion of translation only. If, however, the columns are 
incliOfpio the vertical, the column head will move, due to side sway 
in af^ction perpendicular to the centre line of the column thereby 
giving motion of rotation to the beam BC in' addition to the 
mot^of translation. Due to motion of rotation, the beam BC will: 
also have sway moments at joints B and C. In order to find the ratio 
of swaj moments we shall consider the three cases with different end 
conditions. 

Case I : Both Ends Hinged 

'•fetus consider a portal frame ABCD, hinged at A and D. Let 
the column AB be of length £„ moment of inertia /, and its inclina- 
tion to the horizontal be e,. Similarly, let the column CD be of 
length s, moment of inertia / 2 and its inclination with horizontal 
be 6 2 ; Let the beam fiC be of length^ and its moment of inertia 
be /. 

Let the frame be distorted as shown in Fig. 10*43 due to sway. 
Since the displacements are small, joint B will move to B x in direc- 
tion 5^ perpendicular to Similarly, joint Cwill move to C t in 
direction CC\ perpendicular to CD. Consequently, the beam BC will 
be distorted to i^C^ 

Let BB^^ and CC x ^ r Draw lines B X B' and C X C perpen- 
dicular to BC from B x and C x respectively. 

Let 8 = Vertical displacement of C with regard to if after dis- 
tortion, 

or S-^S' + C'C, 

Considering no change in the length of the beam BC, we have 
BB'=CC 

or Si sin sin t! 2 0> 
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piacement of various jo.nts. From J he ^ ^ 

L» be calculated .n terms ^of ^ f ° r / ^ feed at B and hinged 

Now considering column AB as a oea. 
at A with the joint displacements, we have 




Fig. 1043. 

Similarly, for the column CD, we have, 

3£/A < 4 > 

Consideringtheheam^as^edat^Cand the Join. C 
having displacement 8 with respect to B, we have, 

From equations (3), (4) and (5). we get 

2fS Hi- • (10*11) 
Mbc : Mba : Afco : : ~jr * l* ' L * 

po.i.iv .IS- i»« *= bt ™ * 
direction. 



3J2 
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Case II : Both Ends Fixed <Fig. 10*44) 

With the same notations as that of Fig. 10*43, we have 

Sj sin Oj^Sj sin % (1) 

and * =8* cos Gl+S, cos S 2 (2) 

Considering column AB to be fixed at A and B, the movement 

of the joint B by ^ will cause moments in the column AB. Thus 



Mb a — Mad 



A 2 



(3) 



B B' 





Fig. 10*44. 
Similarly, for the column CD, we have, 

M cd = Mdc = — ^t,— 



and for the beam BC, we have 

Mhc = Mcd = 



T 2 



(4) 



(5) 



(I0i2) 



6£7S 

Hence from (3), (4) and (5), we get 
sx , Mbc : Mba : M C /> : : : 

For the case of sway illustrated in Fig. I0'44, A/sc will be of 
positive sign while Mba and Mcd will be of negative sign. 

Case II : One End Fixed, Other End Hinged (Fig. 10 45) 

In this case also, we have 

Sj sin 0! = ,^ sin 0 3 (1) 
at,d 3-=^ cos Qj + Sj cos 0 2 (2) 
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For the column AB, fixed at A and B, we have 



B B' 




rhr — - 




(3) 



Fig. 10'45. 

Tor the column CD, fixed at C arid hinged at D y w have 

_3£/ 2 8 2 
Mcd = — 

For the "beam BC, fixed at B and C, we have 

Mbc=Mcb = — rr z — 



(4) 
(5) 
(10-13) 



•From (3), (4) and (5), we get, 

„ " AY 2/S • • 7252 

Mac : A/e.< : mcd . . -yT" • £ 2 • £ 1 

Example 10*21. Analyse the portal frame shown in Fig. 10'46. 
The end A is fixed and D is hinged. The beam BC is loaded with a 
(U.D.L.o/5 kNjm. 



B 5kN/m C 



ho A 




©i C C 




El CONSTANT 
la) 



lb) 



Fig. 1046. 
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Solution 

(a) Fixed end moments 
5 x3 s 

Mpbc^-t — = -3*75 kN-m ; Mfcb = + V75 kN-m. 



(b) Distribution factors (Table 10'49) 
Table 1 0*49 



Joints 


Member 


Relative stiffness 


Sum 


D.F. 


B 


SA 

\ BC 


I 3/ 
5 15 

/ 51 
3 15 


8/ 
15 


Via 

0-62 


C 


CB 


4=0-33/ 
-T* 372 = 0 ' 18 ' 


0-51 / 

i 


0-65 
035 


(c) Moment distribution 

Table 10*50 

. A B c n 




0*38 


0-62 1 0 65 
1 


035 


F.E.M. 
Balance 


+ 1-41 


-3-75 +3-75 
+2-34 -2-44 


i 

-1 31 


4-0-70 - 
+0-46 


-1-22 +1-17 
+0-76 -0-76 


-0-41 - 


Carry over 
Balance 


+0-23 
+007 


+0-14 


-0-38 +0-38 
+0-24 —0-25 


—0-13 - 


Carry over 
Balance 


+005 


-0-13 +0-12 
+0-08 -0 08 


-0 04 - 


Cany over 
Balance 


+0 03 _ 
+001 +002 


-004 +004 
+0 02 - 0 02 


-002 . - 


Carry over 
B. and CO. 


+ 104 +2-08 


-2-08 +1-91 


-1-91 - Final 
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Assuming a horizontal force P to be applied at joint C as 
shown in figure 10'46(a) to prevent the side sway of the frame, the 
moment distribution is carried out as shown in Table 10 50. 
To find out the reactions at A and D proceed as follows : 
Taking moments about B for equilibrium of AB, 
F fl X3+l*04+2'08-4X/i a 

4ft«=3F a +3'12 (D 
Taking moments about C for equilibrium of CD 
T,x3+l*9l«A*x3 
or 3^+1-91 =3A, (2) 

Also, P=h d -h a (3) 

Taking moments about A for the equilibrium of the whole 
frame we get, 

j/ rf x9-Px4=5x3x4-5~/iiX 1 + 1*04 

or 9F,+A d -4P=66-46 (4) 

Also K„+F,-(5x3)=15 (5) 

Substituting the value of P in (5), we get 

4/i4-4A fl =66-46 ( 

Now adding equation (1) and (6). we get, 
9F - +5A.«66"46+3K.+3*12 

or : 9K - +5A rf -3(15-^)«66*46+V12 
or 12^+5^-114*58 

Substituting the value of hi from equation (2), 
l2K d +5(^+0*637)=H4-58 

or Frf=6-93kN 

Hence . K,-15-6'93~8*q7 kN ^ 

Substituting in equation (2), we get, 

3/b=3F,+r91 = 3x6-93+l-91=22-7 

or A rf =7-57 kN 

Similarly from (1) we get A«=6'83 kN 

From equation (3), we get, 

_P==7'57-6'83=0'74 kN-- 
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(d) Side Sway 

Now apply a force S=0*74-«-at Cin opposite direction to that 
of P to neutralise its effect. The frame will now experience side sway 
as shown in Fig. 10*46(6). 

Now, let BB^ Si ; CC 2 =$ 2 

Difference in level of B x and C 1 =S=S 1 cos O^Sj cos 6 8 
or ! S=!Sl x! +82X _^ 



Also S t sin § x =% 2 sin 8. 



2 



or 8, x -j- =8 2 x or 8,= S 1 

so ,„ f 3 I , i+ -^, 1 _-Z r2 8a 



~4V2 A 5 1 5 
Hence S,=y 3=0*7148 

and s 2 =-t^S--0'808 S 

Wnw w 6£'/x0-714S 

Now M^b= — = — =0 \l\EIt~MsA 

>i~ 25 

Mbc=Mcb=-~ 9 — = -0*667 £/S 
and ^J^ = l^^^o-l35^ 

Keeping these relations between the fixed end moments we can 
put arbitrary value of each bending moment as follows : 

Ma B =Mba=+5'QQ kN-m 
Mbc=Mc b = — 19*50 kN-m 
Mci>= + 3*95 kN-m 
(e) Distribution of sway moments 

The moments may .now be distributed as shown in Table 10*51. 
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A 


B 






c 






D 






0-38 


0 62 






0-65 


0*35 








+500 


+500 


-19 50 




-19 50 


+3-95 


0 


F.E-M. 


. _ - 


+5-52 


+8*98 


+ 1010 


+5-45 




Balance 


-2-76 " 




+505 


+4-49 






- 


Carry over 




-1-92 


—3- 13 




-2-92 


-1-57 




Balance 


■ -0-96 




-146 




-1-57 








Carry over 




+0-55 


+0*91 


+ 1-02 


+ 0-55 




Balance 



+0-28 



-019 



+0 51 
-0 32 



+0-46 
-030 



—0-16 



Carry over 
Balance 



-010 




-0-15 


-016 






Carry over 


: +0-03 


+006 


+009 


+010 


+ 0-06 




Balance 


+7-01 


+9 02 


-9-02 


-8-28 


+ 8-28 




Final 



Taking moments about B for equilibrium of AB, 
r a x3+701+-9*02=A' a x4 
or 4/-'.=3K' 0 +- 16*03 

Taking moments about C for equilibrium of £>C, 

h' e x 3-^x3+8*28 
Also S=h' c +h' 4 
and V m =V'i 

Taking moment about A for the equilibrium of the whole 
frame, 

K' d x9+0-7l+/i' rf Xl=5x4=4A' o -+4A' i 
Substracting (1) from (5), we get 

9r rf +7*014-A' d -3r rf -16-03-47j', 
or 6F' rf -9-02 = 3A' rf 



(1) 

(2) 
(3) 
(4) 



(5) 
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Substituting the value of 3h' d from (2), we get 



6^-9'02=3r if +8*28 
or 3K',= 17*3 

or kN I 

and K' a =5-77kN| 

Also 3A',,-3xr J +8-28-17-30+8-28=25*28 

or A' d =8*53 kN-»- 

From equation (1) 

4A' B =3x5-77+l6-03-33-33 

or /i' a =8'33kN^ 

So ,S-8*33+8-53=16-86 kN. 



The actual-sway force is 0*74 kN only and hence the moments 
will have to be induced accordingly. The final moments will be 
found out as shown in Table 10*52. 

Table 1052 







A 


B 


c 


D 


1. 


Sway=16-86 kN 


+ 7-01 


4-9-02 


—9 02 


-8-28 


4-8-28 


0 


2. 


Sway =0-74 kN 


-t-0-31 


4-0-40 


-0-40 


-0-36 


4-036 


0 


3. 


Non-sway moment 


+ 1-04 


4-208 


-2-08 


4-1-91 


-191 


0 


4. 


Final moments;. 


4-1-35 


4-248 


-2-48 


4-155 


-1-55 


0 



Vertical reaction at ^=8*07+-^!- X 0*74=8*32 kN t 



Vertical reaction at £>=6'93- ^6^x0-74=^86 kN t 
Horizontal reaction at ,4=6*834- xO'74=r20 kN-> 



8*53 

Horizontal reaction at D=T51 — xO'74^7'20 kN+- 




Fig. 10*47. 
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The bending moment diagram and the deflected shape have 
been shown in Fig. 1 0*47. 

Example 10*22. Analyse the inclined portal frame shown in 
Fig. 10'48 completely and draw bending moment diagram and deflected 
shape of the frame. 

Solution 




Fig. 10*48. 
-4B=3V2=4*24 m 
{a) Fixed end moment 

MsBc = —**l' 5i --3-13 kN-m ; Mfcb^+VII kN-m 



Mfcd^~^~-=-2'0 kN-m ; Mfdc = + 2*0 kN-m 

{b) Distribution factors {Table 10*53) 
Table 10*53 



Joint 


Member 


Relative stiffness 


Sum 


D.F. 


B 


BA 




06361 


0-37 




BC 






0-63 


C 


CB 


2-5 -°' 4/ 
4--0-5/ 


09/ 


0-44 




CD 




0-56 
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(c) Moment Distribution 

A force P is applied at joint C, as shown in Fig. 10'48(a) and 
moment distribution is carried out as indicated in Table 10*54. 

Table 10'54 

A B CD 



Si 




0-37 


0-63 




j 0-44 


0 56 










+ 1-16 


—3-13 
+ 1-97 


+313 
-0 50 


-20 
-063 


+2-0 


F.E.M- 
Balance 


+0-58 




4-0-09 


-0-25 
+0-16 


+0-99 
-0-43 


-0-56 


-0-32 


Carry over 
Balance 


+005 


+008 


-0 22 
4-011 


+008 
-004 


—004 


—0-28 


Carryover 
Balance 


+0-04 


+001 


—0 02 
+001 


+0-07 
—003 


-0-04-* 


—002 
—0-02 


Carry over 
Balance 


+067 


+ 1-34 


-1-34 


+3-27 


—3'27 


+ 1-36 





For equilibrium of AB, taking moments about B, 
K o x3+0-67+-l'34=3A fl 

3A a =3F B +-2*0i 0) 



Taking moments about C for equilibrium of DC, 
8xl-f l*36-3*27=A rf x2 
or ^=3-05 kN- 

Also P=h a +h d -%=h a + 3*05-8 

=/r„-4*95 (2) 
Now, taking moments about A for the equilibrium of the whole 
frame, we get 

3*05 Xl-Px 3+6 x2-5x4'25+r36+0'67=8x2+F (i x5-50 
Putting value of P from (3) and solving, we get, 

67-68-3/r fl =S'50 V d 
Adding (1) and (3), we get 

67*68-5*50 K fl +-3P\+-2'01 
Also K.= 15~f, 
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So. 67-68=5*5 K <i + 3{15-^)+2*01 

-2-5Kj+-47*01 
or F d = 8"27kNt 

and K fl =15-*'27=6*73 kN t 

Substituting the value of V a in equation (1), we get, 
3/i«=3x6*73+-2*0l = 19*86 
or A fl =7*40 kN- 

From equation (2), we get 

i>=7*40-4-95=2-45 kN-> 

; (d) Side Sway ' 

; ; ; Now apply, a force S— 2'45 kN-* at B so as to neutralise the 
;eJTect of force P. The frame A BCD will be deformed to AB&D as 
shown in Fig. 10*48 (6). 

' : Now BiB'^S ; CCj=8 2 and BB X =$ X 

So S-S 1 cos45°= : ^ 



Also $ t sin 45°= S ; 



2 

r so *.-»,.. 

The relations between the sway moments may now be put as 
under : 

„ 6£/S, 6g/xS-y/2 
M AB =Mn A ^-^ 2)2 ~ = - =-047£7S 

Mbc=Mcb = + ^=+-0-96 £/S 

2 y 

w 6EIS , ccr<> 

Mcd^Mdc^ ^-r^^-" — 7™ — 1 5£/S 

2 a 4 

The sway moments are given arbitrary values as below, satisfy- 
ing the above relations. 

Hz ... 

M.4is=Mb.<= — \0'Q kN-m 
Mbc=Mcb=+2Q'4 kN-m 
and Mcd=Mdc = — 3V9 kN-m 

(c) Distribution of sway moments 

The moment distribution may now be carried out as shown in 
Table 10*55. 
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A 



B 



Table 1055 
C 



D 







0-37 


0-63 






0-44 


0-56 








—100 




-100 


-1-20-4 


+20-4 


—31-9 


—31-9 


F.E.M. 






-3-85 


—6-55 


+506 


+6-44 




Balance 


—1-92 






+2-53 




-3-27 






+3-22 


Carry over 




—0-94 


—.1-59 


+1-44 


+ 1-83 




Balance 



—0 47 1 


—0-27 


+0-72 
—0-45 


—0 80 
+0-33 


+0-47 


+092 


Carry over 
Balance 


— 014 


—0-66 


+016 
—010 


—0-22 
+010 


+012 


+0-23 


Carry over 
Balance 


—003 
—0*01 


■«- — 0 02 


+005 
—0 03 


-0-05 
—002 


+0-03-* 


+006 
+0 02 


Carry over 
B. & CO. 


—12 5V 


—1514 


+ 15-14 


+23 01 


—23 01 


—27-45 


Pinal 
moments 



Taking moments about B for equilibrium of AB 

3A 0 '=F a 'x3+12'57+15*I4=3K fl '+27-7i (I) 
Taking moments about C for equilibrium of CD 
2A/-=23*0I-r-27'45-50-46 
A/=25*23kN*- m 
Also S=h' a ±h' d =h' a +25-23 J, 
and V n =V*< K} 

Taking moments about A, for the equilibrium of the whole 
frame, 

% ' -5 X 3 = A', X ! X 5-5+27'45+ 12*57 
we g ^ ubstituting the values of p and from equations (2) and (3). 

3A' B =5-5 K^-IO-46 
Subtracting (1 ) from (4), w» get, 
2*5r„=38'17 kN 
or r,=*l577kN=r d 
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Substituting in equation (I), we get, 

3A^=3X 15-27+27*71 =73'52 
So. A' a =24*51 kN *- 
and 5-A' fl +/i' lf =24*51 +25-23-49-74 kN -> 

The final moments may now be got as shown in Table 10*56. 
Table 10-56 







A 


B 


i 




D 


1. 


Sway=49-74kN 


-12-57 


—1514 


+ 15-14 


+23-01 


—23 01 


—27*45 


2. 


Sway =2-45 kN 


—0-62 


-074 


+0-74 


+ 114 


— 114 


— 1*35 


3. 


Non-sway moments 


+0-67 


+ 1-34 


— 1-34 


+3-27 


—3-27 


+ 1*36 


4. 


Final moments 


+0-05 


+0-60 


—0-60 


+4-4.1 


— 4 41 


+001 




Fig. 10*49. 

Horizontal reaction at v4=7"40- 24 ' 5 ' X2 ' 45 =6*20 kN-» 

49' 74 

Horizontal reaction at />^3'Q5- 25 ' 24 * 2 ' 45 =1*80 kN- 

49 74 

Vertical reaction at 4=6'73- 1 ^l*/ 45 =5*98 kN t 

Vertical reaction at 0=8*27+ i5 ' 2 J^ 4 4$ =9*02 kNf 

The bending moments diagram and the deflected shape have 
been plotted in Fig. 10'49. 

PROBLEMS 

I. A continuous beam ABCD is fixed at ends A and D, and is loaded as 
shown in Fig. 10 50. Spans AB, BC and CD have moments of Inertia of /, 15 / 
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and / respectively and are of the game material. Determine the moments at the 
supports and plot the bending moment diagram. 



8kN 



2kN/m 

BUlAUU i Ail i( c 



6kN 



H-2m- 



-4m 



- 5m 



4-2m * | * 3m 



El CONSTANT 



Fig. 1050. 

2. Solve problem 1 if both ends A and D axe freely supported. 

3. Solve problem I if there is no support at the end D. 

4. A beam ABC, 12 m long, fixed at ,4 and C and continuous over sur>- 
port B, is loaded as shown io Fig. 10 51. Calculate the end moments and plot 
the bending moment diagram. 



„A 2 kN/m _ D 



!2kN 

_L_ 



-3m 



El CONSTANT 



3m 



Fig. 10-51. 

5. A beam ABCD, 16 m long is continuous over three spans and is 
loaded as shown in Fig. 10-52. Calculate the moments and reactions at the 
supports. 



I o 5kN/ m I _ 
| A ♦ Bp j t H i ,4 I i * tC t g| 

h-l-5m-4*— 2-5m 4m -•fLim*}* — 2m— «-| 



Fig. 10.52, 

6. Solve Problem 5 if the supports sinks by 5 mm downwards, /for 
the beam is 93 x 10* mm* throughout. Take £-2-1 x 10 s N/mm*. 

7. A continuous beam ABCD, 20 m long is simply supported at its ends 
and is propped at the same level at points 5 m and 12 m from left hand A. It 
carries two concentrated loads of 8 kN and 5 kN at 2 m and 9 m respectively 
from A and a uniformly distributed load of 1 kN/m over the span CD. Find the 
B.M. at the props if the support B sinks by 10 mm below A and C. Moment of 
inertia for the whole beam=85x 10* mm* and £=2*1 x 10 s N/ram'. 

8. Draw the bending moment diagram for the frame shown in Fig. 10-53-. 
The frame has stiff joint at B and is fixed at A, C and D. 
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8kN 



6kN 



r*-2m -4-2m 
4m 



T 

-* -l4-2m-H 



J. 



21 
D 



3kN 



1 



21 

(*2rrH-2 



6m 



2kN-m 



i 

-4m 



21 



3m 

L 



3kN 
Cj_ D 



^2m-H 



^ Fig. 10-53. Fig. 10-54. 

9. Analyse the continuous one storey frame shown in Fig. 10-54. 

10 Fig 10-55 shows a two span portal frame with the columns fixed at 
end A Eand F and carries uniformly distributed load of w kN/m along BD. 
The stiffness ratios of the members are shown in the diagram and ali the mem- 
•bers are of equal length. 

(a) Determine the bending moments throughout the frame and sketch the 
; bending moment diagram. 

(6) If Young's modulus E is constant and the central column sinks by an 
amount A, determine the changes in the moments at B, C and D in terms of E t 
A and L. 



1H 4i4iiilH HH<4«HHiHHX 



□ 



ED 



Fig. 10-55. 

11. A -portal frame ABCD fixed at ends A and D carries a point load W 
as shown in Fig. 10-56. Draw the bending moments diagram and sketch the de- 
flected shape of the beam. 

12. A portal frame ABCD is fixed at A and hinged at D. Draw the bend- 
ing moment diagram due to a point load of 9 kN as shown in Fig. 10-57. Cal- 
culate the reactions and sketch the deflected shape of the frame. 
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W 

B \ 



L/4- 
21 



-3L/4 



21 



r 



B 



»-lm-4*-2m 



4m 



9kN 

} I-5I C 



21 



T 

2m 

i 



ttjOtt J 

D 



fig. 10-56. 



Fig. 10-57. 



13. Analyse completely the portal frame shown in Fig. 10-59.. 
9kN/m 



r 



Bt inmnr c 



I 5m 
8kN 

I -5m 



l. 



-2m 



Zl 




8 



3L 



-2L 



2L 



1 



El CONSTANT 



Fig. 10-58. 



Fig. 10-59. 



14. The portal frame shown in 10-59 has fixed ends. If D sinks by 
1, find the moments induced in the frame. AM the members have tlie same 
miform cross-section. 

15. Determine the bending moments at the joints and draw the bending 
nomem diagram for the frame sho*n in Fig. 10-60. The flexural rigidity of the" 
members is as shown. 




Fig. 10-60. 



Answers 


1. 


Mab 




Mcb 


2. 


Mba 




Mcd 


3. 




4. 


Mab 




Mcb 


5. 


Mba 




Mcd 


6. 


Mb 4 




Mcd 


7. 


Mba 


8. 


Mab 




Mcb 


9. 


Mab 




Mcb 
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= -4*6 kN-m ; Mba = + 2*98 ; Mbc= -2-98 kN-m ; 
=+5"7 ; Mcd = -5-7 ; Mdc = +*'27. 
^+419 kN-m ; A/*c== -4*19 ; Mcb-= +653 ; 
= + 6*53. 

= ~5-83;A/^-+0 55; Mbc = -0S5; A/cb= + 16 kN-m 
= -5*25 ;Mba=+T5 ; Mbc = -T5 ; 
=+975 kN-m. 

= 4-5 68 kN-m ; A/*c= -5*68 ; Mcb=*-+4'58 ; 
= -4*58 ; J^-439 ; * fi = 883 ; *c=9"3 ; J?/) = l*48. 
= +4*48 ; Mbc-= ~4'4% ; AfcB=+5"49 ; 
= -5*49 kN-m ; Ra=4'42 ; J?b-8 78 ; /?c=9*50 ; 

i?/>=l*30 kN 

= +274 ; A/*c=-2'74 ; A/cb= +7*3; Mcd=-T3 kN-m 
= -4'25 ; A/~/m =+3'5 ; Mac -= - 3 ; Mbd=-0*$ ; 
= 4-1*17 

— 1*84 ; M*m=+2*06 ; Mbc^— 2*45 ; Mb £ =-0*3? ; 
+2 51 ; Mcd=~2 QI ; Met r^-0'48 ; Mf C = -0*24 

10. (a) Mab= + ^ ; Med = — ^ ; Mbc = - ^ 

+ 3T" ; Mc*=+ ^ ; Mcd— — W f ; 

(6) Moments at B increased by 

Moment at C decreased by 

11. Mas- 4-0*01 37 HO.; +0*0647 
AZ/jc^-00647 J*T ; A/c* = + 0'046l 
A/ca=— 0 0461 ff J. ; Afz>c- -0 032:5 WL 

12. Af^B==+0*96; AfiM=+2*25 
Mbc = -T25 ; Mcb= + V6Q 
Mcd = ~- 1*60 ; Afoc=0 

//*,fM)'80-* • /fc)=0*80<- 
K^=6*22f ; Kz>=2*78 + 

13. M A b = -4-$4;Mba = +T22; Mbc^-2'22 ; AfcB=+3"33 : 
A/cd--=-3*J3 ; iW»c--3*26 ; H A =*7*- ; H D ===3'3<- : 

F^=8*45f ;Fi)-=9-55t 

M Sc ^^^;McB^~^12f^_ 

Mcd = + ^1^;Mdc = -^^ 

15. A/^ s = -0*0676 m>£ 2 ; Afo * = -0*0676'n>Z> 
A/ec=+0*0676 wlf ; A/c/j= +0*1436 wL* 
Mcd= -0'1436 h>£ 2 ; A/oc==-G-113 wL\ 
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11 1. THE COLUMN ANALOGY 

The column analogy method was suggested by Prof Hardy 
Cross in 1930, and is the most useful in the analysis of beams and 
curved members with two fixed supports and of rigid frames up to 
th,rd degree of redundancy. He proved the mathematical similarity or 
analogy between the stresses created on a column section subjected to 
eccentric load and the moments imposed on a member due to fixidity- 
of its supports. 3 

To understand the analogy, consider a fixed beam AB with 
loads W u w%t etc. (Fig.in). The indeterminate bending moment 
diagram (or fixed bending moment diagram or M, dia.) is shown in 
Fig. 1 1 "1 (b) and the static bending moment diagram (or Ms dia ) is 
shown in F,g.ir-I( C ). Fig. \Vl{d) shows a short height ofacolumn 
having the length L equal to the span of the beam, and width equal 

*° El' 

The ends A and B of the beam are fixed, and hence 0. an d 0 o 
are zero It follows, therefore, that the area of the total bending 
moment diagram from A to B is zero. 

Thus, we have 

A A 

EB~~ £ (Area of B.M. diagram)- 0 

B B 

or \ L Msdx j\ L M t dx_ n 



or \ L Msdx >[ L Midx. 

- Jo El ^Jo ~eT~^ 

or \ L M sdx _ (X Midx 

Jo El Jo ~~eT (0 

Let us now load the column by loading diagram equal to -^- s 
diagram [Fig. in (<-)]. The pressure distribution diagram on toe 
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column will be as shown in Fig. 11*1 (/). Studying Figs. 11*1 (6) and 
11*1 (/), it is evident that both the diagrams are similar and this 
similarity can be utilised to find the fixed end moments Ma and Mb. 




Fig. in 
The Column Analogy. 
The pressure fx and /b on the end of the analogous column can be 
determined from the following relations : 

(0 the total pressure (J f .dA) at the base of the column is equal 
to the total pressure (P) on the top of the column, and 
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(i7) the moment- of the total pressure, at the base of the column,, 
about A is equal to the moment of the total pressure at the top of 
the column, about A. 

Let us consider a small section dx of the column, situated at a 
distance x from the end A. Let/bethe intensity of pressure at the 
base at that section. 

Thus we have 



■/P-^f.dA (2) 
Where P== total load on the column 

=area of ■— - diagram 
ana * A4=area of the small section of the column 

/ Jo El Jo EI W 

(Thus miaus sign has been used because Ms diagram is- 
negative.) 

Thus from (2) and (1), 
f£ Midx [L 

Jo -irno fdA < U ' l >' 

From equation ill, it is clear that the fixed end bending, 
moment diagram is analogous to the pressure diagram of an eccentri- 
cally loaded column. Since the -|y diagram and the pressure dia- 
gram are trapeziums of equal base (L) 3 it follows that 
and M a =/a I 

Thus, if the pressure diagram is known, the fixing moment can 
easily be determined. The column shown in Fig. 11 '1 (d) is known as 
the analogous column having width of such a magnitude that the. total, 
pressure at its base is equal to the total load on the column. 

Total load*n the column=-[ L J^-M^E 

JO El J El 

Total pressure of the base= j Q /. dA 

Comparing the two, it is evident that in order that Mi is equal: 
to/, the area dA of the section must be equal to -~. But dA— 
Length x width =xx width. Hence the width of the analogous column- 
is eaual to-Lz . 
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The above discussions can be summarised below : 

(1) The analogous column has a length (L) equal to the span 
of the indeterminate beam. 

(2) The width of the column is equal to The height of 

the column is assumed to be small so that it acts as a short column. 

(3) The loading on the analogous column is that represented 
Ms 

by — diagram. 

(4) The trapezoidal pressure distribution diagram at the base 
of the column represents also the Mt diagram. 

11*2. APPLICATION OF THE ANALOGY FOR FIXED BEAMS 

Let us start with the analysis of a fixed beam which is statically 
indeterminate to second degree for vertical loading. The stress 
diagram of the analogous column will also give the Mi diagram of 

Ms 

the fixed beam if the analogous column is loaded with the dia- 
gram. The Ms diagram may be drawn by releasing statically indeter- 
minate moments and forces until the beam becomes statically deter- 
minate. Any basic statically determinate structure may be chosen. 
The statically indeterminate moment at any point of the beam will 
be equal to the stress (/) of the column at the same point. Once the 
Mi diagram is known, the final bending moment at any point of the 
beam may be found from the relation 
M=M S +Mi 

Sign Convention 

The following sign convention will be adopted. 

1. 4 moment bending the beam convex upwards will be taken 
as positive and that bending the beam concave upwards as negative. 

2. A downward load on the column will be taken as positive 
and upward load as negative. Thus the positive downward load on 

Ms 

the column will be the =^diagram. 

EI 

3. An upward pressure at the base of the column will be taken 
as positive and downward pressure as negative. 
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11*3. PROPERTIES OF A SYMMETRICAL ANALOGOUS 
COLUMN 




Fig. 11-2. 

Fig 1 1*2 (a) shows an analogous column having width -ij and 

length L equal to the length or span of the statically indeterminate 
structure. The column is symmetrical, having the axis x~x along the 
span or length and the axis y-y perpendicular to it. Fig. 11*2 (6) 
shows the plan view. Let P be the point of application of the load 
on the column, having the co-ordinates (x lt y^). 
For the analogous column, 

A L 'EI El 



12 EI \2EI 

1xx ^ti L 'm~ ~m& =negligible 

The total stress (/) at any point having co-ordinates (x, y) 
referred to the principle axis, will be given by 

Ixx Ivr 
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where 



f --direct stress=i, if p is the total load on the column 



Mxx — the moment—/* . >*i 
A/rr— the moment=-P . Xi 

If yi is zero, as is generally the case, Mxx{= Py,) will be zero 
and the stress /at any point {x, y) will be given by 

(1T4) 



P ,_ Miy . x 
f ~ ~A Iyy 



Example 11*1. A beam AB of span L is fixed at both the ends 
'and carries a uniformly distributed load w per unit length. Using the 
Column analogy method, compute the fixed end moments. 

' ; Solution (A) 

Fig. 1 L'3 (a) shows the loaded beam. If the simply-supported 
beam is chosen as the basic determinate structure, the Ms diagram- 

^ill be a parabola having a central ordinate^ — g- . 



Fig. 11*3 (d) shows the corresponding analogous column. Due 
to symmetry,/^ and/s will be equal. 

- - w l * 

\2Ei: 

_L_ 
El' 



[L Msdx _ 1 T_ 2 ^1=,_J 
TotalloadP— ] Q ^ 3 • ■ 8 J 11 

Area of the column— ^ - 



H l M 



RESULTANT P 



wL 2 wl 2 



lb) 





Fig. 11-3, 



334 



%P STRENGTH OF MATERIALS AND THEORY OF STRUCTl/RES 



Since the loading is symmetrical about x~x and y-y axis, Mxx 
and Myy are each zero, and the stress / at any point is given by 

Hence f A =M A =f Q = JL=^IL L_ 

Jo A \2El El ^12 

-and - fis^MB=f 0 = -f 

Alternative Solution 

The problem can also be solved by taking the cantilever as the 
basic .deterrgaate structure. For that, the support B is completely 
removed, an^he end A is kept fixed. The Ms diagram will be a 

parabola ha^ig maximum ordinate of + ~- at A, as shown in 

Fig. 11*3 (cW The corresponding analogous column is shown in 
Fig. II '3 

Resultant load t=-\ L Jig* ±J L xLx 

Jo El £7L3 XLX 2 J 

• . = _ wl? 

. ' 6 EI 

Ffrom A — ~ 
4 

-\ Eccentricity e= ~ x=--^~ — — = 

2 2 4 4 

Moment JV/xjt=0 

Area^ 

The stress (/) at any point (jc, y) is given by 

j_ P j_ Myy . x 
A lrr 

"HTW-f • ) 
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At ,4, 
Hence 

At B, 
Hence 

Thus, 



x—- 



6 



H'L 2 

4 



12 



fB -\ — )-{- — • — ) 
wl* 



wL 1 



12 



+ 



12 
wL 1 



12 



-0= + 



12 ' v 12 

Example 1 1*2. -4 &rawi ,£B <?/>a/i £ ar ,4 W B, and 

carries a point load Wat a distance a from A and b from B. Calculate 
the support moments. 

Solution 

Let us choose the simply-supported beam as the basic deter- 
minate structure. The corresponding Ms diagram is shown in Fig. 

1 1*4 (b). The analogous column is loaded with — ~ diagram, as 

EI 

shown in Fig. 1 1*4 (*). The resultant or total load on the column is 
f£ Msdx_ 1 f 1 r Wab 1 Wab 



>=-\ L Msdx - _i_r J_ l Wab 1- 

h EI Ell 2 ' * Z, J " 



2£/ 



Distance of C.G. from A—x— L ^ a 



Eccentricity e- 



L ( _L±a_\_ L-2a _ b-a 

2 \ 3 ) 6 6 



The stress at any point in the column is gived^by 

/s= X ±J £r ^.where^=A- and hr^^fa 



Wab 



2EI 
Wab 



Wab 



L ~^2EI 
Wab{b-a) 



b-a \2EI 
6 ' L % 



-. x 
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L 

, Wab ■ WaM-ai . JES* (L +*-«)- 



For andx^-y 



Hence 



WflJ _ o ) L __ Wab 



Wtfb 



2L 



I* 



Waft* 



and 



Mb=/b=- 



Wba* 



w 



(a) 



RESULTANT 
P 





Fig. 11*4. 

. The final B.M, diagram is shown in Fig. 11*4 
Alternative Solution 

Alternatively, the problem can be solved by removing the sur> 
port B completely, thus making the cantilever AB as the basic deter- 
minate struture. The corresponding BM. diagram is shown ,n 
Fig. 11*4 (c) and the loaded analogous column in Fig. U 4 (J ). 

The resultant or total load on the column is 

^"Jo Ell 2 J 2EI 
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a 



Distance of C-G. from A = x= 3 

Z, a _ 3L—2a __ g-f 3& 
Eccentricity <?=— "3 6 ~6 



a 



El ' 12 £/ 

Wo 2 a+3b 



Area A ~~~gj '•> Jyy ~~ 

The stress at any point in the column is given by 
A Iyy 

-f_Jf^L El_\,(_ ±2EJ_ \ 

\ 2EI ' ~L ) \ 2EI ' 6 ' Z» - X ) 

For A,x=Lj2 and/=^4 

- . / \ , f mi 3 , , -, v l \ 



• % For 5, -x=Z./2 and/=/fi 

' : - . - Wa 2 , Wa a , , ... War' , , « Wa*b 



L 2 



Hence MA=Mi+Ms=fA+Ms «— (a+2fc)+Wa 



„ B , WW , „ Wa 2 b 
and A/B=JW/-r-Afs=/fl+A/s=— £j- " 1 " 0= ^2 

Example 11 3. A beam AB of span L is fixed at both the ends 
and carries a point load W at its centre. The moment of inertia of 
first half portion of the beam is 21 and that of the next half is I. 
Compute the fixed end moments. 

Solution 

Let us first solve the problem by taking the simply- supported 
beam as the basic determinate structure. The corresponding B.M. 
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diagram is shown in Fig. 1T5 and the loaded analogous beam is 
shown in Fig. 1 1*5 (d). 




A 



Fig. 11-5. 



The totalload— JJ 



WL* , WL* 3WL* 



11EI 16EI 32EI 



The C.G. x of the load, measured from A, is given by 
3WL* __ TO a / 2 £ n , HX a ( L \ L\ 
32EI x ~ 32EI \ 3 ' 2 ) \6El{ 2 + 3 * 2 / 

From which 5e = 

Properties of the analogous column ; 
Area ^ of the analogous column 

\2£/ 2 /"A £7 2 / 4EI 
The distance # of the centroid of the column section is given by 

~aeT' 8= {iIT ' t)(t) + {~eT ' t)(t + 4") 
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7i, 

From which g= yy 

Eccentricity e of the load— — -^-=-^ 



/ _J A- /» 1 M V 1 V 5 £3 

" AA ~~ T" EI 3 \2£/ A 2 / ~ 16 EI 

r -i _,2_J_J^1 3LI1L \* 11 
ii-i--/^ 4* - 16 £/ 4f/ \^ 12 ^ ~192 £/ 

.Wi-r-/'. e- 32£I X 36 - 3g4£/ 

The stress / at any point is given by 

+ M Y *-^2L where x is measured from >--,y axis 
' A lyy 

~ 32£/ * 3L ' ± 3UEI 11 L 3 ' X 
WL W 



~ 8 ^ 22 * 
7 

'For A, x=g= 

7 5 
For B, x=L—g=L — £=-j2"£ 

f WL W 5 7 
*• 22 *12 L =!£ WL 

Hence M ^ - Af / -f Aft =/a + Aft - fVL+Q=*-\-^WL 

and A/ff-A//+-Aft=/s+Aft=-^ g^^- 
Alternative Solution 

Let us now solve the problem by taking the cantilever as the 
basic determinate structure. The Ms diagram is shown in Fig. 11*5 
ic) and the loaded column in Fig. 11*5 (e). 

[L Msdx 



The total load- . — ,„ _ r 



-Mi 

L 2EI 2 2 \ + 2 J J 



WL* 
16EI 
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The C.G. x of the load, measured from A, is given by 

For the previous solution : 

A AEI 
7L 
g= lT 

11 V s 

hr ~Tn ei 

The eccentricity e=g— x — 12 6 \2 

WL* 5 5WX.*_ 



16 EI" 12" l92EI 
The stress/ at any point is given by 

p Myy . x whwe x is measured from y-y axisc 




1925/ 



192£/ ' H*-* 



7£ 

For ,4, x s =g=~i$~ 



r 1L SL 
Tot B, x*=L-g=L— 12 - 12 



35WX 23 m 



12X11 ""66 



25WX 7W^L_ 



12X11 66 



Hence Ma=Mi+Ms=~ $WL+$%- = + 
Af B =Aff+AfJ—+ — gg — M>=+ 66 

Example 1V4. An encastre beam of span L carries a ™f'fl 

the beam is I x and that of the end portion u U Jg' ^'^Uude of 
of the beam itself find the ratioofh to h *> *" «« - _ 
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Solution 



32 




(b) 




32 
b 



P2 




Id) 



* , ■ r -TT 1 — I 

1/E12 4* — — I f ~x 

T 1 t!' i 

-HL/4 W-L/2 — *4 L/4 l*- 
f .e) 



Fig. 11-6. 

Talcing simply-supported beam as the basic determinate struc- 
ture, the Ms diagram is shown in Fig. U"6(«. The ordinates of Ms 
diagram at C and D are 



Ms at Cand D= 4"VT-/ + T\T j ~~" 



3wL 2 
32 



Ms at the centre of the beam— — 



Ms 



8 



Fig. 11 *6(c) shows the ^ diagram which also represents the 

'load on the analogous column. 

Let area acc % = bda\ = load P t 
and area cc l d l d=LoaA P t 

Pl Jo Eh ~~ £/, Jo I 2 2 / 



1 P wLf L \ 2 w( l_ vH 5 »'^ 3 



<or 



to get x of /\ measured from a, we have 
El z Jo V 2 1 2 J 
384 T£7T Xl== £4'L 6~U J " 8 V 4 ) J"" 16x384 



£/ 2 
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From which - g -Q- 
Similarly, Load P t ~ 



{3 



1 

Eh 
1 



(area cc x d x d) 

(area ac r d x b—2acc x ) 



L 8 2X 384 J J" 1 



92 £/! 



And * 2 , measured from a is equal to ~- • 



The net loadings P lt P 2 and P x are shown on the analogous- 
column in Fig. 11*5 (d). 

5wL 3 1 1 iti 3 
Resultant load P= IPx+P^ i92 EI 



and 



or 



S ; = y, due to symmetry. 

Due to symmetry. Myy=0, 

\ 192£7 2 1 192 El x J 



1*2 £/ x 



2 J~2EU 



L 

2EL 



;_f=f A =f B =- 



\2EL ^2EI tJ 

r l , ii 1 

I + A j 



96 



wL*- 



wL 2 

Now A/s at the centre— — g— 
Mi at the centre =f 

.*. M (net at the centre)=Afs— Mi= ^ 

M(at endsHA/,+A/j=M/+0=/ 
As jj^r given condition 

' wL * r f 
8 3 3 



-/ 



(numerically) 
(numerically) 



8 3 3 7 3 ' 96 \ /,+/., > 



From which 



THE COLUMN ANALOGY METHOD 



343 



11-4. PORTAL FRAMES 

Portal frames having total indeterminacy upto third degree can 
also be solved by the column analogy method. The analogous 
column, in plan, has the same outline as that of the portal frame, 

the width equal to If / is different for different members of 

the frame, the width will also change correspondingly. The 
hi 

loading on the top of the analogous column will be equal to 

diagram. Any basic determinate structure can be derived by remov- 
ing the redundants and the Ms diagram can be plotted. The loading 




(c) 



Fig, 1 1-7. 
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ndo-snward if A/s causes compression on the outside of the frame. 
The assure on the bottom of the analogous column at an? - pom 
will then give the indeterminate moment Afi at the point. The una. 
moment is then given by 

A/=-A/s4- Am 

Fig If7(fl) shows a portal frame fixed at ends ^ and 0 and 
,oaded with uniformly distributed lead on BC, Fig. 1 ^ h \^J 
basic determinate structure derived by removmg the end ^"P^J- 
the Ms diagram being drawn on the frame itself. Fig. 1 1 lid) shows 
the corresponding load on the analogous column. Another basic 
determinate structure can be obtained by making end A hinged and 
supporting end/) on rollers as shown in Fig. 11 "7(c) along with the 
Ms diaaram. Fig. 11 '7« shows the corresponding loading on the 
analogous column. Fig. 11-7(0 and (0 also correspond to the basic 
determinate structure derived by treating the beam BC as hinged (or 
simply supported) at Band C. In a similar manner basic determi- 
nate structure can be obtained for other end conditions of portal 

frames. m , rTr . 

11-* THE GENERALISED COLUMN FLEXURE FORMULA 

Upto this stage, we have analysed a column which is s y m ™ e *"- 
cal about both the principal ccntroidal axes, as m s U 3. While 
analysing the portal frames, we come across such analogous columns 
which are not symmetrical about the principal centroidal axes. In a 
generalised case, the stress/at any point x, y in a column section 

can be expressed as 

f^a^bx^cy V> 
where a, b, c are constants to be determined. 

Hence load P= j/. dA=a j dA + b \ x . dA+c J y . dA. 

Since the principal axes are through the centroid, and .v and y 
are measured witb reference to these, j x . dA and J y . dA are each 
zero. 

• Hence P=a j dA, 

p - P (2) 

v /' 171" a 



Also, A7a*- |(/. ^)>'=| (a + 6x-r-<\v)>'^ 
Jy ^M-rP | xy ^.ItC J.r ^ 
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Since J ydA=Q, j xy <*/l=/xr and j y 2 <M = /x* 
Similarly, Afir- J (/ , <M)jc={ (a+fcv+cjO-v dA 

a= | x . A4+fr j rf^+c J xy dA 
=~0-\-bhy+c . Ixy ^ 
Since x dA=0, j x 2 <-M=/i-r and j xy dA=Ixr 
Solving equations (3) and (4) for b and c, we get 

* I to 5 /'i-r 



Ixx 

Mxx-Myy -jfe 



(6) 



Substituting the values of a, b and c in (1), we get 
, P . r A/rr Ixx -M xx I xy ~| . ' Mxx Iyy-Myy . / ^I, 
^1 + L~^r./xAr-/xy s J ' Ixx . Iyy-Ixy* 

If, however, the portal frame is such that one of the principal 
centroidal axis is the axis of symmetry, /xy becomes zero. Equation 
11 - 4 then reduces to the form 

f= l_+M„ Mxx_ (U-5) 

^ .4 /rr Ixx 

Sign Convention 

While applying equation 11*4 or 11-5 the following sign con- 
vention is to be followed rigidly : x is reckoned positive when 
measured to the right, and negative when measure*! to the left of the 
y-y axis. Similarly, y is reckoned positive when measured upwards 
and negative when measured downwards to the x-x axis. Both x and 
y will be measured with centroid of the column section as the origin. 
This is represented in Fig. 11*8. 

The length of every member of the analogous column will be 
squal to the length of the corresponding member of the frame, and 
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its width will be eflual to — where / is the moment of inertia of 

Jbl 

the member. Since the width is extremely small in comparison 



POINT OF _^ 
CONTRAFLEXURE 



y 

at 



I " G 

n.a. I -7 



nr 



J3Z 



■ POINT OF 
[CONTRAFLEXURE 



I 

y 

Fig. 11*8. 

to its length, the column section may be looked upon as a line dia- 
gram when calculating the centroid of the section, or calculating Ixx 
and Iyy. 

Neutral Axis of Analogous Column : 

The neutral axis of the analogous column is that axis, at eveiy 
point ofwhich the stress /is zero. Hence the points of intersection 
of N.A. with the legs of the portal will be the points of contraflexure 
since/and hence Af, will be zero at these points. The position of 
the N.A. (Fig. 1 1*8) can very easily be located by calculating the co- 
ordinates * x and y 1 in which it intersects the *-axis and >--axis res- 
pectively. The co-ordinates and v t can be calculated on the 

premise that stress/ on each of these points, i.e. (,v„ 0) and (0, yj 
is zero. 

11*6. PORTAL FRAME WITH HINGED LEG(S) 

A hinge represents the possibility of an indefinitely large 
rotation. Since it offers no resistance to rotation, fche flexural: 
rigidity EI at a hinge is zero. This results in the following : 

(1) Since the width of the analogous column is -i= , its area 

EI 

of cross-section corresponding to the hinge is infinite. 

(2) If the portal frame has one end fixed and the other end 
hinged, both axes will pass through the hinge as shown in Fig. 
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1 1 *9 (a). The area of the analogous column will be infinite, and is 
assumed to be concentrated at the hinge. 




Fig. 1T9. 

(3) If the portal frame has both legs hinged at the ends, the 
centroid of the column section lies midway between the hinges. The 
area A and Irr of the analogous column becomes infinite. The N.A. 
of the column section will pass through the hinges, as shown in 
Fig. 11-9(0. 

The fibre stress at any point, for case of Fig. 11*9 (b) is then 
given by 

P Myy . x M xx . v 



«> oo ^ Ixx 

Mxx . y 



(4) If both the legs are hinged at the base, but the hinges are 
not at the same level, the x~x axis, and hence the . N.A., will pass 
through both the hinges as shown in Fig. 1 1 "9 (c). The area A and 
lyy of the analogous column becomes infinite and hence the stress 
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/at any point is given by equation 1 1*6, i.e. 

Mxx . y 
J ~ /xx 

Since the hinges are not at the same level, the axis x-x is 
inclined to all the three members, and Ixx can be calculated with 
reference to Fig. 11 "9 (d). 

Let the longitudinal axis of a member of length L and width h 
be inclined at angle a to the line perpendicular the axis x-x passing 
through its base. If the x'-x* axis, parallel to x-x axis, passes through 
the centroid of the section, we have 

, , , hi. 9 , 
A-V=-j^-cos 2 a 

and Ixx—Ix'x' : +ay* 

where a— area of cross-section of the member 

and y— perpendicular distance between the two axes. 

Example 11 '5. A portal frame ABCD is fixed at A and D and 
has stiff joints B and C. It carries a uniformly distributed load w per 
unit length on BC. Plot the bending moment diagram. EI is constant 
for the w hole of the frame. 

Solution 

The basic determinate structure is derived by treating BC hing- 
ed at B and C. The Ms diagram is parabola having maximum ordi-^ 

nate=— ^~^ = — -™^at the mid-span. The analogous column 

8 2 

Ms 

loaded with —diagram is shown in Fig. 11*10 {b). The analog- 
ic 

ous column is shown in plan, and fully dimensioned in Fig. 11*10 (c). 

Load Jo —zr— £Z[_T X(ZL) l-~ JJ 

2 wL 3 

" - 3 EI ' 

The point of the application of P, along with the principal 
eentroidal axes, are shown in Fig. 1 1 "1 0 (c). Since both the legs are 
having similar properties, i.e. same length, - end conditions and con- 
stant EL y-y axis is the axis of symmetry. 

Area ^4r i^L~2L]^%- 
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RESULTANT 
P 



T 

L 

i 



B C 
-2L 




Fig. 11-10- 

To find the position of x-x axis, take moments about BC 

(the contribution of the section BC being negligible) 

L 

(the contribution of the section BC being negligible) 



Ixx=lBC—Ay 2 = — 



2L* 



•EI 



El \ 4 / 



±- I'- 
ll El 



(the coatribution of AB and CD about their own axis being ; 
negligible). 

Ixx=0 p since y-y axis is the axis of symmetry. 
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Hence the fibre stress at any poiut is given by 

_ P Myy • x Mxx 
*~~A Jr Ivy + Ixx ' y 

' 2 wi* L wL* 

Mx x ~ P?= T ir - T - w 

Myy=0 

• r~ A. u-ZA EI \2EI 
" J ~~ 3 EI ' 4L + 6EI ' 5L 3 ' y 

■ ~ 6 + " 
At B and C, y=+Z./4 



-y 



... fu ^ + ^ + ^ 

3 

At A and A j>= — L 

:Since Ms is zero at each of the points A, B, C and Z), we have 

2 

Ma^Mi4—/a = — -^-wL z 
4 

4 

Mc— M/c— /c = + -jywl 2 

Mo = Mid —fa ~ — wL 2 

The final B.M.D. is shown in Fig. ll'lO (<*). 

Example 11*6. A portal frame ABCD is hinged at A and D, and 
has rigid joints at B and C The frame is loaded as shown in Fig. 11' 11 
(a) . Plot the bending moment diagram for the frame. 

Solution 

The basic determinate structure is derived by treating BC hing- 
ed at B and C. The Ms diagram, also the load diagram, is shown 
in Fig. 1 I'll (6). The ordinate of Ms diagram and the load 

„_ — = — 4kN-m 
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. The total load=-J ^j- ^-"jFf [y x4 ' 5 (~ 4 > ] r 



._9 
El 



acting at -y- (l*5+4*5)=2 m from A. 



Since ends A and D are hinged, the analogous column will have 
infinite area at the hinges and the remaining area of Legs and beam 
becomes negligible. Hence the x-x axis will pass through the hinges, 

4klM 



4-5m 



-1-5- 



-3m- 



El CONSTANT 



to) 




si 



(dj 



A 



RESULTANT 

JP 




ib) 



■2H K 0 25 



4- 5m 



INFINITE AREA 
(c) 



Fig. 11*1 1. 

and the y-y axis is the axis of symmetry. The ccntroid G is mid-way 
between the hinges, as shown in Fig. 11 "11 (c). 

Hence Ii-Y = K>, and the stress is given by equation 11*6 



i.e. 



Mxx . 

/= -^7 y 



9 ^ A . c 405 
Mxx= -=z X4 5=-^t— 
El Ei 



'- 2 jT x £ T (4 ' 5)1 Hi) (4 ' 5)! } 



151-9 
EI 
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£T X 151*9 y 3'75 

For ^4 and D, y=0 

f A =--f D =M.<=MD--~-Q : 

For B and C, j=4'5 m 

r r 4 ' 5 -1-2 

Hence Mib=Mic = + 1*2 kN-m 

Since A/s is zero at 5 and C. 

M B ^ Mc = V2 kN-m 

The B.M. diagram is shown in Fig. 1 I'll (<*). 

Example 117. ^ /wrfo/ /mme ^Ci) i af A and D, and 
has rigid joints at B and D, and is haded as shown. Plot the bending 
moment diagram for the frame. 

Solution. 




Fig. il-lX 
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The basic determinate structure is obtained by treating the 

beam BC hinged at B and C. The Ms diagram will be a triangle 

10 x 1 x 3 „ „ . , 
having a maximum ordinate =■ j =— 7 :> kN-m under the 



load. 

acting at -y(I+4) = -|-- m from B. The point of application of the 

resultant load P is shown in Fig. 11*12 (c), where the analogous 
column section is shown fully dimensioned along with the position 
ibf the centroidal axes. 

Since both the legs have different moment of inertia, the 
.column will be unsymmetrical about both the axes, and the stress at 
any point is given by Eq. 1 1 '4. 

• 4 4 4 _ 8 

;\ Area A ~ 2El ± 2EV El El 

To locate the centroid G, or to determine x and,j>, take 
■ moment about CD and BC. 

4 4 

Thus _ 2EI ^ 2E1 

x -~ — — — T5 m 

~eI 

2Bl X2 + *f X2 

=15 m 



_8 
El 

Mxx = Py= ~ x 1-5 - ~- 
5 2-5 

e — 2 5 



Myy=- 



3 3 
7-5/ 2*5 \ 6-25 



EI\ 3 J EI 



(the minus sign with e being used because the eccentricity is to the 
left of y-y axis). 

The calculations of various moments of inertia el*;., are done 
in the table below, lox and lor denote the moments of inertia of 
individual members about their own centroidal axes. 
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Member 


AB J BC 


CD 


Sum 


Length 


4 m 


4 m 4 m 




Area 


"4 _ 2 
2EI EI 


4 2 
2EI EI 


4 

£/ 


8 

EI 


X 


-2-5 m 


-0 5 m +1-5 




y 


" V -0-5 m 


+ 1-5 m 


-0-5 m 




Iox 


L_L (4) . = 8 - 


0 


1 1 16 

1 1 (A\» tZ- 

12 T/ W 3E/ 


8 

£/ 


for 


".. • -. 0 


12 2£/ * ' 3£/. 


0 


8 

3£f 


Ax 1 


12-5 
: EI 


05 
£/ 


9 

EI 


22 
EI 


Ay* 


05 1 4-5 

EI 1 & 


1 
EI 


i 

_6 


Axp 


- - +^ 
El 


1*5 

— gr 


_ 3 
£/ 


2. 
£/ 



8 , 6 _14 

Now Ixx = Z{Iox-\-Ay)=jj -Tgj — jgy 



/ry=£(Jor+^* s )--3£j £/ 3£/ 

fe-^ 88 — h 

Hence we have , 

Myy.Irr-M X r.I x r FA * EI EI \ Ell 

-87-5-r22'5 
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11-35 / 74 \ _(__6'2S\( 2_\ 

-./ yy _ El \ 3EI) \ El )\ EI ) 
\ „ 14 / 2 \, 



Irr . Ixx-ter* 74 

3£7 

277-5-12-5 



345-4 



=+0*777 



and -4t- x ^ =:0 ' 938 
A El 8 

Substituting these values in equation 1 1*5, we get 
/=0*938-0*19x+0-7777 

(1) For .4, jc^=— 2*5 m; j>=— 2'5 m 
.■./ 6 =M/^=O-938+(0-19x2'5)-(O'777x 2-5)=- 0*53 kN-m 

(2) For 5,x=-2'5m; y= + 1 *5 m 

.•./ B =iW r /a=0-938+(0-19x2-5)x(0-777xr5)=+2-58 kN-m 

(3) For C, jc=> + P5 m \y= + V$ m 
/c=M/c=0-938-(0*19x l-5)+(0"777x r5)=+l'82 kN-m 

(4) For D, jc— + 1*5 m ; y=—2'S m 

.•./z>=Af/D=0-938-(0-19xl5)-(0-777x2'5)=-r29 kN-m 
:Since Ms is zero at points A f B, C and D t we have 

A/^=Mm=-0'53 kN-m 

Mb=Mib= +2-58 kN-m 

Mc==Af/c = + T82 kN-m 

M d =Mid-= — V29 kN-m 
The B.M.D. is drawn in Fig. 11*12 (d). 

Example 11*8. A portal frame ABCD has end A fixed and end 
.D hinged, with rigid joints at B and C. Plot the bending moment 
diagram if the frame is loaded as shown in Fig. IV 13(a). 

Solution 

The basic determinate structure is derived by making the beam 

BC simply supported. The-^ diagram and hence the load diagram 

is shown in Fig. 11*13 (b). The ordinate of Ms under the load 
6x1-5x3 



4-5 



= -6 kN-m 



The total load JP=- j ^dx^ - \ * 4 * 5 (" 6 > } = £j 

Acting at -y(r5+4*5)=2mfrom£. 

Since the leg CD is hinged at D t the analogous column has 
infinite area concentrated at Z), and the area of the remaining menw 
bers is negligible. Hence both the centroidal axes will pass through 
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the hinge D as shown in Fig. 11.13 (c) which illustrates the analogous. 



6kN 




Fig. 11*13. 

column fully dimensioned. P is the point of application of the 
resultant load on the analogous column. 
Properties of the analogous column : 

The contribution of BC about its own centroidal axis (bang. 
^Eligible). ^ j {4 -5)° = ^L. 

z^ E ^=^- 4 - 5)(0)+ S ( - 2 ' 25H3)+ ^ (0Xl " 5) 

20-25 

" El 
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Mrr . I xx- M xx -1xy__ 



hr.Ixx-Ixv* ^ 81 y 45 )-(~ 2 °' 25 J 

= -0-144 



M xx ' Iyy — Mvy ■ Tx y _ 
Irr . Ixx—Ixy* 



-+0-535 

Substituing the values in equation 11 '5, we get 

/«-^-+(-0-144)x+(0-535>y 

-of /=-0-144a-+0'535^ 
For A, x=— 4*5 %y—~ 3 

^-(-O-144)(-4'5)-!-(0-535){- 3) 
=—0*96 kN-m=M/^ 
For B, a =— 4*5 ; v=+3 

/ fl =(-0-144)(-4-5)+(0-535)(+3) 
= +2 "26 kN-m-M/s 
For C, x=0; j= + 3 

/c=0'535x3 = + r61 kN-m-=M/c 
Fori), jc— 0;y=0 

Since Ms is zero at the points A, B, C and A we have 

Mi* =Mia= —0-96 kN-m 

MB=Af/fi=+2*26 kN-m 

Mc = M/c = -M"6I kN-m 

Md ~Mid= zer o . 
The B.M.D. is shown in Fig. 11*13 (d). 

Example tl'9. A porta! frame ABCD has legs hinged at A and 
D y and has stiff" joints at B and C. Draw the B.M. for the loading 
shown in Fig. 11' 14 (a). 

Solution 

The basic determinate structure is derived by considering the 
ibeam BC simply supported. The Ms diagram will be a parabola 
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having central ordinate equal to g 2 



B w C 



2L 




-'2L 



El CONSTANT 



(o) 




\ 



2L 



PS* 



\ 



.A" 



t 



CH3 wl_ z 



\ 1 

— v y 

(bi 



Fig. 1T14 



The total load P=-\-jf dx== ~^I \_~3 {2L) { 2 )] 

_ 2wL 3 
3£7 

Acting at a distance L from B and C. 

The analogous column is shown in Fig. 1 1*14 (6). Since ends A 
and Z> are hinged, it has infinite area concentrated at A and D, and 
the wis-*-* therefore, passes through both the hinges. The axis y-y 
is perpendicular to x-x t and passes through a point midway between 
AD. 

Properties of analogous column 

A=cc 
Iyy= 00 

j X y=Q, since the reference axes are the principal, 
axes of inertia. 
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M**=(Load)x (perpendicular distance between P 
and x-x) 

= ?^-x(l"5icos ai )— ^-cosct! 
V5 £7 

where a x is the angle made by the longitudinal axes of AB and CD 
with y-y axis, and a 2 is the angle made by the longitudinal axis of 
BC with y-y axis. 

The moment of inertia of any inclined member [Fig. 11'9 {;/)] is 
given by 

. , , bL 3 



Jx'x'—' 



12 



cos- a 



Ixx^Ix' 'x' '+ay 2 
The calculations of Ixx and Ixx eic. for various members is 
done in tabular form below. 



Member cos a 


cos 2 a. i Ix'x' 




y* 


Ixx 


AB 


2 
V5 


0-8 




2£ (L cos tL L y 
~© j -0-8/.* 


25-6L 




]2£/ 


BC | "75 


0-2 




2L . 

~ET 


(3L cos aj)* 
= l-8L a 


44-8L 1 




12 £/ 


CD 


2 
V5 


0-8 




L 
FJ 


(*L cos a,) 2 
=0.2L a 


3-2Z. 3 

i2£y 



Tlxx = 

The stress at any paint is given by equation I i l 5, i.e. 



6UL* 
EI 



Ixx 
2wL* 



EI 

x y~- 



2wL 



V5EI " frt4L* y 6-15V5 y 
At A and D, y=0 



At B, y=2L cos «,= 



4L 

y'5 
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At C, 



y—L cos o^ — 
2wL 



2L 



V5 
2L 



6*14V5 v5 



Since Ms is zero at each of the points A, B r C, and D, we have 

MB=MiB=ftt=+0-26 wV 
Mc = Mic=fc = + 0-13 wL 2 

MD = M ID=fD = 0 

Tne B.M.D. is shown in Fig. 1T14 (c). 

Example ll'lO. A culvert shown in Fig. IV 75 (a) is of constant 
section throughout and carries a central load of 4 kN on BC. Deter- 
mine the moments at the corners of the culvert and draw the B.M.D. 
Assume a uniformly distributed reactive force under the base. 

Solution 



4kN 





(bi) 



•625 



0-675 



Id) 




Fig. 11*15 
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* The basic determinate structure is derived by treating the 
joints A, B, C and D, hinged. The Ms diagram for BC will be a 

4 X 6 

triangle having maximum central ordinate of 4— =s " 6 kN ' m * 

the Ms diagram for ^i) will be a parabola having a maximum cen- 
tral ordinate of - -^p- = -3 kN-m. 
,- The total load P, on BC=— x6(-6)]-= ~ 

1 f 2 12 
_____ The total load /> 2 on AD^-^ [ "3" ( " J""^' 

?V '• The points of application of i\ and P 2 are shown in Fig. 1M5 
along withthe position of the centroidal axes of the analogous 

l° luran - 18 12 __30 

4 The resultant load /»=,/>_ +/>_ = ~Ef^"Ti EI 

Acting at (-1^x6)-^ =2-4 m from face £C 

2'4=0 , 6 m 

5 M**=-P.e= X0'6= — 

6 + 6 + 6 + 6 __24 

'«-> (Ti-i^H^)-« 

Since y-j axis is the axis of symmetry, the stress / is given by 
At .4 and D, >— -3 

• /Wj>«1*25 — I- -+0-875 kN-m=M.4— Md 
At 5 and Z), _v= + 3 

.... /B=/c==L -25+-|- = + l"625 kN - m = iVf 5 = Md 
The B.M.D. is shown in Fig. U'l5 {d). 

Example It'll. A portal frame ABCDis fixed at A and hinged 
at D and carries a horizontal load of 10 kN at B as shown in Fig. IP 16. 
(a). Compute the moments at A, B and C. 
Solution 

The basic determinate structure is derived by removing the end 
D completely. The Ms diagram will be a r. iangle having a maximum 
ordinate of +10x4- +40 kN-m at .4 as shown in Fig. 11*16 (6). 
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I0kl^_ B 



B B 



-4m 



El CONSTANT 



9 09 





l/EI 



tb) 



18 18 



td) 



Fig. 11*16 

Ms 



■dx 



f M 

Resultant load — — J 

Mf x4(+40) } 



80 



El 



Acting at-^- m from A. 



le) DlT 



Since the frame is hinged at D, the analogous column will have 
infinite aiea concentrated at D. Both the axes will pass through D 
as shown in Fig. 11*16 (c). 

Properties of analogous column, 

A=<x> 



^4f (4)S+ t • TT (4)3 = ie, 



1 



1 



256 



~~ El 



-^ / (-2)(+4)+| 7 (0)(+2) 
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/ 80 \( 4 V 320 
Mxx =\-El)\T}— 3EI 

/ 320 V 320 \ / ±2Q_\(_64_\ 
Mrr . Ixx-Mxx . Ixr \~EI A 3£7 j~l ~ E jA^U-^ ^ 

Mxx .Iyy-Myy. Ixr V" 3Ei A 3EI ) \ EpK E l ) _ _25 

lYY . IXX-IXY* - (^){~)~(-- jgj)' U 

Hence the stress / at any point is given by 

"■ - , 60 ,25 

f^~i x+ TT y 

AtA s x--~4;y=0 

/W=A/^ = ~-2l*82 
At B, x=-A ;j>=+4 

/b-A//b=-12-73 
AtC, *=0;y=4-4 

y c =M/c = +9-09 
AtZ>, x=0;y=0 
/o-Af/o-0 
The final moments are as follows : 

M*=MiA+MsA=-2V&2-± 40— — 18*18 kN-m 
AfB^Af/B-f A/sB-=-12'73+0=-12*75 kN-m 
Afc-=K/c + Afsc=- + 9"09+0 = H-9'09 kN-m 
Md — Mid-{-Msd=0 
The final B.M.D. is shown in Fig. 11*16 (rf). 

PROBLEMS 

1. Find the support moments of a built-in beam loaded at third point 
by two point loads Weach. £/is constant throughout. 

2. A girder of 36 ft, span is fixed horizontally at the end. A downward 
vertical load of 12 tons acts on the girder at a distance of 12 ft. from the left 
hand end and an upward vertical force of 8 tons acts at a distance of 18 ft. 
from the right hand end. Determine the end reactions and fixing couples and 
draw the bending moment and shearing force diagram for the girder. {U.L) 

3. An encastre beam of span L carries a load wL uniformly distributed 
over the span. The second moment of area of the beam section is not the same 
throughout ; for a length L\4 at each end the value is 21 and for the middle 
length L\2, it is I. 

Determine the bending moment at the end of the beam and sketch the 
bending moment diagram, showing on it the values at the ends and at midspan. 

(U.L.) 
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4. A beam of 20 m span is. fixed at both the ends. A couple of 12 kN-m 
is applied to the beam at a distance 8 m from the left hand support, about a 
horizontal axis at right angles to the beam. Find the fixing couple at each end 
and plot the B.M. diagrams. 

5. A beam AB of span 3 m is fixed at both the ends and carries a 
point lead of 10 kN at C, distant 1 m from A. The moment of inertia of the 
portion AC of the beam is 2/ and that of portion CB is /. Calculate the fixed 
end moments. 

6. A portal frame ABCD is fixed at A and D, and has rigid joints at B 
and C and is loaded as shown in Fig. 11*17. Plot the bending mome'it diagram 
for the frame 



W 



B 



LV4 
21 



21 



-3L/4- 



D 

UTtfT 



W=!OkN 




Fig. 11-17. 



Fig. 11 18. 



7. Analyse the porta) frarr.e shown in Fig. 11*18. El is constant for the 
whole frame. 

8. Draw the bending moment diagram .and the deflected shape of the. 
frame shown in Fig. 11-19. The ends A and D are fixed and BC is loaded with 
U.D.L. of lOkN/m. 



(OkN 



8 lOkN/m r 



3m 



-2m- 



21 



D 

7&r 



T 

2m 

i 



6m 



A 
•rmr 



Fig. 1119. 



Fig. 11-20. 



9- A rectangular box frame is 10 ft. wide and 6 ft. deep. The second 
nicrr.ents of area of the horizontal members are twice those of the vertical 
memDciS. The frame carries an inward uniformly distributed load of 20 tons 
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per foot run along the top and bottom horizontal members only. Calculate the 
bending moments at the corners of the frame. {A.M.l.C.E.) 

10. A portal ABCD is hinged at A and D t and has stiff joints a* B and C. 
Draw the bending moment diagram due to a point load of 10 kN as shown in 
Fig. 1120. £/=const. 

11. A portal frame ABCD has ends A and D hinged, and carries U.D.L. 
of 3 kN/m on AB as shown in Fig. 11-21. Plot the B.M. diagram. 



B C 




i-ig. 11-21. Fig. H-22. 



12. Fig. 11-22 gives the dimensions of a continuous frame ABCD in which 
El is constant. The end A is f xed and the end D is hinged. Draw the bending 
moment diagram for this frame, marking on it all important values, when the 
frame is subjected to a horizontal load of 6 kN applied at B. 

Answers 



2. 


^=4-891 ;/? a =0-89l 






Afi=28 t-ft;JW,=4 t-ft. 




3. 






4. 


A/(Left)=l-44; A/ (Right) 3-S4 kN-m both in the same directions ab 




the external moment ; i?=0-864 kN. 




5. 


Ma=5>4Q kN-m ; M B =V76 kN-m. 




6. 


M A = +0-0137 WL ; M B = +0-0647 WL. 






M c = +0-0461 WL ; M D = -0.0325 WL. 




7. 


Ma ^+0-028 kN-m; Af B =+2*31 kN-m. . 






Afc=+3'55 kN-m ; M D =0. 


8. 


M A =-\-41 kN-m ; A/ B =+2-67 kN-m 






A/ c = + l-98 kN-m ; Af o =-0-81 kN-m. 




9. 


7-58 t-ft. 




10. 


M B =-i-3-32kN-m ; A/ c =+3'32 kN-m. 




11. 


M ff --12-8 kN-m ; M c =+4I-6 kN-m. 




12. 


Af^ = +8-38 kN-m ; A/ B =-8-5 kN-m 






Mc=+6-5kN-m ; Af D =0. 
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Method of Strain Energy 



12 1. GENERAL PRINCIPLES 

When external force {i.e. axial load or moment) acts on an 
elastic body, it deforms. If the elastic limit is not exceeded, the work 
done in straining the material is stored in it in the form of resilience 
of internal strain energy. By equating the external work done by 
applied loads as they deform the elastic body to the internal strain 
energy stored in the body, we obtain a method of determining 
deflections that is based on the principle of conservation of energy. 
The energy principles presented in this chapter have the broad scope 
of their application to the analysis of redundant systems also. 

Ia pin jointed structures, where the members are in tension or 
compression, the energy stored depends on direct forces only. How- 
ever, in beams and frames having rigid joints, shear stress and bend- 
ing stress may also occur at any section, and the total strain energy 
stored depends on the magnitudes of direct force, shear and moment. 
While analysing statically indeterminate structures, the work done by 
direct and shear forces is neglected since it is very small in compari- 
son to that done by bending. Before discussing the various strain 
energy theorems, let us first derive standard expressions for strain 
energy stored in linear elastic systems under various loadings. 

12 2, STRAIN ENERGY IN LINEAR ELASTIC SYSTEMS 
(j) Axial Loading 

Let us;eonsider a straight bar Of length X, having uniform 
cross-sectional area A. If an axial load P is applied gradually, and if 
the bar undergoes a deformation A, the work done, stored as strain 
energy (t/) in the body, will be equal to average force {\P) multiplied 
by the deformation A. 

Thus U= y-P . A 
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PL 

B ut A — -Ve- from Hooke's Law. 

u 2 AE 2AE v 
If, however, the bar has variable area of cross section, consider 
a small section of length dx and area of cross-section Ax. The strain 
energy dll stored in this small element of length dx will be, from 
Eq. 12*1, 

P % dx 

The total strain energy U can be obtained by integrating the 
above expression over the length of the bar 

H L -ro (12 " 2) 

(if) Flexural Loading (moment or Couple) : 

Let us now consider a member of length L subjected to uniform 
bending moment M. Consider an element of length dx, and let d 
be the change in the slope of the element due to applied moment M. 
If M is applied gradually, the strain energy stored in tbe small 
element will be, 



dU=-^-M . di 



di d (dy \_£y_ 

But Tx^Kdx r dx* - 



K 

EI 



or di=* -gjT- dx 

\ M M % , 

Hence dU=-^M . . dx=^dx 

Integrating this over the entire length, we get the total strain 
energy stored in the member. Thus, 

Uss \ L Ml^L (12-3) 
U Jo 2EI 

12 3. C ASTIGLIANO ? S FIRST THEOREM 

The concept of elastic strain energy can be very useful in the 
study of deflections of various points of structure under load. 
Instead of directly equating the external work to the internal strain 
energy, considerable simplification is obtained by Castigliano's first 
theorem which states that the deflection caused by any external force 
is equal to the partial derivative of the strain energy with respect 
to that force. 
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A generalised statement of the theorem is as follows : 
"If there is any elastic system in equilibrium under the action of 
a set of forces \\\. W Zt W B , W„ and corresponding displacements S lt 
S * 8 and a set of moments M u M t 3jf a Mn, and corres- 
ponding rotations ^ then the partial derivative of the 
total strain energy U with respect to any one of the forces or moments 
taken individually would yield its corresponding displacement in its 

direction of action" 

Expressed mathematically, 



and 

Proof : 




(12-4) 
(12-5) 



Fig. ITU 

Consider an elastic body (Fig. 12"1) subjected to loads W x , W 2 
W etc each applied indepcndeotly. Let the body be supported 
at ^ B etc. The reactions Ra, Rb etc. do not do work while the body 
deforms because the hinge reaction is fixed and cannot move (and 
therefore the work done is zero) and the roller reaction is perpendi- 
cular to the displacements of the roller. Assume that the materia 
follows Hooke's law, the displacements of the points of loading w> 
be linear functions of the load and the principle of superposition will 

h ° ld *LetS 8 S ■ etc. be the deflections of points 1,2,3, etc. 
in the direction of the loads at these points. The total strain energy V 

is then given by 
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Let the load W x be increased by an amount dW Xt after the 
loads have been applied. Due to this, there will be small change in 
the deformation of the body, and the strain energy will be increased 
slightly by an amount dU. Expressing this small increase as the rate 
of change of U with respect to W x times dlV u the new strain energy 
will be 

u +-w:^ (2) 

On the assumption that principle of superposition applies, the final 
strain energy does not /depend upon the older in which the forces are 
applied. Hence assuming that d\V x is acting on the body, prior to 
the application of W u W 2t W % etc. the deflections will be infinitely 
small and the corresponding strain energy of the second order can be 
neglected. Now when W x , W %3 W t -etc. are applied (with d\V x still 
acting initially), the points 1 , 2, 3 etc. will move through 8 lf S 2 , 8, 
etc. in the direction of these forces and the strain energy V will be 
as given by (L) above. However, in doing so, the small load dW x , 
which is acting prior to the application of W Xi rides through a 
distance ^ and produces the external work increment dU=dW x . Sj. 
Hence the new strain energy, when the loads are applied in this 
order, is 

U=dW x . 8 a (3) 
Since the final strain energy does not depend upon the order in 
which the forces are applied, we get, by equating (2) and (3) 

U-\-dW x .^= U4--^^-.dW x 

which proves the proposition. 

Similarly, it can be proved that ^ ■ 

12 4 DEFLECTION OF BEAMS ETC. BY CASTIGLIANO'S 
FIRST THEOREM 

In this chapter, we shall compute the deflections of beams and 
other members connected by rigid joints. The case of joint deflection 
of an articulated structure has been dealt with separately in 
chapter 13. 

Castigliano's first theorem (Eq. 12'4) can be used for com- 
puting the deflection of beams and frames with rigid joint. 
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If a member carries an axial force, the energy stored is given 



by 



(fromEq. \T2). 



In the above expression, P is the axial force in the member, 
and is the function of external load W Xt W % etc. If it is required to 
compute the deflection in the direction of W x , we have, from 
Castingliano's first theorem, 

~ .dx (126) 



m x Jo 



LP BP 



AE * dW x 

d P 

In the afeove expression, g^r & best evaluated by differentiat- 
ing inside tMjntegral sign before integrating. This is permissible 
because W x isifot a function of x. 

If, howler, the strain energy is due to bending, and not due 

to aixial load^l 

U^\ L ^tr> (from equation 12*3) 

JO Zs&l 

(where M is a function of the toad W t ) 

n if 

In the above expression also, -^r fa evaluated by differentia- 
ting inside the integral sign before integrating. 

If no load is acting at a point where the deflection is desired, 
fictitious load W is applied at the point, in the direction the deflec- 
tion is required. Then, after differentiating but before integrating, 
the fictitious load is set to zero. The method is sometimes known as 
the fictitious load method. 

If, however, the rotation £ x is required in the direction of M x 
equation 10*7 is modified as follows : 

A = JE- = [ L m(M-\ — 02*8) 

•T 1 1ST Jo ^dM x ) Ei 
where M is a function of M t . 

The procedure will now be illustrated with the help of few 
worked examples. 

Example 12*1. Calculate the central Reflection, and the slope 
at ends of a simply supported beam carrying a U.D.L. w per unit 
length over the whole span. 



method Of Strain energy 



371 



Solution 

w 



i 

A vv i B 
— 2~K*-H 1 | 



W 



2 Li \ KHT + T 



Fig. 12"2. 

(a) Central deflection 

Since no point load is acting at the centre where the deflection 
is required, apply a fictitious load W there, as shown in Fig. I2*2(a). 

The reactions at A and B will [~ ) t each. 

Then 

whew Mx is the bending moment at any section distant x from A. 

dMx x 
dW 2 
Substituting in (1), we get 

Putting W=0, 

2 \W( wL wx* \ x . 

_2f wLx* __wx*_Y 12 - 5 '"L* 
£TL 12 16 J o "IP" ~ET 
\b) Slope at ends 

To obtain the slope at the end A, say, apply a fictitious mo- 
«aent M as shown in Fig. 12*2(i). Th e reations at A and B will be 
respectively (j£--*£) and 
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Measuring x from B, we have, Eq. 12*8, 

, dU 1 [L dMx , ' ,~ 

where Mx is the moment at a point distant x from the origin (i.e. B) 
and is a function of M. 

dMx x 
dM L 
Substituting the values in (2), we get 

Putting A/=0 

I f w'jc 3 wx* ~] L __ , wL* 



L Jo ^ 



El]_ 6 SL Jo ' 24£7* 

The plus sign signifies that the rotation is in the direction of 
the moment M, /.e. clockwise. 

Example 12*2. Using Castigliand' s first theorem, determine the 
deflection and rotation of the overhanging end A of the beam loaded as 
shown in Fig. 12'3(a). 



Solution 



A tAtB 



M 

A B C 



K-L/3 
I 



Fig. 12*3. 

(a) Rotation of A 



ib) 



For the loading of Fig. 12"3(a), the reaction Rb= j- 4- ana 



Now +<-^- W \ A Mx.^dx+^\ c Mx. W .ilx 
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For any point distant x from A, between A and B, 

(^i.e. x=0 to x= -y^j 

Mx—M ;i5r = -l. 

For any point distant x from C, between C and B, (i e. x=0 

to x=*L) 

Mx=~~ x 

and ~Mf=^~ 
dM L 

Substituting the values, we get 

Ell X J 0 ^ Z»£/LTJo 

_ 2il/L , . t 

~ (clockwise) 

(A) Deflection of A 

To find the deflection at P, apply a fictitious load W at ^, in 
■upward direction as shown in Fig. 12"2(fr). 

The reaction R B ={ Wl\~ I 

The reaction Rc=^ M-\- WL^-j^ \ 
Then 

* \ B *Mx , 1 ffi dMx 
lA m-^\ A M ^-^+- W \ c M x ^-.dx 

For the portion AB, x=0 at A to x- y-at 5, 

M x =-~M-Wx 
dM x _ 

For the portion C£, at to C to x=L at B. 

dMx __ x 
-3W ~~T 



374 



STRENGTH OF MATERIALS AND THEORY OF STRUCTURES 



Substituting the values, we get 
Putting W=Q . 

^f/L 2 JO "^SiLLs Jo 
ML* ML 1 



ML 2 



18£/ ' 9EI 6Ef 
Example 12*3. A freely supported beam of span L carries a 
central loa^W* The sectional area of the beam is so designed that the 
moment of inertia of the section increases uniformly from 1 at ends to 
VSlat the middle. Calculate the central deflection. 
Solution 




Fig. 12-4 



cMx 



\-.dx 



The deflection Is given by 

dW E J Ix ' W 

11 f x \ 

In the above integral, /x=/+y • X * X==I \ I+ T / and l * 



a function of x. 



Mx= -~ x, from x=0 to x=LJ2 

dMx x 

ZW 2 



Substituting the value, we get 



f£/2 x 

rJ °( l+ f-) 



WJW 
= 2El 



dx 
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Substituting x+L—t in the above integral, and simplifying, 
we get 



-0 015 

Example 12* 4. A beam of uniform section and of length 2L Is 
freely supported by rigid supports at its ends and by an elastic prop 
at its centre. If the prop deflects by an amount A times ike load it 
carries and if the beam carries a total distributed load of W* show that 

5W 

ihe load carried by the prop is - (U.L.) 



/ r . 6EIX \ 



81 

Solution 

A w C B 



Fig. 12*5 
Let the prop reaction be=F 
Load on beam=M / 
W 

U.D.L.— — per unit length 

Reaction at ends=i?=- -y(W— p) 

The deflection at the prop is given by 
dU If.. dM x , 



Since the prop deflects by an amount X times the load it carries, 
we have Sc=— P . X. 

(Minus sign has been used since deflection is in a direction 
opposite to the line of action of P). 

Hence JLj Afjff dx 
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or 



or 



or 



or 



For any section distant x from A, 

1 W x" 

Afx=- y {W-P)x+^ r - i 

8Mx x 
~W 2 

Substituting the value in (1), we get 

W__ x* f 
12 x " " '" "32 I Jo 



-P=z 



X.£7 

XEI j_WL* PL* JWL* J5>WL*_P& 
P ~2~ ~ 12 12 32 96 12 



From which P-- 



5W 



( t+^) 



Example 12 5. A vertical load W if . applied to the rigid canti- 
ever frame shown i n Fig f 12 ' 6. Assuming EI to be constant throughout 
he frame, determine the horizontal and vertical displacements of the 
mint C. Neglect axial deformations. 

Solution 

Vertical deflection of C 
The vertical deflection of C is given by 



B 



Scv 



. , dMx , 

= 777 MX -Z777 d< 



cW El J 



(1) 



For BC, measuring x from C, 

Mx =+Wx 
dMx 



8W 



= +x 



For BA, measuring x from B 
WL 

Msr= + y (constant) 



dMx __ _L 
ZW ' 2 



C P 



\ w 



-L/2 



- IV 
Fig. 12' 6 



Substituting the, values in (1), we get 



£/LJo 



-dx 



] 
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WL*~\ 711 X s , A 

(Answer). 



El L 24 ' 4 J 24£Y 
(£) Horizontal deflection of C : 



8c« = 



(2) 



To compute the horizontal deflection, apply fictitious hori- 
zontalload P at C, as shown in Fig. 1 2^6. Then 
<U ! f dMx 

'bp=ei-\ lUx 'e~ 

For BC, measuring x from C, 
Mx = +Wx 

For 2M, measuring x from 5. 

Mx = +-^ + Px 
cMx - . 

Substituting the values in (2), we get 
ncn=-^[\^Wx(0) dx-\-^ ( 



_ 1 r wLx* 
'ei{_ 4 



WL 

2 ' 



.x^jx dx 1 



Px* L 
3 0 



Applying the limits and putting P~0, we get 
1 WL 3 WL* . 

hc " = TT • ~4— TeF (Answer) 

Example 12*6. Obtain an expression for the vertical displace- 
ment of point A in the bent cantilever shown in Fig. 12'7(a). 



2a 



2f 



D| wa 





UNIT BREADTH 
E CONSTANT 



A 
W 




(a ) 



(b ) B.M.D. 



Fig. 12-7 
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3.4 = - 



Solution 

The vertical displacement of A is given by 

±V 1 f M x cM x (n 

tW - E J l x W 
where the integration is carried over the whole frame. A bending 
moment will be designated positive if it produces convexity to the 
inside of the frame. 

The B.M.D. for the whole frame is shown in Fig. 12*7(6). 

(0 For AB : 

Width = unity 

1 /3 



M x — + W x (measuring x from A) 



Limits of x from 0 at A to a at 

(h> For BC : 

Width=unity 

1 2/ 3 
/- 1 yXl(2/ 2 )=~- 



Limits of x from 0 at B to 2a at C. 

(lii) for Ci) : 

Width = unity 

Mx= + lV (a— x), ^ being measured from C. 
(Evidently, A/*=0 when x=a where the line of action of W 
cuts the member CD). 

.. . nr""-* . 

Limits of x from 0 at 5a/2 at Z> 
Substituting the values in (I), we get 



5a 



=r,[K): +(f ^ ? 
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Et* [ 



4W'a»+3Wa»- 

24-5 



-I2W 



125 



o 3 - 



25 
4 



,)] 



(Answer). 



~ Et 3 

Example 12*7. A steel tube having outside and inside diameters 
of 10 cm and 6 cm respectively is bent into the form of a quadrant of 
2 m radius. One end is rigidly attached to a horizontal base plate to 
which a tangent to that end is perpendicular \ and the free end supports 
a load of WOO N. Determine the vertical and horizontal deflections of 
the free end under this load. The dimensions of the cross-section may- 
be considered as smai I relative to the radius of curvature. 
E=2Xl(F NJmm 1 

Solution. 



(a) Vertical deflection of 



end A 



dU 



dM 



ds 




W=IOOOON 



El. I 

(1) 

where the integration is 
carried over the whole frame 
along the curved surface. 
Hence ds has been used io 
place of dx. 

Let us consider a small 
element of curved length ds Fig. 1 2*8. 

subtending at the centre, and being at an angle 6 from the line 
OA, O being the centre of the quadrant of the circle. 

M=WR sin Q 



=R sin 8 



ds^RdG 

Limits of 0 from 0 at A to n/2 at B. 
Substituting in ( 1), we get 
I f*/2 



EI JO 
WR* 



EI 



WR sin 0 . R sin 0 . RdQ 

" f2 ■ 2 ft M WR * " 

sin 2 0 dQ — ■ 



El 



Now 



/=-fL(10 4 — 6 J )=427 cm*=427 X 10 4 mm 4 
o4 

2 x 1 0 5 x 427 x 1 0 4 = 854 x 1 0 9 N-mm 2 
2m— 2000 mm 
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1 00 0 X (200 0)3 n_ 
AV 854 X10 9 ' 4 



mm 



(d) Horizontal deflection of A 

Apply a fictitious horizontal load H as shown in Fig. 12*8, 
Then 



, dU If., dM , 

M=WR sin $-\-HR (1 -cos 6) 
=/?(!— cos 6) 



(2) 



dH 

ds=R.d$ 

*" A ^'lEj\Q 2 { JVR Sin ®+ HR ( l ~ C0S 6 ) Jw-cos 6) . Rd§ 
Putting #=0 

WR* (V* . M1 m , n WK* f */2# . . sin 26 \ 

Substituting the numerical values, we get 
1000 (2O0O) 3 



We 



-=4'68 mm 



2 x854 x10 s 

Example 12*8. A steel bar bent to the shape shown in Fig. 12.9 
is fixed at A and carries a vertical had Wat C. Calculate the vertical 
deflecton of C. EI is constant throughout. 

Solution 



,dU 1 \B ZM . . 1 M dM 



(i) For CB, 

For any radius vector subtending an angle 
6 with OC, we have (see example 12*7) : 

M=WR sin Q 



dx 



(1) 



ds=R , </8 
cM 



1 M ~~Tr ds= 
Jc dW Jo 



WR Z sin 6 



4 



(/() For BA, 
Measuring x from 5, 
M=WR 




Fig. 12*9 
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8M 

aw 



\b M iw rf Ho 
Substituting the values in (1), we get 

~~AE1 ( 7Cjff + 4 ^ 1 Answer. 

Example 12*9. c/rcw/ar arch rib of constant fie xura I rigidity 
is encastre at A as shown in Fig. IT 10. The end B is tied horizontally 
with a force H such that it can only move vertically when a load W is 
hung at B. Find the ratio HJW. 

Solution 

The horizonal deflection of B is given by 



dH ~J 



a dH 



As per condition of the 
problem, %bh=0 

.■.J'A^g-.A-O(l) 

Consider an element ds, 
the angular distance of its 
radius vector being at 8 from 
OA. 




Fig. 12-10. 



M=—H (^j-R-R sin e)+^(A-j->f* cos e) 



rM D ( Vi . \ 
2w=-R {~ -sin G j ; ds= 

Substituting in (1), we get 



Rd§ 



\l' /3 {^(^- S m6)_ ra (i- + cosfl )}* (^--rinejjw-o^ 



or 



-sin 6 



JdQ- 



WR* 



Jo (y+cose) 



H [ r(x+ c ° s6 )( 



2 



V3 



(■ 

-sin 9 ^0 



sin 9 W 



> 



i 



2*/3 / V3_ 
0 \ 2 



-sin 6 ) </9 
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The Numerator of the right hand side 

4[- 3 V3 +2 V3.-^ +2 (-l) + (-|-)]= ! - 
The denominator of the right hand side 

= J^ K/3 (-| — sin 8+sin 2 6 )</6 

He*. -J-^-WS. 

125. MINIMUM STRAIN ENERGY AND CASTIGLIANO S 
SECOND THEOREM 
1. Minimum Strain Energy 

In t^e sixth chapter, we have discussed two methods of analys- 
ing the statically indeterminate structures : the displacement method 
(equilibrium method or stiffness coefficient method) *nd the force 
method (compatibility method or flexibility coefficient method). For 
the displacement method of analysis, Castigliano's first theorem may 
be used t6 express the conditions of equilibrium. For the force 
method of Analysis, Castigliano's second theorem may be used to 
express the conditions of compatibility. Castigliano stated that, 
among all the statically possible states of stress in a structure subjec- 
ted to a variation of stress during which the conditions of equilibrium 
are maintained, the correct one is that which makes the strain energy 
of the system a minimum. 

Thus, if U is the strain energy stored in a elastic body, and if 
R x and etc. are the redundant reactions or forces, then if there 
are no support movements.and no change in the temperature, the 
reduntants R u £2, etc., must be such as to make the strain energy a 
minimum. 

Expressed mathematically, 

-at~> «> 

This set of equations is interpreted as follows : of all possible 
set of values that redundant forces in the system may assume, tb* 
correct set of values is that which makes the strain energy a mini- 
mum. There will be one equation for each redundant force and a 



(!2'8) 




sefrofs^u^ 



^?^lCasUglian<k^ 
strainin f rSystems^fgor ^ 
menj^^^ut^y klastlp t ^ 
force/T r we"h^ 



dU 



=x 



The self-straining ? xnay \"be caused byi,ihe^s r ettl6ment i of the 
support of a wdundaut-reaction 

misfit of a member by an amount X too short. " ffi "" : " 



£ v ,'\ Actually^equation J£9 ^represents" ^^eorenj jimjpiosing^he 
conditionslbrcompafibility a^ 
mum ©fstraro"^ 

Castigliano's second theorem, while e£uatipn|^^ 
Castigliano's theorem of mi^ 

case of a Castigliano's second theorem when . A=?0 (i.e. when the 
redundant supports T&o iiot^yteld bVSvhen 1 there is no initial lack of 

fit in the redundant members). : y s ■.•j.'vjgv nk;:* ^di zl 1 V-~v;-v 
3. Proof 




Fig. 12*11. 

Consider a redundant frame shown in Fig. l2*ll*(a), in which 
FC is a redundant member of geometrical length L. Let the actual 
length of the member FC be (L— x), A being the initial lack of fit. 
The member FC is shown in Fig. 12*1 1 (c), in which the lack of fit A 
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has been 5~ownWgg#ated£*^^ 

(Z—*) of the member v ^hen it h titprij$m&) truw^ W3n^b^ 
will have tb^ pulled ^sucl£^i^^-^b^^^^di!^^Sin£-so 9 a 




the member hasTixe^ 
operation. According to Hooke's Law - 

where r is the t6t^S$i0^^UH^^^^0^n * tioq_qu?. 



Let th^member iF(3 be' removea^'and ^^M^0^^i0f6ice T 
applicant tWcor^^ MV 
the ' 'basic r ""^~ -^»-"- ^iirfio m-aassillfr tviuv\«t' jiwiMW- f 



.... . ■'■^•t 

rem, where t/ 1 is the strain energy of thc*w%_^ 
the member FC. 



Equating (1) and (2), we get 



dm. 



or 



dT 
cU 1 



TL 




- - ^ ae r- ----- - -* 

The strain energy stored in the member FC due to a force T is 



Wfc TL 



T*L 



2 AE 



dT AE 
Substituting the value of 

cT + dT 



TL . 



AE 



in (3), we get 



or 



du 

dT 



where U=U 1 -\-Ufc. ' 

Equation 12*9 represents Castigliano's second theorem. 
If, however, there is no initial lack of fit, X—0 f and hence 



dT 



=0 



(12*8) 
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This equation represents Castigliano's theorem of minimum 
strain energy. 

t*x Southwell suggested that Castigliano's theorem of least work in 
effect, means that the strain energy of a linearly elastic system that is 
wtilaUy unstrained will have less strain energy stored in it when sub- 
jected fira total load system than it would have if it were self- strained. 

'W|f i5 fr$LLySIS OF STATICALLY INDETERMINATE BEAMS 
^ AND PORTAL FRAMES BY MINIMUM STRAIN 
ENERGY 

We shall now discuss the application of Castigliano's theorem 
of minimum strain energy for the analysis of statically indeterminate 
beams and portal frames. The analysis of redundant pin jointed 
frames have been discussed separately in chapter 1 4 and the analysis 
of redundant arches have been dealt with in chapter 16. 

The redundant reaction of the beam or portal frame are re- 
moved and a basic determinate structure is derived. If V is the rota/ 
strain energy due to the external loads and the redundant reaction 
we have from Castigliano's theorem of minimum strain energy, 

If the beam or frame has t wo or more than two redundant 
reactions, the partial derivative of the total strain energy U, due to 
the external loads and the redundant reaction R lt R t etc. with respect 
to the redundants is then equated to zero. 

Thus, ^=0 

If the degree of redundancy is more than two, the slope deflec- 
tion method or the moment distribution method is more convenient. 

Example 12*10. A continuous beam of two equal spans Lis 
uniformly loaded over its entire length. Find the magnitude R of the 
middle reaction by using the Castigliano's theorem. 

Solution 

A w c 



wL-f R wL-| 



Fig. 12*12. 
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Let" .J* be the redundant reaction at B, 



Then 



BR 



EI I A BR 



(1) 



Thereactions at A and wL— y-^ 

At any point distant x from A 



each. 



2 



or 



or 



" BR 2 
Substituting the values in (1), we get 

f[-(«-l)l+TTl-» 



M'£,< 

6 



12 



16 



From which R=-r\vL. 

4 

Example 1211. Two wood beams of indentical cross-section are 
supported* at their ends and cross at their midpoints as shown in 
Fig. 12' 13. .What interactive force R will exist between the two beams 
at C when a vertical bad W is applied to the upper beam as shown 7 

Solution 



T 

L/2 



A 








8 








L/2 






E 




1 






sL 




Fig. 12-13 
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^ Let us treat the interactive forces R as a generalised force. The 
corresponding displacement in the direction of each interactive 
force R as shown in Fig. 12'13 (b) is the relative displacement 
between the midpoints of the two beams. Since both the beams 
remain in contact, the relative displacement is zero. Hence iff/is 
the total strain energy stored in both the beams AB &nd DE, we 
have 

dU n 8Uab , SUde 

~dR-°=~vr + -dir a) 

For any simply supported beam of span /and loaded with a 
central point load P t we have 

P 

Mx=^y x > ( for x =0 to x—t/2) 



Ho im* 1 * 



Jo 2 

112 j>2 



- 2 1 



0 8£/ 



I 3 Jo 96£/ (2 > 



4£7 

/force, /or Me beam AB 
Span /=2£ 
The net downward had P={W—R) 

~$6£/ 12£7~ 

Similarly, for the span DE 
Span /=2> 
The net downward load P=R 
rr - 

dUDE RIS_ 
BR 48£/ 

Substituting the values in (1), we get 

BU __^ {W-R)L* . RL? n 
dR 6EI ~ f "4$EF~~ {) 

or -8(JF-*)+A=o 

from which p=-^-w. 

Example 1212. A uniform continuous bar ABCD is built-in at 
A and laterally supported at B as shown in Fig, 12' 14 (a). Find the 
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relative force Rat B due to the action of a vertical load W at D as 
shown. Neglect the effect of direct compression in the vertical portions 
of the bar. Joint C is stiff. Sketch the B.M.D. for the frame. 
Solution 

Let the reactive force at B be R as shown in Fig. 12"14(a)» 
Since the support B does not yield, we have 

BUba 



BUda dUpc + oVcb 



dR 



BR 



BR 



cR 

(/) For member DC 

Mx—Wx, x being measured from D 

dMx 
dR 
JUdc 

dR 

(if) For member CB , . . 

Measuring x from B, towards B, 
Mx=+W& 



El Jo MX W**"* 



BR 

BUCB 



BR 



-M 1 

EI Jo 



L BMx , n 
Mx — FT (W=0 



dR 



(1) 



(2) 



(3) 



B 

M 



D WL 



(a) 

Fig. 12*14 

(//) For member BA 
Measuring x from B towards A. 
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Mx-- 
ZMx 



+WL-Rx 



dR 



-~—x 



ZUba 
3R 



.LP 

£J Jo 



WL* * 



i r Rx 3 

Ell 3 



RL* 



3 2 
Substituting the values in (I), we get 
BUda 1 / RL 9 WL* 
dR £/ V 3 
3FP 
2 



(4) 



From which /?= • 



The B.M.D. has been shown in Fig. 12*14(6). 

Example 12*13. A portal frame ABCD is hinged at A and D, 
md has rigid joints B and C. The frame is loaded as shown in Fig. 
12' 15. Using the method of minimum strain energy, analyse the frame 
and plot the B.M. diagram. 

Solution 



|6kN 
B T C 



3m 



A 



T T 



V A =4 



^Sirr -* — H 



V B =2kN 




(a) 



CbJ 



Fig. 12*15. 

The frame is statically indeterminate to first degree. 

Let the horizontal reaction at A be H. Since there is no 
«xternal horizontal force acting, the horizontal reaction at D will 
also be H. Let us treat H as the redundant reaction. Since the support 
A does not move, 
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cUdc 



9# 



(1) 



Hence 



moments at />, ==4kN 
. rz> =6-4-2 kN. 



The work is most conveniently done in the tabular form below: 


Member 






i 

j Limit 


AB 






\ (Ho 3 








; oto 3 






+3 


Oto 1 




-2x-f3ff - 


t3 


j Oto 2 



For AB, 
For Z>C, 
For 5C, 



3t/,JB 


1 


3/T 


" £/ 


cUdc 




dH " 


-M 


3 tare 


1 


3// 


~ £/ 



9H 

El" 



H 



9// 



(— 4x+3#)(+3)rfx 



+ (-2x+3tf)(-r3)</x j 

[(-6+9/i)+(-i2+I8fl) ]=-}(-2-»3//) 
Substituting the values in (1), we get 

.From which 7/^0*4 kN 
Hen^e Af.4=0 

A/*=3//«0'4x3^1"'2 kN-m 
Mc=3H=\ 2 kN-m 

The B.M.D. is shown in Fig. 12*15{fc). 

Example 12'14. Cfrfrig /Ac principle of least work, analyse the 
portal frame shown m Fig. 12' 16(a). Also, plot the B.M. diagram. 
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Solution 

The structure is statically indeterminate to first degree. Let us 
treat the horizontal reaction at A as redundant. The horizontal 

reaction at D will evidently be =(3— //)<-. 



6kN 



g "?-H c o. 



3m 

El CONSTANT 



2m 

J4? 



-K 



3-H 
T 

V 2 ' 5 + T 




V A =3-5-§- 



(ai 



.(b) 



Fig. 12"16. 
By taking the moments at D, we get 

(V A x 3)+/f(3-2)+(3 x I)(2x l-5)-(6x2)-0- 
7/ 



^=3-5— 



and hence Kc=6— f^=2*5+ 



By the theorem of minimum strain energy, 

_dU =n== gt/ B£ 3t7cr 3i7oc 

dfi bh + 3# + *^r+ l 

(1) For member AB 
Taking a as the origin. 



dH 



dH 



dH 



ZUab 



cH 
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(2) For the member BE 
Taking B as the origin 



;W=(-//x3)-(3xr5)~^ 3^5- -^ )x 



= -3H+4'5- 3-Sx-r — 
3+4 



BH n 3 

ZMbe 



dH El 



EI 
~* EI 

(3) For the member CE 
Taking C as the origin, 



JO cH 

(8-04//-7-9) (2) 



dH 3 

= (10'96^-I5-78) (3) 

(4) for fAe member DC 
Taking D as the origin 

BM__ 
dH ~ x 

• .jj.£foc 1 [2 j 1 f2 

a// 

1 (2*67tf-8) (4* 



-Till M W dx =M 2 o 0-«*-*>* 



El 

Substituting the values, we get 
3XJ 1 

9^ =0== £7[(9//-10i2)4-(8'04//~7'9)4-(10-96//-15'78) 

+ (~84-2'67#)J 
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or 30'67 #=41-80 

From which H - 1' 36 kN. 

Hence K*=3'5— y-3'5- «3'05 kN 

3-05-2-95 kN 

A^-0 

Mb— ^—^--(1*36 X 3) =--- 4- 0'42 kN-rn 

jWc-(3-#)2=(3-r36)2- + 3-28 kN-m 
Md=0 

The B.M. diagram is shown ia Fig. 12*16(6). 

Example 12'15. A frame ABC is Jiinged at A and C, W 
*<Hf joints at B, as shown in Fig. 12'17(a). Analyse the frame com- 
pletely, and draw the B.M. diagram. 

Solution 

The structure is statically indeterminate . to single degree. 
Horizontal reactions at A and C will be equal, of magnitude H, say. 
Treating H as redundant. 




Fig. 12'17. 
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dU -n- eu * D , ZUdb dUcs m 

Taking moments about C, Va=T5 ; Hence Kc=2*5 kN. 

It m^ust always be remembered that in the case of curved or 
inclined members, the integrations must be taken along the members 
of frame. 

If y) are the co-ordinates of any point, and s is its distance 
along the member, from the origin, we have 

x=y— 0*707 s (from the geometry of the frame). 
(I) For the member AD : 
Length AD=2'B3 m. 
Taking A as the origin, 

g|- M=^-T5x+Hy 
Voting x and y in. terms of 5, 
^ itf=-5-3jf0*707 H.s. 

1 (3*75 AT— 28) (2)' 



(2) For fAe member DB 

Taking A as the origin, 

M=-7-5x+#j-fI0(x-2) 

= -5'3j-H>'707 ffs+ 10(0'707j-2) 
-1*775+0-707^-20 

-|~-=0'707 5 ; Length AB=5'66 m. 

P77/> R 1 T5-66 

«™+0-7O7 i»-20)(0-707,) A 

= (26-6 fl- 103) 

(3) tfie member BC 
Length 5C--=5'66 m 
Taking C as the origin, 

= -r77j+0-707 Hs 

dM 
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.*. J-[ S 66 <-l'77*+0 : 707 H.s)(0'701 s) ds 

dH EI JO. 

^~(30'4ff-76) (4) 

£.1 

Substituting the values in (1), we get 

4^-«0=~-r(3-75/f:--28)+(26-6ff--103)+(30-4H-76) 1 
off El L -I - 

or 60*75//— 207=0 

from which 7f=3'44 kN 

Hence, we have 

^=-f(//x4)-(F^x4) 

={3-44x4)-(2'5x4) 

=3 76 kN-m 

The B.M. diagram is shown in Fig. 12'17(6). 

Example 1216. A beam AB of span 3 m is fixed at both the 

ends arid carries a point load of 9 kN at € distant I m from A. The 

moment of inertia of the portion AC of the beam is 21 and that of 

portion CB is I. Calculate the fixed end moments and reactions. 

Solution 

9kN 

a* Jc Br 



■il_ J , =f tg) 



M A 



j-*— !m -4* 2m 

9kN 



1A C 

IRa 



8l 
:(b) 



Fig. 12-18. 

This is a problem of second degree indeterminacy. There are 
four unknowns Ma, Ra, Mb and Rb. Only two equations of statics 
are available, i.e. SK=0 and SAf=0. Let us Choose Ma and Ra as. 
redundants, as shoVn in Fig. 12*18(6). 

Since the end A does not settle, we have 

s BUab n {B Mx BMx . /M 

5- Again, since the end ^4 does not rotate, we have 



EI UIa 



</jc (2) 
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Thus, there are two unknowns : Ma and Ra, and we have two 
equations from the theorem of minimum strain energy. 
(1) For portion AC 
Taking A as the origin, we have 
Mx=-YMa-Ra.x 
dMx_ 

~dRA ~ 

BMa 

Moment of inertia=2/ 
Limits of x : 0 to 1 m 

Hence \a^UU 4x =]o Wi dx 

(2) For portion CB 

Taking A as the origin, we have 

Mx=+MA-RA.x-t-9{x-l) 

BMx 

dRA x 

Moment of inertia—/ 
Limits of x : 1 to 3 m 

Substituting these values in Eqs. (1) and (3), we get 
BUab VR± ■^]+-g r [-4^+Y-^-«] 



-0-^1 - 



v 2£/L 3 
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or 



and 



2-08 Ra 
Wa 



^=9-88 ...(3) 

or Ma-V1 Ra=*—T2 ...(4) 

Solving (3) and (4) t we get 

Ma*=4'% kN-m (i.e. assumed direction is correct) 

Ra [~+7'05 kN-m (i.e. the assumed direction is correct) 

To find Mb, take moments at B t and apply »he condition 
SM— 0 there. Take clockwise moment as positive and anti- clock wise 
moment as negative. Taking Mb clockwise, we have 

Mb-Ma+Ra{3)-9x2=0 
or Mi?-4'8-K7*05x3)-18=0 

Mb= + V65 kN-m (i.e. assumed direction is correct) 

To find Rb, apply 2K=0 for the whole frame 
Rb=*9-Ra=9—TQ$^V9S UN. 

Example 12" 17. Using Castigliano* s theorem of minimum 
strain energy t analyse the frame shown in Fig. 12' 19 (a). EI is cons- 
tant for the whole frame. 

Solution 



IOKN B 



4m 



4m 



EI CONSTANT 



T 

x 



VLrf M 
4 



(a) 



T 



<4£ 



12-73 




90S 



1819 



lb) 



Fig. 12-19. 

There are five unknowns : M, R and H at A, Hd and Rd at D. 
Let all these reactions act in the directions as shown in Fig. 12*19 
(a). Since three equations (i.e. Etf=0, £P=0, £Af=0) are available 
from statical equilibrium, the frame is statically indeterminate to 
second degree. Let M and H (both at A) be the redundants. 

(i) Since SH is zero for the whole frame : 
Hd+H-10=Q 

or Hd.= 10-H (1) 
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(ft*) Since XV is zero for the whole frame : 

■ Ho— R (numerically^ (2) 
where R is the vertical reaction at A, acting downwards, 

(iii) Tp find the value of R in terms of M and H, apply the 
third equation of statical equilibrium, i.e., £Af=0. Taking moments 
at D, treating clockwise as positive, we get 
-Az-4tf+40=0. 



or 



R^IO—j-^Rd 



(3) 



Thus;jffie other three reactions (i.e. R, R D and Ud) are known 
in terms o£|be redundants H and M. 

Front ihe theorem of minimum strain energy, 



and 



H : .'J •_ 



dU \Mx,. dMx , 



BMx 



dx 



(I) 

(ID 



BU 

The ^ulations for various quantities are performed in the 
tabular formljelow : 



Member ' 








Limits of x 


AB - 




+ 1 ■ 




0 to 4 


DC 


;""+(10-.ff)x 


0 


— -x 


0 to 4 


CB ] 














X 

+ 7 


-4 

J 


Oto 4 



which gives Mj-3H+5=Q 
Similarly, 

JU 
dH 



0= jo W-^X-*) (10-^)jc(-Jc)+ 

J* {(10-i/)4-(l0~^)^j(-4)^ 
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which gives - ~M+^jH — ^-=0 (u) 
Solving (I) and (II), we get 
H=+T73 kN 
and M== + 18*19 kN-m 

Plus sign with the numerical values of H and M indicates that 
the assumed directions are correct. 

The other reactions are 

M 

i?==10-^U=+5*45 kN (i.e. downwards) 

Rd=+5'45 kN 

HD^lQ~ff=-hT27 kN 

A/B-+A/-4//- 18'19-30-92- -12*73 kN-m 

i/c=+4ifc> =+9*08 kN-m 

The B.M. diagram has been shown in Fig. 12*19(6). 
PROBLEMS 

1. A simply supported beam 
with overhang is loaded as shown in 

Fig. 12 20. Using the theorem of Castig- * 
liano find the vertical deflection of <W A 1 
point C. V A B CT 

2. A cantilever of length L is i j" 

loaded with uniformly distributed load " -~ ^ L/2-*~| 

w per unit length ever the whole span. 

It is propped at the free end. Calculate Fig J2-20 

unhT™" 011 ^ ^ Pr ° P " Ii8id W prop yields a ° <~ * ""der 
end «LJ£tf£Z?&^ , S£*^ bu ilWtt ends, determine the 
.eve^^^^^^-^^is^d^^t ^ 
that the pressure JTbetween the two beams at Cis given by X=M.( L. _I \ 

, {A.M.I.E.) 



16 



, Af ^ Fig. 12-21. 

having'rigM ^ec&S wjf h i^Sfc^ffr Wlum J?^ at ^ and 

point load WztC. CUcufatethe H^? ,Cve Jv The frame a 

tant for the whole s ttuctS« tol ^ fiwt,on of C and is cons- 
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$^3X$£SS£2L 3?S?t£ {£?»&. deflection of B. 



0 B 



Kim * 



-2m 



4m 



1 l» 



Fig. 12-22. 



3R 



Fig. 12*23. 



^^^^^^^^^ 

of 'point C and the vertical movement cf point if. 

; B '■ i/m c 




-2m. 



!m 



8 Usinffhemefhod cf minimum strain ene^.^anilyse the portal 
S using tne ^' the B M. diagram. EI is constant, 

frame shown Ho. «* {"J^ n by rilta u m strain energy.. 

Answers 

8£/ 



1. 



3 . 3 h'L* 
2. (a) -o-"'!,. (6) - fi - 



8 v/ g L 8 +3£/X 
3. M^=Mb=-j2 — 



ET' £T" 

8. M s =+0.78;Mc= + 0-39; H^=0-39h 
j/ D =0 39*- ; 1^=3-2 ; i?£>=2-8. 
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Deflection of Perfect Frames 



3Si-. - 

r %;l. GENERAL , of 

An articulated structure or a truss is composed of> number o 
flars or members connected by frictionless pins, ^ min 8f om ™ 
/tur^ which are usuaUy triangles. A truss is said to be stately 
f&minate internally if it has the members given by the equation 

<?3; m--2j—r 
where m=Total number of members 

y=Total number of joints, 
iv; r=Total number of condition equations available, 

fife In the above equation, the value of r is usually 3 but tf there is 
*%a additional hinge separating the structure in twoparte.r-3+l- , 
rand if there is a link somewhere in the structure, r-3+2-y 
-frame is said to be perfect if the number m is equal to tight hand 
side of the equation. ••♦«»,- 
- When external loads are applied on the truss, at the joints, the 
members carry internal forces, usually called the stresses which may 
tether tensile or compressive. According to Hook* law, if any 
„,al member of length t carries a force P, it will be deformed by 
an amount where A is the area of cross- section of the members. 
In the truss.lherefore, the members carrying tension will be elongat- 
ed while those carrying compression will be shortened. Thus, al the 
-joints will move from their initial positipn, and will occupy then- 
4a! equilibrium position. The axial deformation in the members 
of the truss may also be due to temperature changes or du sto - enws 
in fabrication or lack of fit of some members, and the joints may 
move from their original position. This movement of each joint is 
defined ^ the deflection of the joint in the direction of movement^ 
The resolved part of the movement in the vertical direction is called 
vertical deflection of the joint, and that in the horizontal direction is 
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known as the horizontal deflection of the joint. In general, each joint 
has both vertical as well as horizontal deflection, unless constrained 
to move in a given direction. 

There are various methods of computing the joint deflection of 
a perfect Frame. We shall, however, discuss the following methods : 

1. The unit load method. 

2* Deflection by Castigliano*s first theorem. 

3. Graphical method : By Williot-Mohr Diagram. 

The first two methods are analytical, and require the full 
knowledge of the methods of finding the stress in plane frames 
under static loading (see Author's Vol. I). 

13*2. THE UNIT LOAD METHOD 

To develop the method, let us consider a perfect frame as 
shown m Fig. 13.1, where W lt W 2 > W 3 ..Wn etc., are external loads. 




Fig. 13. J. 

Xet etc., be the forces or stresses in the members I, 

2, 3, ...netc., due to the external loading. 

Let us find the vertical displacement (Sk) of the joint F due to 
the external system of loads shown. 

Apply gradually an infinitely small load W at the joint Fin the 
vertical direction, and let be the deflection of the joint. The work 

by HP will' be y W . hv (2 ) 

If t*{, « 2 , w 3 ..., «„ are the forces in the various members due 
to unit vertical had at the joint F, the forces in these members due 
to a load $W at F will be « X .W, t^.nw, u s .HW 9 ...u m W t respectively. 
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If any member of length L has the force u.lW, its extra deformation 
due to m at Fwill be^ ( " '^ U . 



/, Work stored in the member^-— (force) (deformation) 



2. 1 ' AE 

_ 1 P.u L.W 
2 AE 

(neglecting the product of small quantities) 
Total work stored in all the members 

v 1 PmL.W 
~fY ' AE 

=.L m i^ L - (2) 

2 "iAE K } 

Equating the work supplied to the work stored, we get 

1 1 n PuT 

1 Ah \ is 
■where n is the total number of members. 

if, however, horizontal deflection is required, it can similarly 
be proved that 

n PuT 

(13-2) 

1 AE 

where P~ Force io any number due to external loads. 

/7=Intensity of stress in any member due to external 
loads. 

u— Force in any member due to unit vertical load 
applied at the joint where deflection is required. 

u'~ Force in any number due to unit horizontal load 
applied at the joint where deflection is required. 

Steps : 

The method of computing the deflection of a joint can be sum- 
marised below : 

1. Find the forces P lt P Zf . ..,/>„ in all the members due to 
external loads. 
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2. Remove the external loads and apply the unit vertical load 
at the joint if the vertical deflection of the joint is required, and find 
the stress u lt w 2 » —» «« in a11 tne members. (If horizontal deflection 
is required, apply unit horizontal load there and find u\, w' 2 ,—, «'*). 

3. Apply equation 13*1 for vertical deflection and >43'2 for 
horizontal deflection of the joint. 

13*3. JOINT DEFLECTION IF LINEAR DEFORMATION OF 
ALL THE MEMBERS ARE KNOWN 

If, in the place of external loads, the deformations Ai, A 2 - » 
An etc. of all the members are known, the deflection 8 can be cal- 
culated as follows : 

Equation 13*1 can be rewritten as 

g ut deformation of the member^A (according to 

Hooke's law). 



n 



1 



Similarly, 



n 



i 

Hence, in order to find the deflection 8 in such cases apply 
unit load at the joint, in the direction the deflection is required, and 
apply Eq. (13*4) or (13*5). See example 13*9 for illustration. 

DEFLECTION OF A JOINT DUE TO TEMPERATURE 
VARIATION 

Let Ai, A 2 , A a *». A„ be the changes in the lengths of various 
members of a perfect frame due to temperature variation. To find 
the deflection of an unloaded frame due to temperature variations 

apply the unit load at the joint and calculate w 1( w 2 and apply 

equation 13*4 (or 13*5) for the joint deflection. 

n 

Thus, S=S MAi=«iAi+W2Ai w B A* (13*6) 

If the change in length (A) of certain members is zero, the 
product «. A for those members will be substituted as zero in the 
above equation. If, for example, there is only one member in which 
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lere is change in length Ai. the deflection of a particular joint will 
equal to u x Ait where u ± is the stress in that member due to the 
nit load at the joint under consideration. See example 13*10. 

DEFLECTION OF A JOINT DUE TO LACK OF FIT OF 
CERTAIN MEMBERS 

; Let Ai. A a A * be the lack of fit in the members. The 

joint deflection can be found by equation 13'4 or 13 5, i.e. 

n 

S=ZtfA=« 1 A 1 -fK 2 A2-+— "»A* 
l 

If there is only one member having lack of fit Ai, the deflec- 
tion of a particular joint will be equal to w x A n where u x is the stress 
'in' that member due to unit load at the joint under consideration. 

Example 13*1. Determine the vertical and horizontal displace- 
ments of the point C of the pin-joined frame shown in Fig. IS' 12(a). 

The cross-sectional area of ABis 100 sq. mm and of AC and 
BC 150 sq mm each. E=2X 10 s NJmm*. 

Solution 

The vertical and horizontal deflections of the joint C are given 



by, 



and 



8f=£ 



8h=S 



PuL 




AE 



(i) 
(2) 



Let us now find P, w and w' in each member. 
(a) Stresses due to external loading 



AC=>V 3 3 +4 2 =5 m 
3 



sin 6=— *=0*6 



cos 6=-j=0-8 



Resolving at the joint C, we get 

6—Pac sin sin 8 




Fig. 13-2. 
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Evolving horizontally, Pac — Pbc 
,\ IP ac sin 8=6, from which 

■3.-: P ^ PB ^Tkw = T^ =+5 W (tension) 
(Use -f sign for tension and— sign for compression) 
Resolving horizontally at A, 

p AB= p AC cos e=5x0 8— 4 kN (comp.) 
=-4kN. 
{b) Stresses due to unit vertical load at C 
■ Apply unit vertical load at C. 

file stresses in each member will be 4~ th of those obtained 

■ • ' (y 

above! 

{ 

r 5 

Thus tuc—uuc — h-^ - 

and . uab= — g~ "y 

"(c) Stresses due to unit horizontal load at C 

Assuming that the horizontal movement of joint C is to the 
left, apply a unit horizontal load at C as shown in Fig. 13'2(6)* 
along with the reactions . 

Resolving vertically at joint C, we get 
u'ca—u'cb (numerically) 
Resolving horizontally, ' 

rfcB cos cos 8=1 

or ^^Iwe'S^T"! kN 

u>cBft.+Y kN; u'ca=— |-kN. 
Resolving horizontally at B, we get 

: u'ab-=u'bc cos 6=-|- xO-8=0*5 kN (comp.) 

To calculate ~ and ™ A L - t the results are tabulated below 
A A 
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Member 


■ 

Length 
L (mm) 


Area 
(mm) 1 


P 

(kN) 


it 

(kN) 


«' 
(kN) 


Put 
A 


Pu'L 
A 


AB 


8000 


100 


-4 


-2/3 


-1/2 


4-640/3 


•-160 


BC 


5000 


150 


+5 


+ 5/6 


4-5/8 


f 2500/18 




CA 


5000 


150 


+5 


4-5/6 


C !0 

— 5/o 




— ZMJU; Jf* 












Sum 


1 +491 
i 


+ 160 



£-2x 10 5 N/mm 2 -200 kN/mm* 
, PuL , 491 
AE 



200 
160 



=^ + 2*45 mm 



-G'8 mm. 



AE ' 200 

(The plus signs indicate" that the assumed directions are 
correct). 

Check 

Since the end B is supported on roller, the movement of B is 
horizontal only, and is equal to the deformation of the bar AB. 
Since the structure is symmetrical about C, and loading is also 
central, it is evident that horizontal movement of C=-^- X defer* 
mation of AB. 

_1_ Pab . Lab 
2 

JL 

2 



Aab.E 
4X8000 



—0*8 mm 



100X200 

Example 13 2. A frame ABCD consists of two equilateral tri- 
angles and is hinged at A and supported on rollers at D as shown in 
Fig. 13'S. Determine the vertical deflection of C and horizontal move- 
ment of D due to a had W applied vertically 4t C. All the members are 
of Length Z,. All the tension member are of area a and compression 
members of area 2a. 

Solution 

The vertical deflection of C is given by 
1 AE 



(1) 
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where" it is the stress due to unit vertical load at C. 
The horizontal deflection of D is given by 

s " Pu ' L 

where u' is the stress due to unit horizontal load at D. 



(2) 



and 




Fig. 13^3. - . 

(a) Stresses due to external loading 

cos 60°--^; cos 30°==-^- 

Resolving horizontally at joint C, 

Pcb=Pcd 
Resolving vertically at joint C, 
2Pcscos 60°=W 
Pbc^ W (tension) 
Pcd= W (comp,) 
Resolving horizontally at jS, 
Pba=Pbc—W (tension) 
Resolving vertically at B f 

Pbd=2Pab cos 60°=W(comp.) 
Resolving horizontally at D, 
Pda=Pdc=W (comp.) 

(b) Stresses due to unit vertical load at C 

To find u in all members, put W~ 1 in the expressions found 
above. 

(c) Stresses due to unit vertical load at D 

The find the horizontal deflection of D t apply unit horizontal 
load at D, in the direction shown in Fig. 13*3. 
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By resolution at joint C, 

u'bc—u'cd=0 (Since there is no load at B) 
Resolving horizontally at B, 

u'ba=u'bc=0 

.■-■■->.- 
1 Hence ■ u'bd=0 y 

Resolving horizontally at D, 

HDA COS 30°= 1 ' . 

1 



4U 



The results are tabulated below : 



(comp.) 



Member 


Length 


Area 


P 


u ; 


«' 


PuL 


pWL 














AE 


AE 



AB 


L 


a 


+w 


+1 


o : 


aE 


0 


BC 


L 


a 


+w 


+1 


0 


, WL 
aE 


0 


CD 


L 


2a 


-w 


-1 


0 


+- W - L 
2aE 


0 


AD 


L 


2a 


-w 


__1 


2 

■/3 


, WL 
*~ 2aE 


, WL 
y/3aE 


BD 


L 


2a 


-w 


-1 


0 


^ 2aE 


0 



Sum 



+ 



1WL 
2aE 



Hence 



CV AE 2aE * 



and 



Pu'L 



WL 



+ 



WL 
*/2aE 



AE V3fif£ 

Example 13^- Fig. 13'4 represents a crane structure attached to 
a vertical wall and carrying a vertical load of 20 kN at C. 

All tension members are stressed to SO N/mm* and all compres- 
sion members to 50 Nfmm 2 . Determine the horizontal and vertical 
deflection of the end C. Take E^2X 10 5 NJmm*. All members, except 
CD, have a length of 2 m. AE*= 2 m. 
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Solution 

The horizontal and verti- 
cal deflections of C are given 

by ^ 

Sk«S — g— ==S -g- 0) 



and %h s 



" Pu'L 



(2) 



2m 



where p=intensity of stress in 
each member, and is known. - 

• (a) Calculation of stresses 
due to unit vertical load at & ' ¥ : ; 
To calculate u in all mem- 
re apply a unit vertical load 



Resolving perpendicular to BCsA C, 
K ucd sin 3o°==l x sin 60° 

sin 60° 




20kN 



Fig. 13-4- 



Ucd—- 



sin 30' 

ucb—ucd cos 30°— 1 COS 60' 
V3 1 



V"3 (comp.) 



=V3X 



1*0 (tension) 



or 



2 2 a 
uab—ubc— 1 "0 (tension) 
ubd— 0 (by resolving perpendicular to ^2? at fi) 
Resolving perpendicular to ED at 2?, 
ttwu sin 60°=w>c sin 30° 

1 „ 2 



itu>— V3x 



X —-=1*0 (tension) 



Resolving along ED, 

ued=Uax> cos 6Q 0 +udc cos 30°— 2*0 (comp.) 
(b) Calculation of stresses due to unit horizontal load at C, 
Apply unit horizontal load at C, as shown . 
Resolving perpendicular to SC, at C, 

Vci) sin 30°=10 sin 30° ,. 

f/cD=l (comp.) ' * - - 

Resolving along JSC, at C v 

r/c«=w'ci> cos 30°+ 1*0 cos 30° 

~( rox )+(l*0x^~ )= V3 (tension) 
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u'bji=u'cb>=V3 (tension) 

Resolving perpendicular to ED t at D, 
w'^d sia 60°=u'cd sin 30° 



U AD= X 



2 _ 1 



2 -vr = vr (tension) 

Resolving along ED y at A 

^i?ed=u'ad cos 60°+^ cos 30° 

The results are tabulated below : 



Member 


L 

(mm) 


P 

(Nlmm*) 


u 


* 1 


puL 


pu'L 


AB 


2000 


+80 


+1-0 


+V3 


+ 16x10* 


+ 16/3x10* 


BC 


2000 


+80 


+10 


+</3 


+ 16x10* 


+ 16^x10* 


AD 


2000 


+80 


+ 1-0 


, 1 
' V3 


+ 16x10* 


+_* x!0' 
«/3 

0 


BD 


2000 


0 


0 


0 


0 


ED 


2000 


—50 


-20 


2 

V3 


+20x10* 




DC 


2000^3 


-50 


-✓3 


-10 


+30x10* 


+ !0V^xl0* 










| Sum 


+98x10* 


+93-5 x 10* 



Sf=S 



« p«£ = 98x10* 



and 



2x10 s 

>3*5x 
2X10* 



" /»<•£, _ 93 5X10* ... r 

fo^f £~ ->^™» ( } 

Example 13*4. The steel truss shown in Fig. 135 is anchored 
at A and supported on rollers at B. If the truss is so designed that, under 
the given loading, all tension members are stressed to 100 Njmm 2 ana 
all compression members to 80 Njmm*, find the vertical deflection of the 
point C. Take £~2xI0* N'mm 1 . 

Find also the lateral displacement of the end B. 
Solution 

The vertical deflection is given by 
« puL 

1 

where p is the stress due to external loading, 
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To find the values of «, apply a unit vertical load at C, and 
analyse the frame. The results are tabulated below. (The students are 
advised to work out the stresses themselves). 



45kN • 45KN 




Fig. 13-5 
<+for tension ; — for compression) 



Member 


Length 


P 


a 


puL 




(mm) 


(Nftnm*) 






1 


4000 


-80 


-4/9 


'Jf-xlO' 


2 


4000 


-80 


-4/9 


+ »» xlO* 


3 


4000 


-80 


-8/9 




4 


5000 


+ 100 


+5/9 




5 


3000 


-80 


0 


0 


6 


5000 


0 


-5/9 


0 


7 


4000 


-100 


+8/9 


+-g— xlO 1 


8 


3000 


-80 


+ 1/3 . 


-8xl0« 


9 


5000 


+ 100 


+ 10/9 


+ ^ xl 0* 








Sum 


+ 168 xlO 4 



5cK= f £ 2X10 5 
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(b) Horizontal deflection of B 

Since the roller at B moves in the horizontal direction only, its 
movement will evidently be equal to the axial shortening of the 
members 1, 2 and 3. 

Thus 8jwf=Ai4-A 2 4- A 8 

3 P £ 3(80x4000) .* , . 

Example 13 5. JAc /rome shown in Fig. 13'6 consists of four 
.panels each 2'5 m wideband the cross-sectional areas of the members 
l^esuck that, when the frame carries equal loads at the panel points 
"^g " the lower chord, the stress in all the tension members is J Njmm 2 . 
Sted the stress in all the compression members of OS f Njmm 2 . Deter- 
mine the value of f if the ratio of the maximum deflection to span is 

v ; 

\yoo * 

%! Take £=2'0x 10 s NjmmK 

' '■■ - . Solution 



\ (-) 




(-) / 


8 \9 


10 


A\ 








4 \ 




5 



25m 



t-r 



(+) 



1+) 



(+) 



Fig. 13-6. 

By inspection, it can be seen that for the loads at the panel 
points of the lower panel, the top chord members will be in com- 
pression, and the bottom chord members, verticals and diagonals 
will be in tension. 

Due to symmetrical loading, the maximum deflection occurs at 
C. Apply unit load at C to find a in all the members. All the mem- 
bers have been numbered 1, 2... etc. in Fig. 13 6. 



By inspection, 
Reaction 



u»=0 ; w 10 =0 ; t/ 12 =0. 



«10 



3=45° ; cos 6=sin e=-J~- 
v J. 
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Ra 



sin 0 



(comp.) 



Also, 



u 3 =u 7 cos 6= • ~^2-= r ~(tension)=w 4 

H 7 COS 6+H9 COS Q=U L 

!(l .,^Lx-^-i ^x-^,..,-o(comp.) 



TheV£esults for fo// the truss are tabulated below : 



1 










Member % 

<_ 


Length 
L (mm) 

—~ 


(Nlmm*) 


u 




r 

1 | 


2500 


-0-8/ 


■ 

-10 


+2000/ 


3 ; 


f 2500 


+/ : 


+± 


-1250/ 


4 


2500 


+/ 




4-1250/ 


7 


■ 2500^2 


-0-8/ 


V2 
2 


-J -2000/ 


8 


2S00 


'+/ 


0 


0 


9 


2500/2 


+/ 


+ J £ 


4 2500/ 








Sum 


49000/ 




"puL 


_ (9000/X2) 


=0'09/mm 




* • 




2*0 X 10 s 







As per given condition, Sc=-^^ xspan 

1 



900 * 10000 =-ir 



Hence 



0-09/= If 



or 



100 
5>xO*09 



>123 5N/mm 2 . 
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IB 'iS^5?5f 13 6 Bg ' I3 ' 7(a) * hows the outHne °f tntss 

0fm a load which is disributed as 2 kN on each of the four points 

^J^dndT^The members PQ t PR, PS and PT, each have an area 

ffiiSlS^lf the members Q R * RS md ST each have of 130 sq. 
** wifcd deflection of Q and R relative to support P. 
9* Nfmm 2 . 



! (HINGE) 




^' 2kN - 2fc N 2fcN 
r Co) ACTUAL LOADING 




I (ROLLERJ 



2kN 2kN 



2kN 




(b) HALF TRUSS 



(c J UNIT LOAD AT Q 




Id) UNIT LOAD AT R 



Fig. 137. 

Since the loading and truss are symmetrical, consider half truss 
only. For the equilibrium of the half truss, the horizontal reaction 
tfO will be supplied by the other half of the truss as shown in Fig. 
13-7 (b). Thus the half truss of Fig. 13*7 (b) is obtained by assuming 
the truss having cut by a vertical section through P t and the basic 
system of Fig. 13*7 (a) does not change^ ; Fig. 13:7 (c) shows the half 
truss under unit vertical load at fi, and Fig. 137 (d) shows the half 
truss under unit vertical load at R. 

The vertical deflection of Q and R are given by 
Put M "J 



S(?K=S 



AE 



and 



W . : The summation being 
y made for half the truss 
(2) I only- 
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where w is the stress in any member due to unit vertical load at Q. 
7ndu* is the stress due to unit vertical load at R. The members have 
been numbered 1 , 2, 3, etc. 

(a) Calculation of stresses due to external hading 
• >, sin 30°=2 ; Pi=* (tension) 

P 2 =P 1 cos 30°^-|-=2v r 2 (comp.) 



/> sin 60° -2 



4V"3 1 



2X2 ±^ {tension) 



P l= =P z cos 60°+P 2 -^Xy+ 2 ^ 3 = -T^ ( coi "P ' 

(6) ' Calculation of stresses due to unit vertical had at Q 
By inspection, n 3 =0 

w, sin 30 a = 1 : «i=2 (tension) 

u^U, cos 3G°-2 x = \/3 (comp.) 

« 4 =««^=V3 (comp.) 
(c) Calculation of stresses dm to unit vertical load at R 
Since there is no load at Q. 

«'i=0 

, 2 2-^3 

«' a sin60°=l, 



" 3 ~V"3~" 3 



(tension) 



2V3 1 V^3 



m' 4 ="' 3 cos 60°=— 3~ X "2"^ 3 
The results are tabulated below : 



(comp.) 



(-t-for tension ; —for comp.) 



Member 


L 1 


A 


P 


« 


if 


Put 


PuL 




(mm) 


(mm*) 








A 


A 


1 


2000 \/3 


65. 


+4 


+2 


0 


+426 


0 


2 


2000 


130 


-2v'3 




0 


+92-3 


0 










1! 


," 2^3 
^ 3 






3 


2000 


65 


+ 4/3 
3 


0 


0 

■ 




4 


1000 


130 


8V3 
3 




V3 

3 


' +61-5 


■■ +20-5 












Sum 


| + 579-8 


+ 102-5 



£»2x 10 6 N/mm*=200 kN/mm» 
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579*8 

102*5 ^ _ 
orf=-^q-=0'5i mm. 

Example 137. The roof truss shown in Fig. 13'8 has members 
with cross-sectional areas such that when the loading is as shown, all 
members are subjected to the same intensity of stress either tensile or 
compressive. If the vertical deflection of joint C is 15 mm , determine 
the change in the span of the truss. 

Solution. 



25m 




Fig. 13*8. 

To find the vertical deflection of point C, apply a unit vertical 
load at C, as shown in Fig. 13-8. Let ±p be the intensity of stress 
in the members due external loading. The members have been 
numbered 1 1 2, 3 etc. 



= 1250 a/5 mm 



L 6 ~2'5 m ; L$=L 9 = 5 m 
25 1 



sin U— 



cos 



2-5 V5 v^5 

5 ___ 2 
2-5^5 ~~ v$ 

• a 1 

u x sin or u t = 



-~ — h 4 (comp.) 



v/5 2 

ifs^WiCos — ; ~^l^r W9 (tension) 



U3 
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w 8 = 1 (tension) 



TheSsults arc tabulated below, giving correct signs to ±p 
obtained ^inspection of Fig. 1« under the actua loads. 
° y H (+fof tension . _ for compressI on) 



Member 


Length 
Hem) 


Sttess 
P 


1 




- ■ r 


— 1 — - 
1250V5 


-p i 


/5 


+3125j> 




1250/5 


i 

— p *. 


V5 


+3125;? 


3 | 


1250/5 | 


! 

■ 


-II 


+3125p 

■ 


4 % 


| 1250/5 


—P 




+3125p 


5 v. 


| 1250V 5 


-p 


0 


0 


f> 


j 2500 


TP 


+ 1 


-r25O0p 




i 1250/5 




1 o 

1 


0 


a : i 5000 


1 p 


i " 


■fSOOOp 


0 


| 5000 




1 +> 

I 


H-5000/J 








| Sum 
t 


+25000p 



But Sc=15 mm (given) 

Equating (1) and (2), 

. - 25000^ = 15 

? P ^ =- - 3 — 



£ 25000 5000 
.Now, change in the span AB= A 



, (0 

(2) 



=10000 
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Substituting the value of -^r, we get 

_ " . it3 10000x3 

.-. Change in the span AB=-- 



30 



=6 mm. 



5000 5 

Example 13 8. The fiarfie shown in Fig. IJ^ con^^ of four 
panels each ' J' 5 m wide, and cross- sectional aredf ojf^henien^ersM^ 
such "that 'whin 'the frame' carries equal loads at the panel joints of the 
fiiii.T^Hrrirrfr the stresses ^ -pi all tension members is 100 Njmnf and 
the stress in all the compression members is 80 N J nim^ Determine 
the relative movement between ' the joints C and K in the direction 
CK. Take E=2xlO s Nfmm*. 

Solution 




Fig. 13*9. 

To find the relative movement between joints C and K t apply 
unit loads at C and K in the direction CK. The movement S of the 
joints C and K towards each other is then given by 
* " puL 



E 



There will be no reaction at A and F due to the unit loads. 
Hence 

Wl «0 ; u s -0 ; « 6 =0 ; «»=0 ; w 10 =0 ; u,=0 and w 4 =0 ; i/ 8 «ft 
Resolving at joint C, 



«!!=•- 1 sin 8= 
i/ a — 1 cos G— 



1 



Resolving at joint K 



V2 
1 

1 



(comp.) 
(comp.) 



w 7 ==l cos 6— ™j- (comp.) 
« 13 — 1 sin 8=^2" (comp.) 
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Resolving at D f 

u 12 cos 6— w 13 



"12" 



cos 0 



-^--1 (tension) 



Byinspection, it can be seen that for the loads at the panel 
points of the lower panel, the top chord members ™U be in com- 
pression, and the bottom , chord .members,, verticals and diagonals 
will be in tension. Member CJ does not carry any stress. 

p 6 =P>=P*=P*o= 100 N/mm\(tensidTi) 

p n =0. 

The results are tabulated below. However, since S is the func- 
tion of the product of p and*, those members having u=Q orp-0 
(and hence j>.w=0) have not been included in the table. 
(+ tension ; — comp.) 



Member 


Length 
{L mm) 


P 


1 


puL 




2500 


-80 


1 


+1414x10* 


"» 










2500 


+ 100 


a 


-17-66 xlO 4 


«T 










Uit 


2500^2 


+ 100 


+i 


+35*32x10* 


«13 


2500 


+100 


i 

2 


—17-66x10* 









Sura 


+14-14x10* 



mm =0 706 mm 



£=20 X 10 s N/mm 2 

1414X10* 
5== 20X10° 

Example 13 9. fig. ii'M*) *W a pinpointed fi^f^ 
is Mmd7 rigid-supports A and D which are at the same level All 

length of the members. ^ acertaM 
of the members are estimated as AB\ +0 I« w, ^ « 
: -0-200 fe., CD : -O'Stt in extension). 
Find the horizontal and vertical movements of C. ■> 
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Fig. 13 10. 

r The horizontal and vertical deflections of C are given by 

n PuL " rt 

$h=S^=S»'A -(2) 
l At - l 

where u is the force in any member due to unit vertical load at C, 
and, v is the force due to unit horizontal load at C. 

To find.the values of u t apply unit vertical load at C. Fig. 1 3*10(6) 
shows the induced stresses in the members. Similarly, Fig. 1310(c) 
shows the stresses u r due to unit horizontal load at C. (Students are 
advised to work out the stresses independently). 
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me results are tubulated below. 
(+-fof tension and extension ; -for compression and contraction) 



fit ember: 




Deformation 
Min.) 


u | 


u' 1 


«A 


it* j 


AB 




+0185 


1 


+ 1 


-0107 


- 0-185 


BC 1 




-4- 0-240 


1 


+ 1 


-0139 


+0-240 


CO ; 




—0-365 


t 


0 


— U HiZ 


0 


fiD | 

t 




—0-200 


+ * 


-1 


-one 


+0-200 




i- 

-I. 






Sum 


-0-784 


+0-625 



S^=SwA=— C'748in, i.e. 0'748 m. | 
l 

aThe minus sign indicates that Sk is in the reverse direction of 
that assumed). 

n 

and 8//=Sw'A=-+0*625 in. (-»■). 

l 

Example 1310. Determine the vertical deflection of the joint C 
of the frame shown in Fig. 13' 11, due to temperature rise of6U° F in 
the upper chords only. The coefficient of expansion^™ X W * pet 
1°F and E=2 X 10* kglcm*. 



Solution 




I, 



Fig. 13- 11. 
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Increase in length of each member of the upper chord 

; ^Z^=400x6xl(T 8 x60=+0 , 144cm 
The vertical deflection of C is given by 

To find u, apply uni: vertical load at C. Since the change it? 

length (A) occurs only in the three top chord members, stresses in 

these members only need be found out. 

„ . .41 
Reaction at ^ == ~72~ = 'y 

8 2 

Reaction at B ~~[2~—~f 

Passing a section cutting members I and 4, and taking mo-, 
ments at Z), we get 



"'=(t • 4 )T = T (comp - ) 



Similarly, passing a section cutting members 3 and 9 3 and 
taking moments at C, we get 



(•> \ 1 8 
T x4 )Y=T i<:ompt) 



4 

Also Us—Hx— -^-(comp.) 

Ai4« 3 A 8 -f w 3 A 8 

=K-4-K(-tH-I-)}x^ 144 > 

~— 0*256 cm, i.e,, 0'256 cm f . 

Example 13*11. Determine the horizontal and vertical deflec- 
tion of the joint C of the frame shown in Fig. 13'12> if the member 
DF has a lack of fit of I cm (long). 

Solution 

Let « be the stress in member DF due to unit vertical load at 
C, [Fig. 1 3*12 (a)[ and u' be the stress in it due to unit horizontal 
load at C, [Fig. 13*12 (b)). Since only one member has lack of fit,, 
we have 

8cK=««A 6 =w a x(-hlHM« 0) 
(Since A 6 =-H cm) 
and So/=i/ 8 A 6 =«' a X (+U="'« ( 2 > 

1 2 

Refer Fig. 13*12 (a). Reactions at A and B will be y and -y 
respectively. Pass a section to cut the members 2, 6 and 7 
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Then force in member 6-(shear in the panel) X (cosec •/ - 
cosec 6= -y- 



3 @'4m*l2m 

l 2 F 3 



1/3 i 




Fig. 13*12. 

1 5 5> \ 5 



(since compression has negative, sign) 



5.5. 
icF=tti=--^ c «» I t.e. -J cxa * ' 

Similarly, when a unit horizontal load is applied at C, [Fig- 
13M2 <»J, the horizontal reaction at A=l («-). Since the unit ^hori- 
zontal load at C and the reaction at A produce a couple mthe 
anticlockwise direction, equal and opposite vertical reactions of 

magnitude J^. ^i_will be induced at A and B as shown. 

To find the force u\ in FD, pass a section to cut the members 
2, 6 and 7. 

w' 6 =*(shear in the panel) X (cosec 6) 

=f x f == 4- (comp)= 



Then 



12 



Hence $cH=u't}= 



-cm, i.e. 



■cm 



- 2 ™, n 

13 4 DEFLECTION BY CASTIGLIANO'S FIRST THEOREM 

In chapter 1 2, it has been proved that the partial derivative of 
total strain energy with respect to a force gives the deflection mthe 
direction of the force. This is Castigliano's first theorem, and its 
application for finding the deflection of beams etc. has already been 
studied earlier. 

In articulated structures, the loads are applied at panel points 
only, and hence the members carry axial forces, (either tension or 



compression) only. Tims the strain energy will be due to direct 
forces and is given by 

^WrePisfbrce^ e * t€rnal lo ^' fi If .^, is 

^n externaUoad ^acting at, a joint and it is required to find the 

?dES*'* joint in the direction of the application of the load, 
behave, according to Castigliano's fi rst theorem. 



113 7) 



~ Thisis'lhe expression for the deflection of a joint. If^ho^yer^ 
hu s quired to find the^e flecticjuuu i j o int where , W is not peg s* 

^4lH yfa a P P lied there fa " th e TOUtred ^sm^J^ 

irn^ol^dfor the joint where external load is acting, but the deflec- 
tion is required to be found in some other direction. 
Procedure for Computing DeBectSon 
T Apply a fictitious load I*' at the joint in the direction in 
•whicn the deflection is required, if no such external load is acting. 

2, Find the force Pin all members. The force P will be a 
function of W and the external load. Thus, in general, 
P=a+bW 

where a and b are the constants depending upon the geometry of 
the truss, position of the load, the position of the member and the 
system of external loading. In some cases, either a may be zero, or 
b may be zero, or both a and b may zero. 

BP 

3. Find the value -g^r 

4. Calculate — • for each member. If W were a ficti- 

At* Cr¥ 

tious load, equate it to zero. ^ ; 

5. 2 ^kr • 4^7 gives the required deflection. 

AE cw 

Comparison with Unit Load Method 

The deflection by the unit load method is given by 

I AE i AE i 
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The deflection by Castlgliano's theorem is given by 
: . i AE ' W 



(2) 



If expressions (1) and (2) are compared, it is evident that 

ZP. '" 

-~^u^rthxis; both the expressions are the same. However, due to 

different formi the procedure for computation is different. In the 
' unit load method, one has to analyse the frame twice for finding P 
and w in each member while in the latter method, only one analysis 
is needed. However, the expressions for P, by the Castigliano's 
method, are sometimes long and cumbersome. 

Example 13*12. Solve' example 13'2 by Castigliano's first 
, theo&pi. -I- ■ 

iJWlntion. (Refer 13 3). • 
J(q) Vertical deflection of'C 

i An external load W is already acting vertically at C. Hence 
The value P in various members have already been calculated 

'''' jap 

in example 13 '2. The values of P and 4rr, etc. have been entered, 

cW 

and computations done in a tabular form below : 



Member 


Length 
L 


Area A 


P 


9P 


PL iP 

A zW 


AB 


L 


a 


+W 


+1 




BC 


L 


a 


+ W 


+1 


WL 

+— 


AD 
CD 


L 
L 


2a 
2a 


—w 
—w 


—1 
—l 


2a 

WL 
T 2a 


BD 


L 


2a _ 


—w 


—l 


WL 

+ -2a- 












1WL 

+ 2a 
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" PL BP 1WL 
Hence Sck=S ~j r 



AE ' dW ~~l 2aE 
(b) Horizontal deflection of C 

•Ap ply a horizontal load H at the joint O (in the dotted direc- 
tion shown in Fig. 1 3-31. with the external h ad W siill acting on the 
frame. The horizontal deflection of C is given by 



" AE ' "BH 

It will be seen that the forces in ail members except AD will be 
the same as in the previous case (i.e., when only W is acting and 
«0). The force in AD can be found by resolving horizontally at 
A. As the horizontal reaction at A is H r we have 

Pad cos 3Q°=H+Pab cos 1W=H+ W cos 30°. 



Pab=H At+W 
v3 



and dP " D 



dH ^ V3 

The forces in the four members are as below : 
Pab=+W'J?**-^ 

Pbc^+W; ? ^-=0 

P*o~~W;J^~0 
Hence - -g 

-( V3 ^ V* ' iff 
— _2^_by putting #=0. 



\'3^E J ^ * 
Example 1313. A pin joined frame shown in Fig. H 113 is 
hinged to a rigid wall at A and is free to slide vertically at E. The 
frame carries a vertical load W at B. The area of each tension member 
is a and of each comperssion member 2a and the length AE is L. 
Obtain an expression for the vertical displacement of C. (V *— ) 
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A 


B C 




>^ i 




j FICTITIOUS 


60^^ 





Solution 

Due to external loading, 
member AB, AD and AE will carry 
tension, and the area of each of 
these members is therefore, a. 
Members BD and DE carry com- L ; 
pression and hence their area is 2a. 
Members BC and CD carry zero 
stress. 

To find the vertical deflection 
of C, apply a fictitious vertical load Fig , 3 . 13 

Q there. Then 

" PL BP 
^^AE'dQ 
where i>= stress in any member due to both external and 

fictitious load 
Vertical Reaction at E^Q (roller) 
Vertical Reaction at >4=(W+2) 

The stresses in BC, CD and AB will be in terms of Q only, and 

hence P. — £ will be zero when the value of Q is put zero. Similarly 
dQ 

stresses in BD and AD will be the function of W only and hence 

3P ^ ^ PL dP 

and P. |g-will be zero for these two members. Thus E • -^g 

is required for members AE and J5£ only. 

Pass a section to cut AB, AD and ED. Taking moments about 
A, we get 

(WxAB)+(Q*AC) 
L sin 60° 



Pde- 



= ^co S 30- + 2QLcos30° ^ (compression) 

1. sin oU 

Resolving vertically at E, 
Pae=Pde cos 60°=-i-(fP+2£) tension 

To make it more clear how P. r^r- is zero for the five mem- 

oU 

BP 

bers, value of P and -^g-are tabulated below for all the members. 
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Member 


Length 
L 




P 


■ ■ . 


>i ZP 

Ht, ay 
after putting Q^O 


AB 




a 








BD 


L 

2 ■ 


- 




0 


0 




2 ■ L 


a (say) 




4 _ 

< 


16 ^3 (?£. _ 
3 x 2 a£ 


CD 






— 

— 


-2 ' 




AD 


L 


, a 




0 


0 


AE 


L 


a 




-f 1 


£(H'-f2<2) Ma 
2a£ ~ 2a£ 


nr 


j 

U 


La 


— (jy-f 2fc?) 


X 


UW+2Q)L WL 




2a£ ~ aE 










Sum 


WL 
~2a£ 



. "PL dP 3WL 
8cv i~AE ' 1q~2Ee' 

13 5. MAXWELL'S RECIPROCAL THEOREM APPLIED TO 
FRAMES 

As applied to the deflection of articulated structures, Max- 
well's theorem of reciprocal deflection has the following statement : 

"In a perfect frame under equilibrium, the deflection of anv jew? 
A due to a had at the joint B is equal f# the deflection of the joint B 
due to same load at the joint .4". 





A \ 




B \ 


t 




1 



w w 



Fig. i3'14. 



•"-.^■sggS^ 
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Expressed .mathematically^ 

^afeiv.io J&4?&$* 



where ; r , ^ \, ; j?S j^eflection of A due to Iqad aiB 



•1 -^-I | ..,.^,0, 



wSi*=deflection-of-i? due to load -at '.4 




load method/Jhejdeflection of the joint A is raven 

- l ■ , ,--r . •■• ■ ■ ■ 

where '4;: dA > Stress in any member ,du^ |o f^ftJBh- 

I- ' ; • tf=Stress in any member due' to unit load A. 
Now;rem6ye the load from^B, and aj^ly^^l^^ joint -yi. 
Then t^deflection of joint B is~given by '[ r H^-^H-- 

r'T- 5 1 *AE ■ ■ ■ K ) 



where 



and 



>'=Strew in any member due^^^^^f ' 



Stress in any member due to unit load at J7 



Substituting these values of P' and 1/ in (2), jg&<et 
Comparing (1) and (3), we get 



1 v4£ 



(1) 



^ -'• bZa^aSb c^K...:. • (13-8) 

which proves the statement. ^ . - u*;; iasM^r. 

Example 1314. Determine the vertical displacement of both 
lower points C and D for the pin jointed frame -shown in Fig. 13*15. 
The cross-sectional area of all members is 130 sq. mm. and the 
modtdus of elasticity is 200 kNimm*. Determine the magnitude of 
an additional vertical load W placed at D necessary to increase the 
deflection fit C by 50%. r "7N, 

Solution 

From Castigliano's first theorem, the deflections of C and D 
due to external load is given by 

te-S^udta-L^""' 

1 AE j A£ 

where . P— force in any member due to the load of 9 kN 

acting at C. 
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w x = force in any member due to unit load at C. 
« 2 =force in any member due to unit load at D. 
The calculations of P t u, and u 2 are presented in the tabular 
form below : 

2 




Fig. 13.15. 
{-t-for tension ; — for compression) 



1 


r 

{mm) 


p 

ir . 






jrltjL, 




1 


2500/2 


-6/2 


--T-/2 
3 v 


4 


+2828 x 10* 


4-1-414 x 10* 


2 


2500 


_6 


2 

" 3 


i 

" 3 


+ 10x10* 


+0-5x10* 


3 


2500/2 


-3/2 




2/2 

3 ,- : 


+0-707 x 10* 


4-1*414x10* 


4 


2500 


+3 


1 

+x 


2 

+T : 


4-0*250x10* 


+0-5x10* 


5 


2500 


+3 


1 

+x 


2 

+ T 


4-0-250x10' 


+0*5x10* 


6 


2500 


+6 


2 


1 


4-1-0x10* 


+0-5x10* 


& 


1 2500 


+6 


2. 
+T 


. .1 


+ l*0x 10* 


+0-5x10* 


8 


2500/2 


+3/2 




/2 


4-0-707x10* 


—0-707x10* 


9 


2500 


0 


0 


+ 1 


0 


0 








! " ■ 


Sum 


7-742x10* 


4-621 x 10* 
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J! PihL 7*742 X If 4 



130X200 
4*621x10* 



=2*98 mm I 



or 



130X200 

Let the additional load at £ be W. 
2*98 

We want d3c=— 7=i"49 mm. 

■ - y- 

According to Maxwell's reciprocal theorem 

Hence r y c$0= 1:49 mm 

When aload of 9 kN is at C, Sz>=l*78 mm 

" Vw ^ 1*78 
Hence when a load of W is at C, cSd==--^— 

Equating (3) and (4), we get 

W^ -'w 9 =7*53 kN. 



=1*78 mm i 



(I) 
(2) 



W 



(3) 
(4) 



13 6. GRAPHICAL METHOD 
( a ) Williot Diagram 

In the graphical method, the extension or the contraction of 
each member is first calculated by Hwke's law [i.e. A«-^ )* 
These slretching or shortening of the members are then plotted to 
get the position of the joints and the deflections. 

C.090 0 9CT>C 2 




lb) WILLIOT DIAGRAM 



6C v =2*5mrn 



Fig* 13.16. 

To start with, let u* take the simple triangular truss of example 
13*1, which carries a point load of 6 tonnes at the point C The 
members AC and BC carry a tensile force of5kN each, and AB 



Reflection of perfect frames ^ ' 433^, 

• parries a compressive force of 4 kN. Hence the extensionsotlqor^- > 
Actions of various members are: •.•->'• -M^ 

• ••" A^-A»c- 5XlOOOX5 T-+0-W mm eAtenpF 'i 

&<>c-1\bc 150X2X10 5 M-fe! h 

^ 4 X lOOOX 8000 _ _ 1 . 6 mm - (/ . e , con acfeS 

" '■"*'• ■ •" ■ -" >; .■: "■ irv^smb 

^ The deformed shape of the frame can no^J^c^^by ™ mg 
^he-changed lengths as the sides .and plotting the^triangle , ABC. 
iiowever, since A^cand Aab are extremely , small; the; deformed^ 
I|bar^ofthe frame -will .practically coincide with .^^ft:. 1 , 
S||d^us accurate measurements for the Reflection oftf^omt C-' ;i 
Cannot be made. For this reason, bigger scale is used ^for ploUmg^ 
Mteitimges in the lengths. For the truss shown in Fig. : ^16^^ 
fm* point A is position fixed. Also the movement of the roller ^at £ - 
horizontal, and hence the direction .45 is also fixed. Thus-whea 
Scarries compression under the given system of loading, 5 wiU ;; 
"move towards.*, by an amount Bff^&tB. This contractton AWb 
(=*BB') has been marked on BA. tothe left of 5, on a bigger scale 
^mthatof the original diagram. From 5', a line is drawn 
Iv^arailel to 5C and equal in length to BC ; . ^ 

" Nowon-4C, CC t is made equal to A^c.(extension) on the 

• enlarged scale. Similarly on B'P. P<k is made equal to A*c 
(extension). Then by striking arcs from centres A and B' with radii 
|tC\:and B'C X respectively the intersection gives C\ the new position 
pf point C. For every small changes in lengths, the angle CC^C 

^and M' are right angles. Hence right angles are set off at C x and 
A, intersecting at C. We thus get the figure PCC z C'C t which is 
if much larger scale than that of the original diagram v4/?C. C is 
the final position of the joint C, and the perpendicular distance of 
C from PC gives the vertical deflection of the joint C. 
.' i n the case of bigger frames, it is convenient to draw the defl- 
ection diagram (such as PCC t C'C x separately, as shown in Fig. 
13-16 (6) Points being fixed in position, it is chosen as the 
.reference point, and the direction AB is the reference direction. 
Thus, in Fig. 13*16(6), point A' is first chosen, and point B is 
marked to the left of A' (since point B moves tothe left relative to 
A), and by a magnitude A'B'= Aab- Line A'B' is evidently parallel 
to the direction AB. Since AC extends, point C moves to the right 
relative to A, and in the direction AC. Hence the extension^ 
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(=Aic) ^marked parallel to ,4C, parking the point Q to the right ^ 
of A'. Similarly, BC extends, and pfcint C moves to the left relative . _ 
toB,andfithe direction BC. Heice the extension B'C 1 {=Abc) 
is marked^Ulel to BC, markings the point to the left otB\ 
Perpendicufcs are then drawn at A and thus meeting at C . ^ 
The deflection of joint CVwhen scaled, comes wt to be 2'5 mm. The^^ 
diagram 13*16(6) is known as the WUHot diagram . 

(6) WilUot-MoBr Diagram ^ J -^W^; 

In tlfease illustrated above; thoreference point A was fixed in ' ' 
position aji the reference direction AB was also fixed: In some ^ 
cases ho^er there may not be even a single J member which is either; 
fixed in^^tion or "carries WovStress. In such^a^case^ Williot 
diagram tefirst plotted ;j^^nkM»J^o ^e^irec^on^of any^ 
memberV8£e necessary ioWfoniflf^wn as. Mohr's ^correction) is ^ 
then macSto the diagram. The fii& diagram so offined is* khown^* 
as the T^iot-Mohr diagram/ ^ 

Wiliiot-Molir diagram is decribed in example -3*16- 1 
: Ex^bple i 13*i5.^ Solve example J 3' 9 by graphical method. , ~ 
- Solution. " , . ■■ , t . „, t<; 

In ^ frame, both points ^and p are -position fixed, and 
hence thifedirection AD is fixed. Thus there 'is no '^change in the 

length ^ and A 

To draw the Williot diagram [Fig. 13*17(6)] ; points A andi> 
coincide. To find the position (of ths joint B), A f B x drawn 
parallel ia AB and equal to A ab. Since Aab is positive (i.e. exten- 
sion), B moves away from A t in the direction A'B V Similarly, since 
Abb is negative {i.e. contraction), B moves towards D. Hence D'B* 
is drawn parallel to BC, in the direction B to Z>, and equal to Abd. 
Perpendiculars are drawn at B ± and B* to meet at B'. Thus, # is 
the location of the joint B relative to joints A and D. 

Similarly, to locate the position C (of the joint C), draw B'C X 
parallel to BC (since A bd is extension and C moves away from B in 
the direction B to C), and equal to A sc. Similarly draw D'C % 
parallel to Ci) (since Ac* is .contraction and C moves towards D in 
the direction C to D), and equal to Aco- Perpendiculars are then 
drawn at^ and C 8 to meet at C. C is then the location of the 
joint C relative to joints A and J>. 

From the Williot diagram [Fig. 13*17(6)], the vertical deflection 
of C=Sck— vertical distance between A' and C— 0*78*' ( X ) and the 
horizontal deflection of C=8h = horizontal distance between A' and 
C=0'63'-». 



m&W^L^^M^\ the perpendiculars, 
SR^S^^ ihe x defiectedposi^ 
ilM0^4heJi3ced points r an5: 'directio&cW&l'-TMs 




4toJTHE--fRAME m&£)E 




t\ b,/^ ' 

If"."!.-. ' i ■■■./■* i » ^ - 



.ito' 



^rttr^ijH^ 



r»r>-> 



V' ^ 



.iWii-f ^fj'ii:" '..V- r 



"6C h = 0-63" 



(b) WILLIOT DIAGRAM 



Fig. 13-17. 
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In this truss, joint A is position fixed, but\neither AB nor AK 
is direction fixed. Also, there is^np such member v^hich carries zero 
stress, to a#jas a' W<^c*jSnemberl. Hence, : .tb/ start with, AB is 
arbitrarily chosen' as the reference member, fixed in direction, and 
theWUHc^ diagr^ iSconstnicted as in the previous example. Cor- 
rection is then applied 'to the ydfiot diagram, by constructing on it 
the Mohr's diagram^ The combined diagram, known as the Williot- 
Mohr's diagram gives the deflection of various joints. 

.To construct the Williot diagram, point A' is chosen, and AB' 
is drawn parallel to AB, and equal to &ab. Since AB extends, point 
5moveVto Uie righi ofi4, and hence5'is drawn to the right of A\ 
Now, to plot E\ the deflected position of point £ relative to A'B', 
draw £'£ a parallel to EE, and equal to A bc. Since BE is extended, 
E moves away from B, in direction BE, and hence E t ts drawn along 
the direction B to E. Similarly, A'E X is drawn parallel to EA, and 
equal to Aba. Since AM carries compression, £ moves towards A in 
downward direction, and hence E x is drawn from A' inline down- 
ward direction. At E x and E St perpendiculars are drawn to meet at 
E\ thus giving the deflected position of the joint £ relative to AB. 
Similarly, deflected positions of point F, C, G and D are plotted 
at F' C\ & and />' respectively, as shown in Fig. 13*19. 

From the Williot diagram so obtained, the point D' is the de- 
flected position of D relative to AB, and hence the vertical distance; 
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: Mfaunti4' and D' gives vertical deflection of D relative to A. Actu- 
l ^^ Vince /> is supported on rollers, both A and D arc at the -same: 
" rW and the vertical deflection of D relative to A must be' 'zero. 
AVsVisprepaney has crept in due to the fact that the Williot dia- 

d" o • ■ - 





ft '33 " 




Fig. 1319. 

Sram has been plotted with reference to the original axis of the 
•members. Actually, AB is not fixed, and it rotates about the 
joint A. 
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|5 The necessary corregtion is applied through the Mohr's diagram 
T^e deformed truss should be rotated about the hinge A, in cloclc- 
wise direction, in such a \ray that the joint D comes in level with the 
jSntA. The vertical displacement given to the joint D is equal to 
the height of D' above A'? The horizontal component of the dis 
placement represented by D' still remains. Duo to the rotation of 
the truss, other joints will Also be proportionately displaced. 

' To draw the correction diagram (/.e., Mohr's diagram), draw 
||8>* parallel to BA t to meet the vertical line through A' in D" The 
Hue A'D' represents the lower chord of the truss. The other joints 
e|*he lower chord, B and£, win lie. on A'p". Hence, on the base 
construct the figure A' B" C D* G* F* E" similar to that of tho 
Utofc ABCDGFE, as showrjby chain-dotted lines in Fig. 13*19. The 
f^ise A' B* C* D* G* F* &is known as the Mohr's diagram, and 
rfcust be constructed on such side of the line A"D' that after rotating 
ijpjiy 90°. it becomes parallel and similar to the -original trass dia- 
gram. In the combined diagram, the following points must be 
carefully noted. 

t; (i) The firm line% represent the deformation of various 




.;; \ • (if) The dotted lines represent the perpendicular drawn tc* 
locate the deflected position of the joints. 

# - (in) The letters with^dash' B\ C etc.) represent the de- 
fected position of the corresponding joints, relative to A t taking AF 
as the fixed reference direction. 

(iv) The displacement of various joints B, C, D, E t F t G are 
represented by the vectors B'B\ CC% D'D\ E'E* t F*F' t and <?'<?*. 
Thus the vertical displacement of the joint D is the vertical compo- 
nent of the vector and is evidently zero. The horizontal dis- 
placement of D is equal to the horizontal component of the vector 
and is evidently equal to the length IfD'. 

> From the Williot-Mohr diagram, 

8cf = vertical Component of vector C'C 
—10*5 mm. 

PROBLEMS 

1. Ug. 13'21 shows a pin jointed plane frame hinged to a rigid wall at 
C and D, and carrying a vertical load W at A, The area of each tension 
member is 'a* and that of each compression member is *2a*. The length AD is. 





r<J*L and' all members have a modulus orgasticity ^Determineiianaiytii 

2 A Crane structure is shown in^Fig* 13*21? The length of the mem- 
ber AD is 2L and all other niembers are of length L . The cross-sectional area 
^>cT^Dis^^tliatofallotnermembers"is 'aV ^Determine theThorizontal 




-.'= -*.'■ ■.. ,;j c ^d, fcsrso(fr:n? 'ry-n 

Fig. 1320. ■ ■Fig.M.^^^^-'^^ 

3. A pin jointed structure shown in Fig. ^3-22 is pinned to an abut- 
ment at /and rests on rollers eXG. A load W is applied : horizontally at D. 
Determine the horizontal movement of D. if the area of all tension members is 
Vi* and that of aU compression members . *2a\ The panels ate all equilateral 
and of side length L. *> U L ') 




Fig. 13-22. 

4. Determine the vertical deflection of the load in the structure .shown 
in Fig. 13*23. The tension members are stressed to 12*N/ihm* and the 
compreseion members are stressed to 93 N/mm». £=2 01 x 10» N/mm 1 . 
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5. The frame shown "in $iS&gi ■ 13:24 Si^carties? -toad -wnich produce 
deformations (in mm) as shown against each iflf^e i ^erafcer^ i a jfx>s^ 




denoting an extension. Determine, perferably by Williot diagram, the vertical 
and horizontal displacement of F. 

6. Fig. 13*25 shows a small pin-jointed frame which is.Jiingcd at B 
and supported by a roller at C. Bar BC is horizontal and the lengths of the 
members are : 

AB~3Q cm ; BC=5Q cm ; AC=^4S cm 
The lengths of the bars are adjustable. Find the vertical and horizontal 
movements of A due to the following changes in lengths. 

AB: +2-5 mm ; AC : — l*0mm ; BCi —1*5 mm. 





Fig. 13*25. 

7. Determine the horizontal deflection of the roller support C of the 
frame shown in Fig. 13*26 dne to applied load of 8 tonnes at B. Members AB, 
BC and BD are each of 800 sq. mm area and AD and CD are each of 1600 sq. 
mm area. £=2-06x10* N/mm 1 . 
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80KN 



Fig. 13-26. 

8. The truss shown in Fig.: 13*27 carries vertical loading uniformly 
y^iyided between the panel points of the lower chord while the cross-section of 
tie m(?m|>ers are such that all loaded ties are stressed to 135 N/mm* and all 
jaded struts lb 90 N/mm" under the loading. Al! joints are pin-joints and 
%lwot'-Ef6iilM'tttXieM 'of, 'the truss is 2 02x10 s N/mm*. Find the 
tical Reflection of fhe point A. ' 




4(q) 2-5m=IOm 



Fig. 13-27. 



Answers 

1. *k=2-57 



2. 



8 K = 



WL 
aE 
5_6 7 WL 
3aE 



% x fi H =0-29 



WL 

aE ' 

4 04 WL 

aE ~ 



Wl 

3. A -12 £8 

*\ 

4. 14*8 ma. 

5. 24-2 mm ; 14*7 mm. 

6. 8y=0-212T ; 8^=0*133 

7. S/f=16*35 mm. 

8. 8-33 mm. 




Redundant Frames 




EGREE OF REDUNDANCY 

frame is said to be statically indeterminate when the number 



Known reactions or strips components exceed the total number 
iditipn equations of equilibrium. If the number of unknowns 
a! to the number of condition equations available, the frame 
to be, a perfect frame. The total degree of indeterminacy or 
icy of a frame is therefore equal to the number by which the 
unl|iowns (i.e., reaction components as well as stress components) 
exceed the condition equations of equilibrium. The excess restraints 
orlfembers are described as 'redundant*. 

^Ib find the total degree of indeterminacy, the structure may be, 
somewhat arbitrarily classified as statically indeterminate externally, 
internally or both. In case of externally redundant structures, there 
are redundant reactive restraints. The degree of external indeter- 
minacy or redundancy is given by 

E=R-r (141) 

where £= external redundancy, 

i?= total number of reaction components 

(one for a roller, two for a hinge, and three for 
a fixed support), 

/•^total number of condition equations available 
(i.e. minimum number of reaction components 
required for the stability of the frame). 

; The structure is said to be internally indeterminate if it has 
redundant members, and are therefore overstiff. The degree of 
internal redundancy (/) is given by 

/=m-(2/-r) (142) 




where /==degree of internal redundancy •' • h - " : 
m= total number of members 
. y^total number of joints. V.^*"/^- 
r==minimum t number of reaction components ^rec 
for the stability of the structure^ ; 
/ v A structure may be redundant both internally as well as 'exter- 
nally (i.e. it has redundant reaction components as wetl^s redundant 
members). In this case, the total -redundancy (T) is given by : : . M 

;"\.* ..V =(R-r)+m-2j+r=R+m^2j r 
j . , =m-(2f-i?) ■■ " r ■/ j-V P^T^'^l 
Difference between .^equations 14'2 and H^mustjbe carefully' 
noticed. In equation 14% r is the miwmimi number^ of reaction* 
components required for the stability of the'structure,' \yhiie in equa- 
tion 1 4*3. R is the actual number of the reaction components present 
in the structure. *' --s 

14'2. APPLICATION OF CASTIGLIANO S THEOREM OF 
, MINIMUM STRAIN ENERGY I V w 

. - ; • The principle of Least Work is a statement of the practical fact 
that if an elastic structure is in a state of stable equilibrium under 
any forces whatsoever, then the . work stored is smallest amount 
possible. Hie theorem of minimum strain- energy can, therefore, be 
used for analysing the redundant frames. To use this method, the 
redundant members are replaced by the unknown forces (t 19 T 2 etc.) 
acting at the joints. The statically determinate system which results 
from the removal of the redundant members is called the base or 
principal or perfect system. Then, by Castigliano's theorem of mini- 
mum strain energy, we get 

where U is the total strain energy (inclusive of that in the redundant 
members) of the frame. The number of equations will be the same 
as the number of unknowns. 

As an illustration, consider a frame shown in Fig. 14*1 (a). The 
total number of reaction components Y*=(2+l)=3 : minimum reac- 
tion components required is r=3 (from statical equilibrium). 

Hence £=/{—r=3— 3=6, and the frame is externally deter- 
minate. 

Now m=8 and /— 5 ; r=3 



444 



STRENGTH OF MATERIALS AND THEORY OF STRUCTURES 



Hence /-m-(2y-r)=8-(2x5-3)=l 









\ / 




X ✓ 


X s 

x * 




\ 


\ 


✓ X 












td) 



w 



Fig. 141 

Thus frame is internally indeterminate to single degree i.e., 
it has one redundant . member. Considering member AB as the re- 
dundant, replace it by a force T at the corners B and C, as shown in 
Fig. 14*1 (b). The base system is thus obtained, and stresses in 
various members can be calculated in terms of external loads and 
the redundant force T. If U is the total strain energy stored in the 
frame (inclusive of that in BC), we have 



dT 



ptT 

Now strain energy in any member carrying axial force is= 
Hence 



and 



l 

" BP _L_~ 

sr | ^£ ~" . 



(14'4) 



The force P in any member will be a function of the external 
load JFand the redundant force r, i.e. 
P=aT+bW 
dP 



8T 



=a 



where a may be zero for some remote members. 

For the frame of Fig 14' 1(c), w=ll, and /=6, r=3 
7=1 1 -(6x2- 3) =2 
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^^S^S&Mfe 1116 :is ' ■'«*™>tott v id second degree, f>. it has two 
«dundm^^mvChoosing^.and.CD«s ikhe redundant mem- 
^tlicyean^bc "PlacedJ>yAeforoes J&and T t at the appropriate 
^5^SSi?i « bta ^ ^Bas¥^steM 4sihowa in Fig. 14%). The 
" I^Si!^#^9#5^?9^ < s 8U* w J be calculated. In general, 

*^ te * (^p^^ we have, from 

; theorem of mnimom strain ^energy : X y ^ 




*W£C 1 \dT t AE 



2=0 




:\J>^ [14 5(a)] 

• ^ar'^H^Sir* 0 "" — ™ " {145(6)] 

Tlie simultaneous solution of equations 14*5(a) and 14*5 (b) 
j^<< gives jfi&TOuds j>f^he%edundant : forces ri and T a in - the members 
*.*&*piB an^^^jpectivaly.lif. ^*V£liw$T JXorTi or 7y comes out 
^te i^w, |e ( |^ualforcc in the redundant member will; be of 
fee reverse^sigri; i.«. i |f the original assumption is a compressive force 
^es^tcd^^-^^at the joints,, the .actual- force will be tensile, 
and vice versar \ , • t, j V$5te£ : " 

Examples jwiil now follow to illustrate the application of the 
principle of minimum strain energy. J ,., 

Sample %4'L*'Jftnd. the force in the member BC of the frame 
loaded as sho wn in Pig. 14 '2. All the members have the same cross- 

' sectional area. — 1 1 : . : . — 

Solution ^tii rn ;.i*>L'i.'iuv ;:v d ;V" ■: ■• ■ -\ "" 
The frame is redundant to single degree, since /«=m— (2/— r) 
=6— (2x4— 3)^=1. Treating BC as the redundant, and assuming 
that it carries a tensile force T, apply forces T at joints B and C as 
shown, and remove the member. The forces in various members can 
now be found as under : 



sin 0* 



cos 6=4-=0'8 



At B t resolving vertically, 
Pbd=T sin 6=0 6 T (comp.) 

Resolving horizontally, )OkN 
] Pba=T cos 6=^0-8 t (comp.) 

At A t resolving horizontally 

^c^T^ 10 -^ 

-1*25 (10-0 8 T) comp. 

— 125— Tcomp. . - ■ * 

Resolving vertically, 
Pac—Pad sin 8 

•=0*6(12'5-r) 




Fig. 14.2. 
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I =7*5— 0 r 6 T (tension) 

Resolves horizontally at D t P<k=P ad cos 0 
" : =^ 10— 0$T (tension) 

. The yS^^^'l#if ^^te ^ form 



Member \ 


\fu Length 


=*. c 

.(t — n ^ ' 
<.■ J*-- - i -- • 


* _ — — 

= 8E 






— ■ 

I;-. ■ 4 


-0-8T" ' 


—0*8 


+2"56 T 


AB 










BD , 




: -0-6T 


-0-6 ; 


+108 T 


CD 




lo-ofr 


-0-8 

. ... j— . - 


-32+2-56 T 


AC 




; 7-5-0^r i 


-0 6 .... 


-J3-5+1-08 r 


AD 




: r-n-sr 


+ 1-0 


-62-5+5 T 


BC 






+ 10 


+5T 




£- . '' J' .. 






-108+17-28 T 



The terms ^1 and £ have not been included in the above table 
since they are same for all the members and cancel out. 

K lr~°~T dT AE 

or 

which gives T- +6*25 kN. (tension) _ 
The plus sign indicates that the assumed sign of T (i.e. tension) 

is correct. 

Example 142. A frame work consists of six bars of uniform 
cross-sectional area r and hinged together to form a square with too 
diagonals, is suspended from one end as shown in Fig. If3.$ tne 
opposite corner a load of 10 kN is suspended. Calculate the forces in 
all the members. The diagonals act independently. 

Solution 

The number of reaction components (r) necessary for the 
equilibrium of the frame is 3, Also. m«6; Hence 
j~6-(2x4-3)=l- Hence the frame is indeterminate to single 

degree. 



^fclOUXDANT FRAMES 

Treating member AC to be 
redundant, replace it with tensile force 
Tat the joints A and *~ as shown. 

Since A and E are the same for 
all the members, we have 

dV , 
dT ' i 

Calculation of stresses in the 
members 



Let the length of the side of the square--/, 

Lenth of the diagonal L\/ r 2. 
Resolving horizontally at A, 

Resolving vertically, 

2Pab cos 6 + r= 10 
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" ZP 




or 



Pab^Pad^^ 



(10-^=-^ (10-7*), tension 



Reaction at C-10 kN t . Hence Pbc = P C d=~^ (10-7), ten- 



sion. 



Resolving at B, 

Pbd~Pbc cos §-\-Pab cos 0 
2 



= 10— T, compression 

♦ vi hC rCSUlt may D0W be tabulated as shown on next page from 
the table we get re 



«■ dp 

Y ~2f- £-(4"828 r-3414)Z=0 



which gives r=+7'07 kN. 

The+sign indicates that the sign of the assumed stress in AC 
» correct {i.e., it carries tension). Tbe value of T can now be 

SCS. ln co,uma(3) > and the stresses ~»p-«"^5 
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(+ for tension ;— for compression) 



Member 
CD 


Length 
(2) 


P 

(3) 


ar 


aP 


Final 
stress (F) 


AB 


L 


^5- (10-71 


1 


I ™ , 


4-2-07 - 


BC 


i 

L 




1 

V2 




• 4-207 


CD 


L 




1 

V2 


— ~ W- T ) L 


4-2-07 


DA 

BD 
AC 


L 

L*f2 
W2 


72-< 10 - ri 

T 


1 

-ft 
4-1 

Sum 


y/2TL 
(4"8287>34-14)£ 


4-2 07 

—293 

4-7 07 " 



Example 14 3. In the frame work shown in Fig, 14'4, the 
member AB, BC and CA have area of cross-section '2** and the 
member DA, DB and DC have area of cross-section <a\ Find the 
force in the member DA due to a load of 10 tonnes applied horizontally 
at A. 



Solution 

m=6 ;/=4 ; r=0 

/=6-(2x4-3)=l 
Hence the frame is indeterminate to single degree. Treating 
AD as the redundant, replace it by tensile force T at the joints A and 
D. Then 

BT \ 8T A 

<E being same for all members). 
At the joint D, resolving horizontally, Pbd^Pdc 
Resolving vertically, 
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there 



Pbd cos 45° -f Pdc cos 45°= T 
T 

.', Pbd=Pdc=~jt- (tension), 
\ I ' 

At the joint A> resolving vertically, 
P^.sin Q=T+Pac sin 6 . (1) 
Resolving horizontally," - 
Pab cos Q+Pac cos 6=10 (2) 



sin 6-=~p^ =0*948 ; 
cos 6= ~~-=0'3\6 

V10 



Solving (!) and (2), we get 

Pab=0'527 T+ 15-85 (comp.) 

i^c= 15*85-0*527 r(tension) 
Resolving horizontally at 

Pbc=Pab cos 0— Pbs cos 45° 




■3m 



CJL 



-(0-527 74- !5*85) 0-316- 
= -0-334 r+5 (tension) 

dP 



V2 



The values of P and ~ etc. are tabulated below.: 
( ; - for tension ; — for compression) 



Member 


Length 


v4rca 


! p 


1 4 

ar 


{ P Jf L \ 


4B 


3" 16 


2a 


-(0-527 r+ 15-85) 


—0-527 


0 439 T+I3-2 


AC 


316 


2a 


15-85-0-527r 


-0-527 


-13*2 4-0439 




2-00 


2a, 


—0-334 T4-5 


—0334 


0112 r— 1*67 


J© 


/2 


a 


+ ✓2 




+0 707 T 


CD 


v'2 


a 


. r 
^"72 


, 1 
' V-2 


+0-707 r 


AD 


2*0 


a 


+T 


+ 1 


4-2 T 










Sum 


4-404 r-1-67 
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-V rpiL£.=6^1-(4 ; 404T-l-67) 

v" p sr /4 > « 

^gmwiuch r-0'379 kN (tension). r ,.„ 

Example 14-4. The frame shown in Fig. 14' 5 is pinpointed to 
a rigid support at A and B and the joints C and D#r.e also pinned 
The dhgonals AD and BC act independently and the members are all 
of the/ same cross-section and material. ABC and BCD are equilateral 
triangps. 

fymy there is no load in any of the members which may be 
assunijffrweightless. 

^ had of 5 kN is hung at D, calculate the forces in all of the 

Diem&j&s* - 
Solution 

K>th the hinges are essential for the equilibrium of the frame, 

Hencfr-2-f2=--4. . 

Also, m=5 ; 7=4 
*.\ /-5-(2x4-4) = i 

%ms the frame is indeterminate to single degree. 

treating AD as the redundant member it may be replaced by 
comjfssive force R at the joints A**dD as shown. The stresses in 
variofe members can now be calculated as under : 




• Fig. 14.5. 

At the joint D 

\/3 

Resolving vertically, Pbd^—^- — 2 
or (tension) 
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7 >fc, -i .......... 

1^ Resolving horizontally, Pcd=Pbd cos 60°— i? cos 30° 
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1 Vi-i'V/i 



5-R 

V3 



(compression) 



thetfoint C ? : ■ . 

Since members CA and CB are equally inclined to vertical, 
Pcb=Pca 

Resolving horizontally, 2Pac cos 60°=Pcd= ^ 

(compression) 



■l 



V3 



_ ^ ^ (tension) 



V3 



The calculation for P . 



dU 
dR 



. L is done in the tabular form 



below: 



( -t- for tecsioi ; — for compression) 









tP 
dR 






Member 


Length 


P 




0) 


(2) 


<3) 


(4) 


(5) 


<<$) 


AC 


L 


S-R 




~(*-5) 


—2*57 


BC 


L 


^S-R 


1 




-fZ-57 


' </3 




- CD 


L 


5- R 




-f<*- 5 > 


—2-57 


DA 




—R 


—1 


*f$RL 


—0-545 


BD 


L 


10+ R 




V3 (5 ° ; * 


-r6'07 








Sum 


~(9-I9 7t— 5) 





1 o/t A J 



which gives i?=0'545 kN (compression) 
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Substituting the value of R in column 3, the force in each 
member can be calculated, and tabulated as shown in column (6). 

Example 14*5. The pin jointed frame shown in Fig. 14'6 is of 
the shape of a regular hexagon. All the members have the same area 
of cross-section. Calculate the force in the member CH. 

Solution 

There are 3 reaction compo- 
nents necessary for the equilibrium 
of the whole frame, and hence 
r=3. 



m«12 \j=l 
/-■-- 12— (7 x2- 



•3)- 1 



Hence the frame is indetermi- 
nate to single, degree. Treating 
member CH to be redundant, replace 
it by tensile force Tat the joints C 
and H as shown. 




Fig. 14*6 



At the joint C 

Resolving vertically, Pcd^T (compression) 
Resolving horizontally, Pcb=W-Pcd cos 60^-rcoi 60° 

={W— T), tension 



At the joint B 
Resolving vertically, 

Resolving horizontally, 



and 



P tlA PdH 

P-=Pba cos 60°+Pbh cos 60°— fjc 

/>iu = (W— D, tension 
Pan^{W—T) t compression 



At the joint D 
Resolving Vertically 



p^f=PcD=T (comp.) 
Resolving horizontally, Pou=2Pcd cos 60° ^(tension) 

At the joint F 

Since there is roller at it can take only the vertical reaction 
\'f. Thus, at the hinge A, horizontal reaction is Ha=W+~. IaXVa 
and Vf be the vertical reactions at A and F respectively. Taking 
moments about A, we get 
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. From which Vf=(\'9\ W\ 

Now resolving vertically at F, 

Pfh cos 30°+Pfd cos 30°=Ff=0*9I W 

f_l -\ Pfh=0'9\ WX-~ — 7=(1*05 W-T) compression. 

Resolving horizontally, 

|V Pfc^Pdf cos 60°-Pfh cos 60°=y — *- (1*05 W-T) 

r -(r-'0'525 W), compression. 

At the joint G 
Resolving horizontally, 

■\r- Pga cos 60° -f -Pgf^Pgh cos 60° 

or ~Pc^-f(7^-0 , 525 W)=y(P155^-Pc^) 

From which P<m=(1*103 W—T), tension. 
Resolving vertically. 

Pgh-\-Pga=W sec 30°= l'l 55 W 
p CH= \-\SS W-(Vm W-T) 
=(0-052 W+T) tension. 

At the joint A 
Resolving horizontally, 

Pah+W=Pab cos &?+Pag cos 60° 

Pah=y(W-T)+y (1-103 W-T)~W 

=(0'052 W— T) f compression 
Xj . The summation may now be carried out in the tabular form 

-below, —r^ is same for all the members, and has not been included 
At, 

in the table. 



%T dT ' AE 

or 12 7 1 - 5-678^=0 

or T=0*437 W (tension). 
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(+ for tension for compression) 



Member 


P 


CP* 

"Tf 


_8P 

•* ar 


AB 




-1 


T 11/ 

J — w 


ic . 


+{W-T) 


—1 ! 


i — rr 


CD 


-r 


—1 


T 
1 




— r 


—1 


T 
1 


FG:- 


— (T— 0*525 ^) 


—1 




M'- ■ 


+(1-103 H'-rr 


—1 






-(0 052 W-T)^ 


+ 1 


T n,(U^ If/ 

i — U Vj£ rr 






+ 1 


1 — w 

i ■ 




_l_T 
-ri 


+ 1 


r 


fen 


+r 


+ 1 


r 


; m 


_(105 W-T) 


+ .1 


r— 105 w 


if 4/ 


+(0 052 W+r) 


+ 1 


7+0*052 W 




i 
! 


Sum 


12 T— 5 678 If 
thP member BC of the 



Example 14*6. titid tne ■ " 

/raW e ■•. f*. 1^7. 7*." A— * backets «~ 



200 cm 



ROLLER 



(a) 



J* 

\(oJ / R 












to) A, 


la) \ 




\ 

12a) > 


D 12a) 





■ 150 cm 



-I50cm 



Fig. 14-7. 








m^m^-^^a^-^ •-■ • • • -•• - 

REDUNDANT FRAMES "..T- 

Solution 

....There. are 3 reaction components necessary for the equilibrium 
of the whole frame, and hence r=3 

/n=8 ; j=5 

. /. . . . /=8-(5+2-3)=l 

Hence the- frame is indeterminate to first degree. Treating member ■ 
BC to be redundant, replace it by a compressive force R at the joints 
B and C as shown. 

. n 200 .200 fl . f 

SIH V(2W^+050) 2 250 

co S 6=ig=0-6 

— i 

At the joint E 

p BE =W cosec 6=1*25 If (tension) 

Pdb=Pbe cos 0=1*25 FP(0*6)-0'75 W(comp.) 

At the pint B 

Resolving vertically, 

Pbd=(V25 ^X0;8)-<KXO-8)=W'--0*8 .R (comp.) 

Resolving horizontally 

Pab={V25 W x 0-6) +(*X 0-6) =0-75 W+-0*6 (tension) 

At the joint D 

Resolving vertically, 

Pad=~~xPbd=V25 W~R (tension) 

Do 

Resolving horizontally. 

Pco=0'73 W+0'6 (1*25 W-R)=V5 W—Q'6 R (comp,) 
>4* the joint C 

Since there is a roller at C, vertical reaction is zero. Hence, 
resolving vertically, 

P (C = KX0'8=0*8 R (tension) 

The result may now be tabulated as below. 

XT dU _ » BP L n 

Now ■ — .^=0 

.*. From the table 
1 



a 



(837 /?-472'5 W)=Q 



From which i?=0*564 W (compression). 



456 STRENGTH OF MATERIALS AND THEORY OF STRUCTURES 



(+ for tension ; —for compression) 



Member 


t 

{cm) 


A 
(cm)' 


P 

- 


zP 

- ZR 


p. -A* 

ZR A 


AB 


150 


-■' ^.-ir--— 

•a 


0 75 W+0-6 R 


+0-6 


(67 5 ^+54 R) 


AC 


200 


a 


r 6-8 "ie : 7 ::rj 


+0-8 


(128 R) 


CD 


150 


la 


06 R—V5W 


+06 


(27 U-67-5 W) 


BD 


200 


a 


0 ; &R—W 


+0-8 


028 Jl— 160 W) 


RF 
oc 


250 


Q 


1*25 W 


0 


0 


DE 


150 


2a 


— 0 - 75 W 


0 


0 


AH 

si IS 


250 


Q 




—1 


(250 R — 312-5 rV) 


BC 


250 


a 


—R 


—1 


(250 R) 










Sum _ 


(837 1?-472-5 W) - 



Example 147. Find the force in the member AC of the frame 
shown in Fig- 14'8. The quantity AE is constant for oil the members. 




Fig. 14-8. 

Solution 

A close study of the frame will reveal that all the three hinged 
supports are essential for the stability of the frame. Thus the 
reaction component necessary for the equilibrium of the frame is 

r=3x2=6 

m=3 ; j~4 
/-=3-(2x4-6)=l 
Hence the frame is indeterminate to single degree. Considering 
the member AC to be redundant, replace it by tensile forces (T) at 
the joints A and C, as shown. 



Redundant frames 



457 



Resolving horizontally at A , 

Pab cos 45°+Pad cos 60 : = 1000 
Resolving vertically at A t 

Pab cos 4S°+T^Pad sin 60° 
From (1) and O), we get 

p AB =*%V(i-Q $\6 T (tension) 

i\<j)=0-733 T+733 (comp.) 
For the whole frame, 

W -°~r BR ■ AE 
The summation may be carried in the tabular form below : 



(i) 



.... 

fifember 


L 


P 


ZP 

ZR 




r AB 




896-0-516 T 


-0*516 


(-656+0*376 T) L 


t AD 




-(0-733 T+733) 


-0-733 


(0-620 T+620) T 


hAC 






+ 1 


TL 








Sum 


(1-996T-36) L 



■: r i 996 T~36=0 

><j r T~ 18 N (tension). 

* Example 14*8- The bars of the pin jointed frame shown in Fig. 
v 14.9 are of the same material and have the same cross-sectional area. 
■Show that the forces in AB and CD are compressive and tensile res- 

- r ' , W ( I+2V2 \ 

'pectxvely of magnitude -y I 3+4^2 }' 

Solution 



{U.L.) 



2W 




Fig. 14*9. 
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-^hFrom the frame, r— 3 

If- nif=\S 

f - . ■ jU 

I ... J=15-(2x8-3)=2. 

> Hence the frame is indeterminate to second degree. Treating 
,4* and CD as redundants, replace them with the forces, R, and J? 2 
at the joint! U B) and (C, X» respectively, as shown. It is assutsed 
th*<*# carries a compressive force (*,) and CD carries a tensile 
force/(i? 8 V 

^Reaction at — ="2" * ' 

IV . „ 2^X1 W 

f:- Reaction at — ~1T ' * 

t ?: - 

|T yjf the joint E * - ■ 

1^ i-^cosec45°-^ 7 2"^ / (comp.) 

f: Peb-Pea cos 45°=^X^-=4-^ (tension) 

C At the joint A 
\\ Resolving vertically 



V 2 V 2 V 
V2 

=^ *i-^f") v'2 (tension) 



^ " x 7t'+( vr (r+J?,) (comp) 



Resolving horizontally, 
J_ 
V2 
^4? f/ie joint B 

Pbg=Pab cosec 45 3 - v'2^1 (tension) 

_ 1/3 v 

at^BF^PsB-PBG cos 4^y W ~ ^ 2 Rl 72^\Y W ~ Rl ) 
. ' - (tension) 

. At the joint II 

Pch= -y- cosec 45°=-y V2= (compression) 

^ Pdh=Pch cos 45°= ^~x^=-f^ (tension). 
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At the joint D 

Pcd=V'2R 2 (comp.) 

P fd =P D h+Pgd cos 45°^+V2K 2 X;^(-f +* a ) 

tension. 

,4* the joint C 

I W 1 o 

Resolving vertically, PcfX-^ x^. * 

?CF=(^-V2i2 2 ) tension 

W 1L_ /"JE__- V2 V" 1 ' 
Resolving horizontally, ^c G ^^ x "Hy2 2 ' v/2 

2-2 

i? 2 ) compression. 

Resolving vertically, PGF=-i> G i> cos 4S°+Pcd cos 45° 

=«? 2 -Ri) tension. 
Now, according to Castigliano's theorem of minimum strain 
energy : 

The summation is carried out in tabular form on next page. 

From the Table, 

£P *r . £=(4+4^2) R t -R t -^ d+2^2)=0 (1) 
oR± 

and .^-^-.£.=(4+4^2)^-^(1+2^ (2) 
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The simultaneous solution of (1) and (2) gives 



Member 


L 


P 




3J° 
zR 2 






EA \ 


V2 


-J-W 
^2 


o i 
i 


0 


0 


0 


AG 


1 




! 


0 




0 


CC 


2 


/ii/ jp \ 


0 


+ 1 


0 




Chi 


V2 


ii/ 
rr 

72 


0 ! 


0 


0 


0 


i 

EB | 


1 


± w 


i 

0 


o 


0 


0 


Br 


i 
i 


Uw-R, ) 
\ 2 / 


1 


0 




0 


FD 


1 


1 IMf \ 

(■2- + *) 


0 


+1 


0 




DH 


1 


w 


0 


0 


0 


0 


AB 


1 




—1 


0 




0 


BG 




V2K, 




0 




0 


AF 


| V2 




+ /2 


0 


2/2K 1 —/2W 


0 


GF 


1 

1 




—1 


+1 




R*-Ri 


CD 


✓2 


-V2*. 


0 




0 




FC 






0 




0 


2JIR % 


CD 


\ ' 1 


K 2 


0 


+ r 


o 


R* 



Example 14*9. Find the forces in all the members of the frame 
shown in Fig. 1410. All the bars are of same area of cross-section ana 
are of same material. 



' ft:-. 



Solution 

All the four hinged supports are necessary for the equilibrium 
■if the frame. If any of the hinged support is replaced with a roller 
support, the frame becomes unstable. 
Hence r=4x2=8 
m—A 

/=4-(2x5— 8)«2 

Thus the frame is indeterminate to second degree. Considering 
AC and AD as redundants, replace them with forces tf, and R« at A t 
C and/) as shown. It is assumed that AC carries a tensile force R t 
and AD carries a compressive force R 2 . 

Consider the equilibrium of the joint A. 

Resolving horizontally, we get 

Pab cos 45°+* t cos 1$*+Rt cos 75°+Pae cos 45 = 10 



0'707 P^b+0-259 (/Jx+iW+0-707 
Resolving vertically, we get 
J^b sin 45°+i?i sin 75°=^£ sin 45°+ # 2 sin /5 
0 707 j>«».+0-966 i?a>— (J7 07 ^V^ 0 
Solving (t) and (2), we get 
Pab=V5 i? a -0'866 jRt+7'07 (tension) 
J\«=0*5 i? 2 -0-866 * a +7*07 (compression) 

Let the height of the- frame=X. 
/. Length of AB and AE-=L cosec 45 0 =1*414 L 
Length of AC and .4£>-/- cosec 75°=1*035 I 



(1) 



(2) 
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Th¥ result may now be tabulated. - 



1 

Member 1 


L 


P 






*P r 


P * P T 

p Tr7 l 


AB 


1-414 L 


(0-5 J? 2 — 
0866 Jf.,+7'07) 


-0-866 


•fO-5 


-(0-612 R,~ 
l-06i5a+8-66)L 


(0-354 R 2 — 
0'6i2/<i.H-j UJL 


AC 


1-0351. 




+ 1 


0 


1035 R l L 


0 


AD 


103$i 


-J?, 


0 


-1 


0 


loss 


AE 


\ - f 


0-866 R t - 
05^-7-07 


-0-5 


+0*866 


-(0-622 R t — 
0'354Rt—5-0)L 


(106/2,— 
0-612 ^-8-66)^ 




• *-■.;-'" 

¥" 




2 449 R 


x - T224 R z - 


3*66) Z, (1) 



KJE^O-SP 'l£-L«(2-449 1*224 J^-3'66) L (2) 
I ^Ra 1 Si? 2 

Saving (1) and (2), we get 
R t ^3 kN (tension) 
I i? 2 =3 kN (comp.) 
Hence -ft*-** kN (tension) 
f p^ £ =9 kN (coop.) 

14 3. MAXWELL'S METHOD 

lie stresses in redundant frames can also be evaluated by the 

method fixven by Clerk Maxwell. 

4 14 U («) shows a redundant frame. Treating AC as the 
redundant, replace it by tensile forces T at X and C, as shown m 
Fig. 14*11 (b). 




Fig. 14*11. 



REDUNDANT FRAMES 
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Due to the application of forces T. the joints A and C will 
move towards each other, thus shortening the length AC. 

Let P^Force in any member due to external load acting on 

the perfect frame obtained by removing the redundant 

member. 

u =Force in any member due to unit loads at A and C. 
M T" = Force in any member due to force 7* at A and C. 
Hence the total force in any member, due to external loading 
as W ell as force T at A and C is=(P+a7*). 

Hence from Eq. 13*1, the deflection of joints A and C towards 

each other= ^Jg 

;. Shortening of length AC= z 

(The summation being done for ail members except AC). 
Since member AC carries tensile force (7>, it is elongated by 
the amount where L\ A> and E' stand for AC. 

Since the deformation of the member AC is consistent with the 
movement of joints A and C, we get 

(P+M _ JX1 (2) (14 -6) 

t ^ 

Thus T can be found by the solution of the above equation. 
Rewriting the above equation, we get 

In the above expression, Mis the force in any member due to 
unit load at the joints^ and C. Hence, for the member AC itself, 

77/ • U 2 TL 

w-I . Therefore the term can also be written as -^r ■ 

Thus, we get 

n z x P"L .l"; 1 " S7X 

Put «Z l u*TL _}?TV_ 
? ? T£ ^ 
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Put 
I AE 

From which T=— „ ., r 04 7) 

\ae 

(where n is the total number of members) 
Notes : 

1. In the above equation, 2 is the summation for the whole 

n 

frame except the redundant member, while Sis the summation for 

all members including the redundant member. 

(2) Comparing MaxwclVs method with that of Castigliano's 
method, it will be seen that in the Maxwell's method the stress In 
each member has to be calculated twice, first due to the external 
loads (in the absence of the redundant member) and second by unit 
force applied at the ends of the redundant member. 

(3) Equations 14*6 and 14"7 are valid only for tensile force in 
the redundant members. This is an. important point to note. Thus to 
start with, the redundant member is assumed to carry tensile force. 

Ifattheendof the solution, a positive sign is obtained with 
the numerical value of T, it will be tensile, as assumed earlier. If 
negative sign is obtained with the numerical value of 7Y it will be 
compressive. 

(1) Remove the redundant member completely. 

(2) Find the force (P) in each member due to external loading. 

(3) Apply unit load (-»>.,.*-) at the end joints of redundant 
member, and find unit force (m» in each member. 

(4) Apply Eq. (14*6) or (14*7) to find the force 7*. 
Frames with two or more redundant members 

Let the frame be redundant to second degree. Remove the 
two redundant members, thus making the frame perfect. 

Let j^poj-ce j n aav member due to external loading, obtained 
after making the frame 'perfect' by removing the redun- 
dant members. 

«!= Force in any member due to unit pulls at the joints of 
the first redundant merober. 
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Ma = Force in any member due to unit pulls at the joints of 
the redundant member 
Hence the force in any meoaber=«(i , +tt 1 r 1 +-"tt l 7i) 
Movement of joints (towards each other) 

(P+u^+UjTju.L , , , 

~ 7 - ; AE r . .. . . 



The extension of the first redundant bar 



._ T X L' 
A'E 



r 

% 

b 



l" Since the movement of the joints is consistent with the defor- 
mation of the redundant member, we get 

• i AE ~~ A'E 

(where V and A' stand for the first redundant member) 
Similarly, for the second redundant member.' 

1 



[14-8(6)3 



AE " 7 A'E 
(where V and A" stand for the second redundant member) 

The simultaneous solution of Eqs. 148(a) and 148(6) will give 
the values of the redundant forces T x and T%. 

Example 1410. Solve example 14'1 by Maxwell's method. 
Solution. (Ref. Fig. 1412). 

_A B 
lOfcN 




(a) BC REMOVED 



(bl UNIT LOAD 



Fig. 14-12. 

(a) Calculation of P : sin 8=0*6 ; cos e=0"8 

Remove the redundant member, as shown in Fig. 14' 12(a). 

Since there is no external load at the joint B t 

Pab=0 

Pbd=0 
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Revolving horizontally at joint A, 
ti. Pab cos 6=10 " 
Pad=~ =l|'5 kN (comp.). 

Revolving vertically at joint A, ■ ' : r 
; Pac=Pad S in 6= 12 5 X0'6=7 : 5 kN (tension) 
PcD=horizontal reaction at C=10 kN (tension) 
(/^ternately, Pcd^Pao cos 0=12*?x-0"8*_lfi > kN) 
(Calculation of u [Rg- ^ ; I2 ^:'>^;>nit loads at C 

and Z). 1 1 . . , ■■ ,; « . : ■ ^ 

Ripon at C and^'witf be -zero tfnce- unit loads are equal 

and opgp&ite. * ..IT 

Resolving at joint C, . .;. 

K uac=\ siu 6=0*6 (comp.) 
^aco— 1 cos 6=0-8 (comp.) 

Resolving at the joint t A t 

»ad=^=1 (tension) 

Resolving at the joint B, 

^ ; cos 6=0*8 (comp.) 

ubd~- I sin 6=0 6 (comp.) 
The summation may be carried out in the tabular form below : 



Member 


L 

(m) 




■ » — — 
u 


Put 




AB :■ 


4 


0 


—0-8 


0 


2-56 


AC 


- - 3 


+7-5 


—0-6 


—13-5 


108 


CD 


4 


+ 100 


—0-8 


—32"0 


2-56 


BD M 


: 3 


0 


—0 6 


0 


108 


AD ^ 


L 5 


—12-5 


+10 


—62-5 


5-00 




5 




+ 1-0 




5-00 








Sum 


--1080 


17*28 
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From equation 14*7, 

"Z 1 PuL 
1 AE 




=+6"25 kN (tension) 



(Plus sign indicates that the redundant member carries 
tension). 

Example 14*11. In the plane braced frame work shown in 
Fig. 14' 13 (a) all the members have the same cross sectional area and 
are made of the same material. Determine the force^in all bars when 
loads W are applied as shown. (U.L.) 

Solution 

Let us treat FE as the redundant member, carrying a tensile 
force T. Sines the frame is indeterminate to single degree, we have 

PuL «-* r 

s ' if- £ PuL 

1 A^ l 

T A: — (I) 



u 

Xtt.L 
i 



1 AE 

(Sjuce AE is constant for all members.) 
{a) Calculation of P 

To calculate P in each member due to external loading, 
remove the redundent member FE, and make the frame statically 
determinate (or perfect), as shown fn Fig. 14*130). 

By inspection, all the inclined members and diagonals are 
inclined at 45° to the horizontal. 
At the joint A : Paf—Pab 

and 2Paf 4t==W 



Paf^Ped^ 



0V2 W u . . 
2 = ^(tension) 



H^-and 



W 



Pab=Pcd= ^y(comp) 



W 

At the joint F : iVc=i\<F=^2-(tension)= 



*Peb 



Pfb=2Pfa-It=2. 
Pec=W (comp.), by symmetry. 



W X V2" = ^ COmp * ) 
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At the joint B. 
(b) Calculation ofu 

Remove the external load and apply unit pulls at F and E, as 
shown in Fig. 14'13(c. Since the applied unit pulls are equal and 
opposite, and act along the same direction, the reactions at B and C 
are each zero. 




Fig. 14-13. 

Since no external load is acting at joints A and D t 
UAr=Q ; uab=0 ; ued*=0 ; ucd=0. 

At the joint F, ufc=1 V2=V% (comp.)=«*£ 

ivb— wcX (tension)«wc£ 

At.the joint tf, ubc^ubeX ^jT-" 1 (tension) 

The result may now be tabulated below. 
From the Table 

n-\ 

£ PuL 

-+0-6035 W 



n 
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% : Hence T*=0*6035 W (tension). 

•% The actual stress in any member is equal to (P— uT) t and has 
been entered in the last column of the given table The reader is 
^advised to work out this example by Castigliano's method. 















Actual stress 


. Member 


L 


P 


u 


PuL 


u*L 





IT 


AB 


V2a 


W 
~ V2 


0 | 


0 


0 


-0-7CW 




BC 


2a 


—W 




~2Wa 


2a 


-0-3965IP 


V--' 

1*- ■ 


CD 


x'2a 


w 


o ! 


0 


0 


-0707H 7 


f 

#'* 


AF 


'/la 


w 

+ ^ 


0 


0 


0 


+0-7O7W 




ED 


*/2a 


w 


0 


0 


0 


+0-707W 




BF 


2a 


-w 


+i 


~2Wa 


2a 


— 0-3965W 


|: ■ 


CE 


la 


-w 


+i 


-2Wa 


2a 


-03965W 




FC 


Z*fla 


w 

+ V2 


-V2 


-2\/2Wa 


4V2a 


-0 1465W 




BE 


2*/2a 


IV' 


-V2 


-2V2Wa 


Ay/2a 


-0 1465W 




FE 


2a 




+ 1 




2a 


+ 0-6035 W 










Sum 


-ll*636FKa 


+ 19*312a 





14 4. STRESSES DUE TO ERROR IN LENGTH 

' . If any one member of a redundant frame has lack of fit, 
stresses will be induced : l all the members of the redundant frame 
"when that member is forced in position. Let a. member ofredundant 
^rame be short in length by an amount X. When this member is 
■ -forced into position, it will exert pull Tat the joints (or ends) of the 
member. Thus, the two joints will have a tendency to move towards 
each other while the member (having lack of fit) will be subjected to 
a tensile force T. In the equilibrium position, by compatibility of 
deformation, we have : 



INWARD MOVEMENT OF JOINrS + EXTENSION OF THE MEMBER =?. 
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From chapter 13, the inward movement of the joints due to a 



force 7" acting at the joints^ S: 



PuL 
AE 



(uT)uL 
1 AE 



(2) 



joints 



Where u^force in any member due to unit pulls at the two 
X;.- -P^force in any member due to pulls Tat the two joints 
Also the extension of the member having lack of fit, due to the 



tensile 1 



TV 
A'E 



(3) 



(Sphere V and A 1 stand fcjr that member) 
stituting the values in £l ), we get 

TV 



n ~ l (uT)uL 
f ~AE~ 



A'E 

gin the previous article,: writing 
u*TL' . 



TV u*TV 
A'E ~ A'E 



■ , we get 



or 



»- l (uT)uL 
l ~~AE~ 

" u 2 TL 
1 



A'E 



AE 



Jterice 



n 

1 



AE 



(14'9> 



where X is taken to be positive if the member is short in length (so as 
to exert pull Tat the joints), and negative if the member is excess in 
length {so as to apply push at the joints). 

Analysis by Castigliano's Theorem : 

The stresses in members of a redundant frame due to lack of 
fit of a^ member .can also be found by Castigtiano's theorem as 
under il.- 

Let the member carry a force T when forced in position. All 
the members of frame will be strained, and the partial derivative of 
the total strain energy with respect to the force T will, according to 
Castigtiano's second theorem, be equal to the lack of fit. 

L , 

(4). 



■ w 
andi* 



: Now, when there is no external load, 
. F:=uT 



dP 

cT= U 



" Substituting the values in (4), we get 



2 (uT)(u) 



AE 




from which 

If ^ " \ 

^which is tile same as equation 14*9 found by Maxwell's method. 

Example 14*12. Find the forces in all the members of the frame 
shown, in Fig. 14*14{fl) y if the member BC is short in length by 10 nun 
and is forced into position. Take £—2Xl<fi Njmm 2 . All members 
^aW^^^drea'of-clross-sectioii 'of 100 mm*. 
Solution 




Fig. 14-14. 

To find the tensile force Tin the member BC by equation 14 9 
*' remove the member BC and apply unit pulls at joints B and C as 
. shown in Fig.. I4'4(6). The stresses, (m) in.egch member pan be 
calculated, and these will be same as calculated iniexample 14 9.' 

The values may be arranged in the tabular form on next page. 

it 

Z"m j /.= 17280 kN-mm units 
1 

A = + 10mm 

£=2xl0 5 N/mm 2 =200 kN/mm* 
,4 = 100 mm 2 
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(+for tension i — for compression) 











Aetna! stress 




L 


u 


« 9 L 


P=uT 


Member 


(mm) 






{kN) 


AS 


4000 


—08 


2560 


—9-26 




3000 


— 0*6 


1080 


-6 94- 


CD 


4000 


—0-8 


2560 


—9 26 


BD 


3000 


— 0*6 


1080 


— 6 : 94 


AD 


5000 


+ V0 


5000 


+11-57 




5000 


H-1-0 


5000 


+ 11 "57 






- Sum 


■17280 





Now 



f AE 



10 



. = +■1 1-57 kN 



17280 
100 x 200 

Hence stress in the member BC~\VS1 kN (tensile) 
Stress in any otber member is uT, and has been tabulated in 
the last column of the table above. 

14 5 COMBINED STRESSES DUE TO EXTERNAL LOAD 
AND ERROR IN LENGTH 

Let us now discuss the case of combined stresses in the mem- 
bers of a redundant frame having error in length of one member and 
subjected to external loads. The actual or final stress m any member 
can be found by analysing the two effects separately and then super- 
imposing them. However, the labour can be very much reduced by 
computing the stresses in one operation, by Casino's second 

theorem as discussed below. 

Let a member of the redundant frame be short m length by an 

amount A. 

By Castigliano's second theorem, if V is total strain energy 
stored in the frame, both due to forcing the member in position, as 
well as due to external load, we have 

BP L 



XT , 



?T AE 



= A 



(0 
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^where T=tensile force in the member having lack of fit. 

A=amount by which the member is short. 
.f-. J>— actual force in any member=(F+wr). 

; ^ M=stress in any member due to unit pulls at the 

; joints (or ends) of the member having lack 

i. of fit. 

«r=stress in any member due to pull Tat the 
s joints (or ends) of the member having lack 

of fit. 

% : c F= stress in any member due to external loads 

|f< alone when the member (having lack of fit) is 

not put in position (i.e., when the frame is 

perfect one). 

r 

1 Now P=F+uT 

|V CP 



dT 

£ Substituting in (1), we get 
S(F+«r).w J^= A 



g!!k (U'lO) 
\AE^ i AE 

The above equation can also be expressed in the form : 




1 AE (14*11) 



Special Cases : 

<1) If the member does not have and lack of fit, i.e., when 
X=0, we get 



n FuL 



2 
1 AE 



AE 



If should be noted that F is to be found when the redundant 
member is removed. Hence F for the redundant member is nil and 
" FuL " — 1 FuL , . 

'^~AE~ is the same as f ~AE~ Thus the ab0VC ec » uatlon can als0 be 



ft 
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written as 



S 



, , AE 

The above equation is the same as equation 14"7 derived 
earlier.- 

(2) If there is no external load, but there is lack of fit X 
<shortf>we have F=0 in each^-member, and hence ^~JjF =0- Tnus 

I t ~ + ^jE£ rl4 ' u(fe)] 

* : ^ AE 



he above equation is the same as equation 14*9 derived 
earliejr. 

JNote ; In all these equations, A is taken positive when the mem- 
ber ii;$hort in length and negative when it is excess in length. 

^Procedure for Computation 

Remove the members having lack of fit, and calculate F lt 
F 2 . efe in the member, due to external loading. 

H2) Remove the external loads and apply unit pulls at the ends 
of tlje redundant member (i.e tt member having lack of fit), and 
calculate ih and u 2 etc. in members. 

5(3) Calculate T from equation 14' 10 after substituting the 
varicjas quantities with their proper algebraic sign, i.e. 

**■ (j) Tensile force is positive and compressive force negative. 

■ (») A is positive if the member is short in length and negative 
if excess in length. 

Example 14* 13. In the pin-jointed framework shown in Fig. 
14'l'5(a), all the members have the same cross sectional area=2 in 2 , 
andE^1300tjin z . The support at A is hinged and it may be assumed 
that E is supported on a roller. During construction, member EB was 

made — in. too long and was forced into place. 

o 

Determine the resultant force in members EB and AD when the 
frame supports the 8 ton load as shown. (A.M.I. Struct. £) 
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W+ 5 ' 33 rjf,+ 5 -33 a /V • -p-8 ^ B O C 




E -16 D 
(b) FORCES F 




E -O-S C 
(c) FORCES u 



Fig. 14-15. 

Solution 

(1 ) To calculate F in the members, remove the member EB, a 
shown in Fig. 14'15(6). The values of F with their proper signs 
have been marked on the diagram. 

(2) Remove the external load and apply Unit pulls at the joints 
EandB t as shown in Fig. 1415(c), wherein the values of u have 
been marked with their proper signs. 

The result may now be tabulated as below : 



Member 


F 


n 


L 


Fid 


1 ««L 




(tons) 


(tons) 


(ft) 


(tatf-ft) 


( ton*-ft) 


AB 


4-5-33 


-0-8 


8 


-34 


+5-14 


BC 


+5-33 


0 


4 


o 


0 


ED 


-16 


-0-8 


8 


+103 


+5*14 


AE 


0 


-0-6 


6 


0 


+2-16 


BD 


0 


-0-6 


6 


0 


+216 


AD 


+ 13 3 


+ 1-0 


10 


+ 133 


+ 10 


CD 


-96 


0 


V52 


0 


+0 


BE 


0 


+ 10 


10 


0 


+10 








Sum 


+201 


+34-6 
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X= — — =1 '1 25* (since BE is excess in length). 
8 

^=2 in 2 . 
£=13000 t/in 3 . . 

ZFwL=-f(201 X12) tonMn. 
1 

2w 2 £Jw+(34-6 rx 12) tonMn. 
1 

Substituting the values in equation H'lO. we get 

(201 X 12) , 34'6 X 127 n>1 ^ 

2X13000 T 2x13000 
or (201+34-6 D— 271 ^. 

472 

From which ,-^-=-1 3*6 tons 

Hence force in £B=13*6 tons (compression) 

Force in AD={F+uT) 

=4-13-3+(l*0)(-13'6)=-0-3 

=0*3 ton (compression). 
14 6. EXTERNALLY INDETERMINATE FRAMES 

Structures may be somewhat arbitrarily classified as statically 
indeterminate externally, internally or both. Externally statically 
indeterminate structures are those which have redundant reaction 
restraints. The degree of external indeterminacy is given by the 
expression, 

E—R—r 

where ^degree of external indeterminacy. 

j?=total number of reaction-components (one for a 
roller, two for a hinge and three for fixed support). 
r=total number of reaction components actually neces- 
sary for the stability of the structure (or total 
number of condition equations available). 
Solution by Castigliano's Theorem : 

If the structure has one redundant reaction component v say H) 
we have, from Castigliano's theorem of minimum strain energy, 

8H T dH • AE 
If, however, the frame has t*o redundant reaction components 
H-,. and H 2 , we have 
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■VX", - : 



dP 
dP 



L 

AE 



[14'13(d)J 



[141 3(6), 



dH 2 AE 

vierefl is the total number of members in the frame. 

To calculate the value of P in the members the redundant 
reaction restraint is removed, and in its place an external force (H) 
"i$ 4ppHed in the appropriate direction. 

Solution by Maxwell's Method 

- - ■ 

The redundant reaction {H) is given by the equation 



n 

S- 


PuL 


1 


AE 


n 

r. 





(12-14) 



inhere ' _ H= redundant reaction component 

Hf; P=forceinany member due to external loading, after 

|fl r removing the redundant reaction and making the 

structure statically determinate 

|^.; u=forcc in any member due 10 unit force applied at the 

support in the direction of the redundant reaction. 
The actual force in any member will be equal to (P+uH) and 
;^in be calculated after knowing H. 
Yielding of support : 

If the support yields by an amount A in the direction of if, we 
have, by CastigUano's theorem, 



?u n 
m x 

X-2 



~'"i0%-~ 



dP 

, PuL 

Te 



AE 



U. 1 



' AE 



by Maxwell's method. 



(14-15) 



(14*16) 



Example 14*14. Determine the reaction at B, taking it as a 
redundant, and forces in the members of the truss shown in Fig. I4'16{a). 

The value of ~^r- is constant for all members. 
AE 

Solution 

The total number of reaction components (£)=2+i-i-l=4. 
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Actual reaction components necessary for the stability of the 
frameS24-l = 3 even if the roller at B is removed, the frame 
will bistable). * 

~*Tfaus, £=#-r=4-3=l 

the frame is externally indeterminate to single degree. 

«3fo get the values of P in all the members, make the frame 
statically determinate by removing the redundant reaction at B. 
show&inFig. 14*16(ft). 




zontaK Hence sin 0=cos 8=- 



._■ . Fig. 14-16- 

f To get the values of u in aU the members, apply unit load at B 
in tie direction as the reaction as shown in Fig. 14'l6(c). 
; (b) Calculation of P [Fig. 14'16(bil 

' By inspection, all the inclined members are at 45° to the hon- 

Since there is no vertical load at B, 
■ Pbc=0 ; Pab=6< 

Hence Pcf=0 ; Pac=0 ; Pdg=0 

: At the joint G, Pgf=W (comp.) 

" At thejointf, ^^^-^=-^< tensi0n) 



Pfa=Pgf 



V2 V2 2 



(comp.) 
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l 



W 



W 



(tension) 



At the joint A, Pad^Paf — . 

V2 V2 V2 2 

(6) Calculate ofu [Fig. J2'J6(c)]. 

At the joint 5, Pbc=1 (comp.) 

Pab=0 

At the joint C, Pcf=Pbc sec 0«V2 (tension) 

Pcg=Pcf cos 0 = V2 . ^-=1 (tension.) 
At the joint G, Pgd=Pcg=\ (comp.) 

At the joint F, Pdf=0 

Pfa =Pcf = (tension) 

Atthejoint.4, P AD =P AF . = V2x-^=i (comp.) 

The calculations may be done in the tabular form below : 
(+for tension ; —for compression) 



Member 


F 


« 


P.u 




Actual stres 
(F+uVb) 


AB 


0 


0 


0 


0 


0 


BC 


0 


-1 


0 


1 


-0-1875 W 


CG 


0 


-1 


0 


1 


—0-1875 W 


GD 


0 


-1 


0 


1 


-0-1875 W 


DA 


+#72 


-> 


-W12 


1 


+0-3125 W 


AF 




+V2 


-w 


2 


-0-442 W 


FC 


0 


+ V2 


0 


2 


+0-265 W 


FG 


+w 


6 


0 


0 




FD 




0 


0 


0 


+0-707 W 










8 





The vertical reaction (Kb) at the roller at B is given by 

L 



j PuL 
1 ^£ 



_l 

n 

l 



since 



AE 



•is constant. 
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i _ 2 =.\—L-w 
Hence Fb— -j " g ■ 16 



=0*1875 W(t)- J u . ot . 

The actual stress each member will be ( W*) and has been 

tabulated in the last column of the table above. 

Example 1415. Fig. 14' 17 {a) shows ^^fJ^Z % % e 

form materfal supported on a r0 ^ er J* 1 ? Constant for member 
ratio of length to cross-sectional area is constant jor eacn 
of frame. Find the forces in all members. 
Solution 




Fig. U-17. 
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. .K^total reaction components=2+2-rl =5 

J: r=Actual reaction components necessary^ 2 -1-2 =4 

£-=/?-r-5-4=l 

;p Thus the frame is indeterminate to single degree. We shall 
■ ^olve this example by treating member No. 12 as the redundant 
member carrying a force T assumed tensile to start with. 



Then, by Maxwell's method, 

n— J „ . n—l 

S Mi XPu 

l AE \ 



' ( Since is constant ^ 

(a) Calculation of P 

To calculate P in all tts members due to external loads, 



||xemove member No. 12, as shown in Fig. 14*17(6). The stresses P 
pjiave been marked against each member in the diagram. 

|t: (6) Calculation of u 

I To calculate w, remove the external load, and apply unit pulls 
f : at the ends (or joiuts) of the redundant member, as shown in Fig, 
I ^14* 17(<r). The stresses u have been marked in the diagram. 

' The values may now be tabulated as under : 

r Pu 

v . ■ l V2 

Hence T= ~ =- -~ =-2'78 IV 

. Y IS 

The minus sign indicates that member No. 12 carries a com- 
pressive force of 2*78 W, . 

The actual stress in any member will be {P-\~Tu) and have 
.. been entered in the last column of the table. 
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(+for tension ; — for compression) 





P 


u 


Pa 




Actual stress 






2 

,~~3~ 


- + 4 ^ 2 W 


4 

9 


-0*974 


2 ' 


-31V 

... — . . , , 


4 


+-J2 W 


16 
18 


-0-380 ^ 




-W 


2 

~~ 3V2 


V **• 


4 
18 


-1-693 W 






1 

~"3 


+ 2 f w 


1 

9 


- 1-902 W 




+WV2 


1 


i + f w 


1 
9 


+0 486 ^ 




~W V 2 


1 

____ 




1 

9 


-0-486 




-WV2 


1 


V2 


1 
9 


-2-342 W 


« 


+WV2 




- + f.W 


4 
9 


-0-440 W 




+2H 7 


l 

~3V2 




1 

18 


+2-656 




4- AW 

• . - 


1 




1 

*> 
z 


+2*034 W 


11 


+2W 


1 

+ 3V2 




1 


-1-344 IT 


12 




+1 




1 


i ICAJ W 








+£" 

! 


73 
"18 





Example 1416. A pin jointed frame of uniform material has 
loads and dimensions as shown in Fig. Wl%a). The cross-sectional 
*rectJlsl00 mm* for each member of the frame. The truss is hinged to 
rigid supports at A and B. 

Calculate {a) Reactions at A and B. 

(b) Horizontal reaction at B if it moves {or yields) by 
: 10 mm horizontally to the right. 

(c) The maximum horizontal yielding of the support B 
to have zero horizontal reaction there. 
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Take E=2x I0*%lmm* {200 kNImm*). 



2kN 



4kN 



2fcN 




Fig. 14*18 

The horizontal reaction {H) at B is given by 
PuL 

rr_ AE 

H —-u*L 
*~AE 



(1) 



To calculate P, make the structure statically determinate by 
providing a roller support at B t as shown in Fig. 14' 18 (b), where 
the stresses due to external loading have been marked. 

To calculate «, remove the externalloads and apply unit pull 
at the joint B as shown in Fig. 1418 (c). The stresses have been 
marked on the diagram. 
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sconfutations are done in the tabular form below : 



Tne 
Member 


T atiath I, 

Ufflgt'* ±J 

(mm) 


(fcAO J 


u 1 
± 


PuL 1 

L 


u*L 


AC 


4470 


—8-95 


4-2*23 


-89400 


22210 


CD 


2000 


—6*0 


4-1-00 


-12000 


2000 


DE 


2000 


—60 


4-100 


-12000 


2000 


EB 


4470 


—8 95 


4-2-23 


-89400 


22210 


GH 


2000 


+4-0 


-2*00 


-16000 


8000 


FG 


2000 




-2-00 


-16000 


8G00 


FA 


2830 


1 4-5*7 


-2-83 


-45700 


22640 


HB 


2830 


-4-5-7 


r 2*83 


-45700 


.22640 


CF 


2000 


+4-0 


-2-00 


-16000 


8000 


CG 


2830 


+2-83 


0 


I 


1 0 


DG 


2000 


-40 


0 


i ° 


0 


EG 


I 2830 




0 


0 


0 


EH 


2000 


+40 


-2-00 


-16000 


8000 




1 




Sum 


-358200 


125700 



Substituting the values in (1), we get 
-358200 



2-85 kN (•*-) 



125700 

(») The general expression for the horizontal reacnon at B » 
^ PuL v 



AE 



where ^horizontal movement of B towards A. ; 

For the present case A— 10 mm (since B moves away from A, 
or opposite to H). 

4=100 mm* 

£=2 x 10 s N/mm 2 =200 kN/mm* 
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lu \ 100X200 ) _ 3 
/ 125700 \ 
\l00x200 / 



10+1791 
6*285 



J0OX20O 
= l'26kN <«*-). 
(c) For this case H=0. 

Substituting the values in equation 1416, we have 

PuL 



A-S 



//-0-- 



4£ 



or 



-358200 == _ n . 91 mm 



100x200 

Horizontal yielding of B===17'9l mm ( 



0. 



14*7. TRUSSED BEAMS 

A beam strengthened by providing ties and struts is known as 
a trussed beam. In the case of an ordinary beam, the strain energy 
is mainly due to bending, In the case of a truss or framed structure, 
the strain energy stored is due to direct forces, since the members 
carry only axial forces. In the case of a trussed beam, however, the 
strain energy stored is due to both bending as well as direct force. 
The ties and struts of the trussed beam, however, carry only direct 
forces, and the strain energy due to direct forces only. Such a trussed 
beam is shown in Figs. 1419 and 14"20. 



Are: 



BEAM 




TIE ^\|Rl5-^T!E 
STRUT 



Fig. 14-19. 
C 0 



*8 




STRUT E TIE F 
Fig. 14*20. 



STRUT 
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be redundant. 



- fcStrain energy in the beam due to bending- J o^2£/^ 
j: Strain energy in alt the four members due to axial forces 



I;. "P?± 



1 



From Ctijltoo'. «.««« of ■«» <™. 



|; . gi? Jo 1 
w | rc Xi 5 the summation for all the members of the trussed beam. 

! If, however, there are two redundant" Ibrces^and R t as in 
14-20, we have 

* = r r rz. „BAf dx " ZP L_ [14-18 (a)] 



- s SO- rt„3JW <^4-yp^f-.iw 114-18(6)1 

and ~=o=Jo M ~m ■ m+V*** AE 
k The solutions of these equation, gives ^^ { ^tZ 
dant forces. Afer having known the "f^J^Sj. 
& the ties bars etc. can be calculated, and the B.M. ana 

gram can be plotted for the main beam. 

\: Example 14-17. A trussed Umber beam ™ ™Jo ^ 
m mm deep, is 4 m long and ha: ,c 500 mm* 
momnfi area of crosi-section. Them rods are f™ l J he beam . 
area of cross-section. Calculate the » £ tZ E forced, 

~t respectively. 

Solution 

Let the redundant force in the strut CD be R. 
Then 8 y? " u 
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Now cos 0- ^ T - 0-894, sin 0= L ^O'447; 



cosec 0=V5— 2*24 



IOkN/m 




Pad=*Pbi>=— cosec tf=M2 /? (tension) 
Reactions at A and 5-(l0x2)-/'. J(o sin 8 



Fig. £4 '21 



-20- j- A- 
{a) For thv beam AB 
Strain energy due to bending=£/^,: 



dR El 



<?*"" 2 Jo 

At any section distant x from A, 
M=~~^ 20 - 



[2 A 
JO 2. 



2EI 



a* T 2 * 



<$Uabi 



if 2 



u - fi/L 3 + 2 R T+-rk 

iT/L 3 J' where ^ in kN-m 2 units 

£ for timber - I'Ox 10* N/mm»-l 0 kN/mm«= I x 10' kN/m* 

° X 10 } i~l2 J ^ 4 °9-6 kN/m- units. 

A d V<iBt = 4R— 100 



3x4096 
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(b) Strain energy due to direct forces^ 
The tension in tie bars =*Pad=Pbd=V12R 
Compression in the bearn^ cos e-(l'12 A)«W4)=* 
The calculations are arranged in the tabular form below . 



Member J 

1 


L 
(m) 


A 

{mm 9 ) 


E 

(kNImm*) 


P 

(kN) 


*R 


■ ZP ■ L 
P - $R AE 




i 
i 


1000 


100 


— R 


-1 


1 

Rxlx ^ 1000x100 
=JJxl0- s 


AD 


2-24 


500 


200 


+ 1-12JI 


+ 1-12 


2-24 

(1*12)** -oox"200" 
=2'8Kxl0- B 


BD 


2-24 


5C0 


200 


+ V12R 


+ 1-12 


2-8-Rx 10" 


AB 


4 


19200 


10 


—R 


—1 " 


. . 4 
•R* ix 19200x10 
=208/! x 10- 6 












j -J 


S-69R x 10- 5 



Now 



n BP 

"ZP. — - 
I W 

8* J 



M 



AE 
dM 



-8-68/5 xUH 
dx 



AE 



4R-10O 
3 X 409*6 



H-8'68i?Xl0 _!S =0 



which gives 



R= 24*35 kN. 

(Note. If the support CD were rigid* the value of R would 
have been=-|- H,L== T xl0x4::=25kN) ' 

U PROBLEMS 

1. The materiaUnd cross-sectional area of the tors of the frame shown 
in Fig. 14-22 are same. Show that force in BC is 0707 W tensile. {U.L.) 

2. Find Ihe forces in the members of the frame work shown in Fig. 
14-23 The quantity AE is constant for all the members. 

A. Determine the axial force in the members of the frame shown m 
Fig. 14-24. The cross-sectional area of bars AB and AC is la and that of other 
member is a. 
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lOkN 

L Hb 




y Fig. 14-24. 

4. A braced cantilever is loaded as shown in Fig. 14-25. All the 
; - members are of the same cross-sectional area. Find the axial force in the 
membei BC. 




Fig. 14-25. Fig. 1426. 

5. Determine the forces in the members of the frame, shown in Fig. 
14 26 v.-hich is pinned to supports A and Z> and carries loads of W and %W at 
B and C respectively. The members AB. and CD are 3a and the remainder a in 
cross-sectional area. 
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r-6 Hnd the force in the member AF of the pin-jointed frame-work 
shownin Fig. 14-27. All members have the same area of cross-section and are 
of tBe same material. 

• 7. The three rods AD, BD and CD are pinned to each other at D and to 
arigidmember^Cat^.BandCrespectively,asshownin Fig. 14-28. The 
rods- AD and BD are each of 1000 sq. mm and CD of 1600 sq. mm. If a hori- 
zontal load of 100 kN is applied at D, find the loads in all the three members. 
Take£-=2-l x 10» N/mm' (210 kN/mm*) 



lOkN 




lOkN 

Fig. 14-27. F'g- l 4 28 - 

i 8. A pin-jointed frame is loaded as shown in Fig. 14-29. The frame is 
hinged at A and supported on rollers at B. The ratio ^ggp for all the mem- 
bers is the same. Treating CF as the redundant member, obtain the forces in 
the_ central members CF and DE. 

2W 




Fig. 14-29. 

9. The frame work shown in Fig. 14*30 is made from bars all having 
the same extensibility AE. It is supported at B and C and carries loads at A 
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* i 10. *Fig. 14*31 shows a pin jointed frame work carrying a vertical load of 
*i0kN at E and supported by vertical reactions at AaadB. The dimensions 
of the figure are such that if the line CE is omitted, all the angles are either 
30°, 60 s or 90°. The members are all of the same material and cross-section. 
Find the load in the member C£. 




Fig. 14-30. Fig.-14.-3i: 

11. A pin-jointed rectangular frame with two diagonals is built upas 
shown in Fig. 14*32. The bar BC is the last to be added and is short by 5 mm. 
Find the force in the member «7 when k is Noticed into position. The cross- 
section area of each side bar is 1000 mm 1 and ofeach diagonal 500 mm«. Take 
£=21 x 10 6 N/mm 1 . 



8 c. 




Fig. 14-32. Fig. 14-33. , 

12. In a pin-jointed frame shown in Fig. 14-33, the cross-sectiorMrarea 
of each member is 2 in 1 , and £=13000 ton/in«. During construction the mem- 
ber EB was made 1/16 in. too long and was forced into plane. Determine the 
force developed in each of the diagonal members AD and EB when a vertical 
load of 6 tons is applid at C. {A.M.I. Struct. E) 

13* The rectangular frame shown in Fig. 14 34 consists of five bars 
pinned together at A, B f C and D and .suspended in a vertical plane from a 
beam. All the bars ate of steel and 2 in" in cross-sectional area. Find the force 
in the member AD due to the two loads at A and D. If the temperature is 
raised 20°C, the distance BC remaining unchanged, find the force in each of 
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the bars. Take 13200 tons/inV Coefficient of linear cxpansion^llx lO-* 
per °C. 




Fig 14-34. Flg * 14 * 35 ' 

14. A hori*>otal cantilever of length* has its free end J° * 

vertical tie rod 1* Zlc^which is initially ^^^^'f^ 

of the section of the cantilever it ^^^° { ^^TnL o^l^t 
rod isa. Prove thatthe load (*) taken by the tie rod due to U.D.L. of wfmt 

. „ 3 waL' . 
length on the cantilever is "^jai^+W) 

E for both the rod and cantilever is the same. 

15. A trussed timber beam, 200 mm wide and ^^^^ 
and has a central CM strut 1 m long and 80 mm dia. The A* tcds ^eof«eel 
and 30 mm in diameter. Calculate the thrust in the strut if the beam carries 
uniformly distributed load of 30 kN/m. 

E for wood= 1 x 10* N/mm 1 (10 kN/mm*) 
£for C./.=l x 10 s N/mm 1 (100 kN/mm») 
Efor stee/«2x 10 s N/mm* (200 kN/mm») 

16. In the pin-joined frame work shown in Fig. 14-36, the three triangles 




Fig. 1436. 
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ABG, HCF and GDE are equilateral. The members AB, BC y CD, DE, BH, CG 
and DF has a cross-section 2a, and the remaining members a. Treating the 
verticals BH and DF as redundant members show that they are subjected to 
tension of magnitude. 

42+6V3 .„ 

35+9\/3 ■ (Cambrige) 
17. Compute the reaction and forces in the members of the truss shown 
in Fig 14 37. LfAE is constant for all members. 



W W 




Fig. 14-37. Fig. 14-38. 

IS. A pin-jointed frame of uniform marerial has the loads and dimen- 
sions shown in Fig. 14-38. The ratio of length to cross-sectional area is cons- 
tant for each member of the frame. The frame is hinged to foundations at A 
and C and is supported by a horizontal free-roller bearing at B. Taking mem- 
ber 8 as the redundant member, calculate the magnitude and kind of force it 
carries due to loads. 

19. Calculate the force in the members of the frame shown in Fig, 14-39 
which is supported on pins at A, B. and C and carries a load of 10 kN at £. 
All the bars have equal areas. 




Fig. 14*39. 



Fig. 14-40. 
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Sj. The structure shown ia Fig. 14*40 is hinged at A and F and subjected 
to a lotdWat C. Assuming the sectional area of all the members to be the 
same^fetermine the force in each of the members AS and DE. 



M : -Pac=+*5 kN;PBC = +3"33kN ; P C z>=+5-83 kN. 

'■0~p AB =P AC =-Q-535 W: P BC =+0-33 W\ Pbd=Pad=Pcd 0 07 W 

• 4. 2-6 IP (comp.) 

>5 r p AC =p BD =4-0 tt6 1V;PBC~0 lM W;Pz> C = + l , 919 W\ 
\ Pab~ 4-0 919 W. 

J»«r-+5-13 kN 
pgj^ 96 . 5 kN ; P B />-+23-5 kN ; kN. 
5f Pcf=+0-53 W ;P/>£=-0-87 fT. 
§ 1:876 kN (comp.) 
jgfc 5-34 kN. 
+55 kN. 

§, £fi : 7-74 tons (comp.) ; AD : 0 75 ton (comp.) 
; («) -0 588 ton. 
IP (6) i>>(B=-f 2-29 ; Pad^+W I Pcj>-+4-29 ; 

| k 98-7 kN. 

| n. Pab-Pbc— 0-86 kN ; Pcz>=-1'894 kN. 
t-- 'JW-+1-438 kN ; ft«~HW64 kN. 
fitS; 0-77 IT (comp.). 
" >^^9-43 kN ; PjD-"+2'14kM ; P*f=+0-98 kN ; 

j» £F =_0-58 kN ; Pad 0*81 kN ; J»j»e-+0-81 kN ; 

Ppc-«— 1*15 kN. 
||Z0. iUB=0-299 ff; i-z)E=0'669 



1 





Cables and Suspension Bridges 



151 INTRODUCTION 

Suspension bridges are used for highways, where the sban of a 
bndge.s more than 200 m. Essentially,, a I'pensTon oridg (Fg 
15 1, cons.sts of the following elements : ( f ) the Lble, (u) suspend 

PULLEY OR 
SADDLE 




-DECKING 

(a) UNST1FFENED SUSPENSION BRIDGE 




(b) STIFFENED SUSPENSION BRIDGE 



Fig. 151. 
Elements of a suspension bridge 

ZT^ e cutvature of thc cabIe of - *Z&X£?£S 

as the load moves on the decking. To avoid this, the decking Is 
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stiffened by provision of either a three hinged or two hinged stiffen- 
ing girder. The stiffening girder transfers a uniformly distributed or 
equal load to each suspender, irrespective of the load P~ °" 
the decking. The suspension cable is supported on either side. There 
are two arrangements generally used. The suspension cable may 
either pass over a smooth frictionless pulley and anchored to he 
other side, or it may be attached to a saddle placed on rollers. In the 
Urease, the tension on the cab.e on the two sides of the puUey 
are equal while in the latter case, the horizontal components of the 
tension on the two sides are equal since the cab e cannot have a 
movement relative to the saddle. The cable consists of either we 
rope, parallel wires joined with clips or eye bar links. The cable can 
car* direct tension only, and the bending moment -at any point on 
the cable is zero, The suspenders consist of round rods or ropes 
with turn-buckles so that adjustment in their lengths may be done if 
required. The anchorage consists of huge mass of concrete, designed 
to resist the tension of -the cable. 

15 2 EQUILIBRIUM OF LIGHT CABLE : GENERAL CABLE 
THEOREM 

Fig. 15-2 shows a light cord or cable, suspended from two 
points A and B and subjected to a number of point loads W» 
W W Let X be the horizontal span of the cable and a be the 
inclination of the line AB. with the horizontal. Evidently, the 
difference in elevation between the two supports A and B is equal to 
L tan a. 




Fig. 15-2. 
Equilibrium of a light cable. 
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- Let Va and Va be the vertical components of reactions at A 
and§|?. Since there is no horizontal loading on the cable, the hori- 
zon^ reaction (H) at the ends A and B will be equal in magnitude 
but|pj>posite in direction. Since the cable is in equilibrium, it will 
tal^gthe shape of a funicular polygon for the load system, and will, 
therefore, deform as shown. 

' " In order to find the vertical reaction Va, take moments about 
Bi,^ , 

ii -Va . L-H . L tan «+£Af B =0 

or||^_. Va= ^j±-H tan a (15"!) 

S.l/fi— sum of moments of all external loads about B. 
JfcConsider any point X at a horizontal distance x from A. 
^"Evidently, XJC 2 =x tan a 

^;iAssummg that the cable is perfectly flexible so that the bending 
moment at any point on the cable is zero, the sum of moments 
("£M 3 ) of all external forces to the left of point X is zero. 

-H{XX x )-Va . jc+£M,=0 
orjfe;/' ~H{x tan *—j*)-Va . x-rJM M *=0 
whSce ~~ M x = sum of moments of all forces to the left of X. 

.0:/- " y=XX t ■ 

^Substituting the value of Va from Eq. 15*1, we get 

K. : -H(x tan *-y)~ -H tan a }x+£M s =0 

-f, V"- 

or §V- - Hy-. ~ 2Mb +ZMx=Q 

i ": . £ 

or Hy=j-7:MB-£M X (152) 

Eq. 15*2 is the general cable theorem. 

15*3 UNIFORMLY LOADED CABLE 

^d) EXPRESSION FOR HORIZONTAL REACTION 

Cjpig- 15*3 shows -a cable supporting, a uniformly distributed.. 
Joagfgf intensity/* per unit length. From the general cable theorem 
derived in the previous article we have 

where - ,y—AX g — vertical ordinate between the line AB and chord at 
' the point X. 
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* Bq. I5'4 gives the expression for the horizontal reaction H and 
is vsjtid whether the cable chord is inclined or horizontal 

J Alternative method when the cable chord is horizontal. 
Alternatively equation 15 4 can be derived in a slightly different 
manner for the special case when the cable chord is horizontal 
(Fig. 154). 




Fig. 15-4. 
Cable chord horizontal. 
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Due to symmetry, Va~Vb~p . 

Let C be the lowest point of the cable* at its middle, where 
the dip is equal to d. Consider the equilibrium of the portion CA 
to the left of C [Fig. 15*4 (b)]. This left portion is in equilibrium 
under there forces : (0) the cable tension Tat A (i.e., the resultant 
of H and Va\ (ii) the external load pL/2 acting at Lj4 from C, and 
07/) the horizontal cable tension H at C. All these forces must meet 
at a point £, distant L/4 from C. Thus triangle AA X E becomes a 
.triangle of forces from which 

H ^ T pL jl 

A X E AE AA X 1 

2 AA t 3 \ 4 * d ~~ %d 
which is the same as obtained earlier. 

(b) EXPRESSION FOR GABLE TENSION AT <THE ENDS 

The cable tension Tat any end is the resultant of vertical and 
horizontal reactions at the end. Thus 



TB^i/vgi+ffi. (155) 

Knowing H from Eq. 15 4 and V A from Eq. 151, the cable 
tension Ta or Tb can be easily calculated. When the cable chord 
is horizontal, V A =V B = p ~~. Hence 

The inclination £ of T with the vertical is given by 

It should be remembered that the horizontal component of cable 
tension at any point will be equal to H. 



or 



or 
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(c) SHAPE OF THE CABLE 

Let us now determine the shape of the cable under the uni- 
formly distributed load. Substituting the value of H (Eq. 15 4) in 
Eq. 15*3, we get 

\ Sd ) y 2 2 
or y= jr~{L-x) 113-9) 

This is, thus, the equation of the curve with respect to the 
cable chord. The cable, thus, takes the form of a parabola when* 
subjected to uniformly distributed load. 

(d) LENGTH OF THE GABLE : BOTH ENDS AT THE 
SAME LEVEL 

When both the ends of the cable are at the same level 
[Fig. 15*4 {a)], the equation of the parabola can be written, with C 
as the origin, as follows : 

y=kx* 

At A, .v=-^and y=d 

.y d 4d 
a* ~ (Z./2>* ~ L 2 



y^~-x* (15*10) 

dy 8rf_ 

dx ~ L* X 

Consider an element of length ds of the curve, having co-ordi- 
nates x and y. The total length s of the curve is given by 

(64d 2 V s 
1-1 — Jj~ xt J ^ v Binomial theorem, and neg- 

d 2 

lecting higher powers of -jj .v 2 , we get 

. r ■ 32rf 2 . 1^/2 . T L 4 dV 1 

^L^-aZT^Jo - 2 LT+T-i5-J 

s=L1~ (1511) 
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(e) LENGTH OF THE CABLE ; ENDS AT DIFFERENT 
LEVELS 




Fig. 15*5 
Supports at different levels. 
Consider a cable with the supports A and B at different 
levels. Let C be the lowest point of the cable, such that the hori- 
zontal equivalent of AC is L x and that of CB is L t . 

Evidently, 2^+Z.^L O) 

Imagine the portion AC to be extended to a point A x such that 
A and A x are at the same level. Let be the dip of this hypothetical 
cable, below the chord AA X , From Eq. 15.4, we have 

H=-~ , where L=2Z^ and d=d 1 

■■■ 

Similarly, imagine the portion BC to be extended to a point 
B x such that B and B x are at the same level. Let d 2 be the dip of this 
hypothetical cable, below the chord BB X . From Eq. 15*4 

H ~%T* WDere L== 2Lt and d=d t 

■'■ ^F^^r («) [15-12(0)] 

Since H is the same at C for both the portions of the cable, 
we get 

pW _ pU 

2d, 2d z 



Solving (1) and (2), the values of L x and L 2 can be known in 
terms of L, d x and d t . 
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Iii ©rdcr to find the vertical reaction Va at A, take moments- 

4 ^=^ , . ., • ' ' 

Similarly, V B =pLi.~ 

Forthe imaginary cable w4G4i, the length s x is given by 



or 



or 



or 



4 



Similarly, the length of the cable BCB X is given by 
itence the total length of the actual cable ABC is 



2_ ^_ 
3 Jt, 



(15T3? 



15*4. ANCHOR CABLES 

TOe suspension cable is supported on either sides, on the 
supporting towers. The anchor cables transfer the tension of the 



ANCHOR 
CABLE 




SUSPENSION £t£*i 0 £ 
.CABLE CABLE, 



SUSPENSION 
/CABLE 




[a ) GUIDE PULLEY SUPPORT lb J ROLLER SUPPORT 

Fii. 15 *& 
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suspension cable to the anchorage consisting of huge mass of con- 
crete. There are generajly two arrangements for this. The suspension 
cable can either be passed over the guide pulley for anchoring it to 
the other side or it can be attached to a saddle mounted on roller. 
Fig. 1 5*6 (o) and (6) show both the arrangements. 

In the former case, when the suspension cable passes over the 
guide pulley and forms the part of the anchor cable to the other side, 
the tension Tin the cable is the same on both the sides. 

Let pi inclination of the suspension cable, with 
vertical. 

p 2 =inclination of the anchor cable, with vertical. 
.\ Pressure on the top of pier=Kp=7*cos pj+Fcos 0 a 

^(cos^+cos^) (15*14) 

Horizontal force on the top of the pier 
^rsinPj-rsinp, 

=r(sin&-sin p 2 ) (15'15) 
This horizontal force will cause bending moment in the tower. 
If the cable is supported on a saddle mounted on rollers, as 
shown in Fig. 156 (6), the horizontal components of the tensions in 
the suspension cable and the anchor cable will be equal since the 
rollers do not have any horizontal reaction. 

.-. r 1 sin§ J -r 2 sinp 2 =// (15'16) 
The vertical pressure on the pier is given by 

Vp=T l cos &+r 8 cos (5, (15*17) 

15'5. TEMPERATURE STRESES IN SUSPENSION CABLE 

Let 5— length of the cable 

SJ=change in the length due to change in tempera- 
tare 

corresponding change in the dip. 
From Eq. 13-11, 

>•• '? 1 - 

16 a 
ls=s . a . / 

oc= coefficient of thermal expansion of cable 
t— change in the temperature _ 



or 

But 

where 
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8 d z 

or %s—Lzt-\--y a/. 

8 d"~ 

Neglecting — at in comparison to L . a . t, we have 

Sj=Z, . a . / - (2) 

Substituting this in (1), we get 

M =-S-T( i -"-0 = 4--?-' ' (,5-18) 

It is to be noted that when the temperature rises, L will in- 
crease, and hence will increase. Similarly, when the temperature 
falls, L will decrease, and hence, M will decrease. Let us now find 
the corresponding change in the value of H due to this change in d. 
-PL* 
H ~Yd 

„ 1 
or Hoc-j- 
a 

$H ^ j>d 
H d 
If / is the stress in the cable, 

" f H d 

where 8/=change in the cable stress. 

8/_S# Srf 3 L* , ' ■ /,<.,m 

?"f E ""7 = -T6? ft -' (15l0) 

Example 15*1. -4 light cable, 18 m long, is supported at two 
ends at the same level. The supports are 16 m apart. The cable 
supports three loads of 8, 10, and 12 N dividing the 16 m distance in 
four equal parts. Find the shape of the string and the tension in various 
portions. 

Solution. 

Let CCi=rc ; DD t =yD and EE t ~yE 

Since both the supports are at the same level, 

^^•j(8xl2)+(10x8)-K12x4) J-14N 

Since the cable is in equilibrium, the shape taken by it is that 
of a funicular polygon. The shape, thus, represents the bending 
moment diagram to scne scale. 
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or 
or 



-or 




Fig. 15-7. 

yc :^s:^£=(14x4): (14x8-8x4) : (14x12-8x8-10x4) 
yc : yo : yE=S6 : 80 : 64 

10 . 8 

yo--^- yc and yc 

Distance AC= 4 16+y c l =Wl +0-0625 >*« 

^ Vl6+(^ ~y c )^f 16+(-£-l )V 

= '\J 1 6+ ~yc % =4 v 1 +0*01 1 5 yc s 

JM= v 'i6+(y D -yc)^ y/ 7o^(^4)^ 

^ l6 +-j<fyc 2 =4Vl +0*0051 >'c 2 
^Vl6T^ A fl6+(f, c ) i 

r 64 " 

= \j 16 + 49":i , c 2 = V / i+0-0816.yc a 
Total length AB=AC+CD+DE+EB 

1«=4[(1 +0-0625 j*c»)V»+(l +0-01 15 >t>)i* 

+(1+0-0051 j>c*)iw+(l +0-0816 ^J 1 '*] 



1- 



0*00625, 



~yc 



1 14 ~2 — y c 



4-5=[4+0'08>-c 2 J 
^c=2"5 m 
- 10 

yo — j~yc=3'57 m 



■)+(, + 2^. j 
-) + (, + 2?«il^)] 
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and . ^£=-y ^c^l'Se m 

Ittius, with the known values of yc> yo and yE, the shape of the 
cableis determined. 

3n order to find the horizontal reaction H, apply the general 
cable theorem (Eq. 15'2) at point C. 

Hyc=-~ZMB-'ZMc 

wherf SMb~ sum of moments of external loads, about B 

=(8xl2)+(10x8)+(l2x4)=-224 
SMc= sum of moments of external loads, about C 

W- " =<>• 

|/ >c=2'50 

g T5H=-~ (224) =56 

Ijpence tension in the part AC is given by 

r^c = VKw > +H a «V(14)»+(22-4)»-26-4 N 

^The tensions in parts CZ>, £>£ and EB will be such that their 
horizontal component is equal to jff=22"4. 

Example 15*2. A cable is used to support Jive equal and equi- 
distant loads over a span of 39 metres. Find the length of the cable- 
required and its sectional area if the safe tensile stress is 140 iV/mmV 
The central dip of the cable is 2' 5 m and loads are 5 kN each. 

', Solution 



.: Fig. 15-8. 

Since the cable is in .equilibrium, the shape of the cable wilf 
correspond to the funicular polygon for the load system. The ordi- 
nates at C, D, E, F and G will be proportional to the bending 
moments at these points. Since both the cables are at the same level, 
we have 
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Va=\ (5-r-5+5+5+5)-12'5 kN. 
CC 1 =Gq 1 -(ic=(12*5x5)=62'5 
DD 1 =FF l =y.i>=(\2-5xW)-(5xS)=m 
- ^£ , 1 =^£=(12-5xl5)-(5xlO)-(5x5)=H2-5 
EE X : DD X : CC 1 : : 1 12 5 : 100 : 62*5 
yE xyo xyc : : 1 : 0*69 : 0*556 
But ^£=2*5 m 

yp=y F z=2-5 X 0*89=2'22 m, 
yc=yG=2'5x 0*556= 1*39 m 
The length of the cable=2(v4C+CZ>-r-D£) 



+5- 



-mT 14- 193 xii 0:69 4-1 ■ 0 08 1 

=I0 L + "50" +1+ ~56" +ln "^J 



=30*54 m 

The length of the cable can also be found approximately by 
treating the string as a parabola. In that case, 

To find the horizontal reaction H t take moment about C of 
all forces to the left of it and equate it to zero. Thus, 

Afc=0={Hx V39)~V A X 5=139 H-5 X 12*5 

^ = " 5 r39 25 =4S kN 



The maximum tension in AC= V (45 2 )-h(l2'5) a =46*6 kN 

. jl . , 466x1000 2 
. . Area required = — 4Q =333 mm a 

Example 15*3. A flexible roge weighing IN per metre span 
between two points 40 m apart arid at the same level, 12 m above the 
ground. It is to carry a concentrated load of 300 Nat a point P on the 
rope which is to be at a horizontal distance of 10 m from the left hand 
support. What is the maximum height above the ground to which the 
point P may be raised if the maximum tension in the rope is not to 
exceed 1000 N1 Assume that the distances measured along the rope 
are equal to their horizontal projection. 
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Fig. 159. 

Let J=dip of the cable at P. 

Taking moments about B, we get 

{I^X40)=(300x30)+(lx40x20) 

9800 

or V A =- 35— 245 N 

and ^=(300+40 xl)-245 =95 N 

The maximum tension in the cable=r^=V' Va^+H* 



1000=V(245) a +(tf) 2 

or lO^fixiOM-tf* 
ff-970 N 

Taking moments about P t we get 
or 970</-245xI0-0 

-2-52 m 

■ 970 

.*. Height of P above ground=12-2-52=9'48 m. 

Example 15'4. A wire of uniform material weighing 0'32 lb. 
per cu. in. hangs between two points 120 ft. apart horizontally, with one 
end 3 ft. above the other. The sag of the wire measured from the 
highest point is 5 ft. Calculate the maximum stress in the wire. (U.L.) 

Solution U- 1 

Let p= weight of cable, per ft. length (in lbs). 

From Eq. 1512, 

ii= in 

L 2 V d 2 

where ^—maximum dip^=5' ; d z =5— 3=2' 
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I;'- Fig. 15*10. 

V - From (1) and (2), ^=73*5' ; ^=46-5' 
c Reaction RA^pL t =iy5 p 

V jy-^i' - X73-5)" . jf ..^ 

* :. Max. tension=3 p ^=Vj?^ t 4-// 2 

=/>{73*5 2 +540-25 2 ) 1 ' 2 -545/; 
But />=*0'32XlZ4 
- where -4— area of cross-section 

7^545x0*32x124=2090 ^ lb 
Max. tensile stress at end .4=2090 lb/in 2 . 

Example 15"5. A flexible suspension cable of weight % A"'w 
hangs between two vertical walls 60 m apart, the left hand end being, 
attached to the wall at point 10 m below the right hand end. A concen- 
■;■ trated load of 100 N is attached to the cable in such a manner that the 
point of attachment of the lead is 20 m horizontally from the left hand 

* wall and 5 m below the left hand support. Show that the maximum 
■; resultant cable tension is at the right hand end and find its value. The 

cable weight may be taken as uniformly distributed horizontally. 
Solution 

To find the reactions Vb and H> take moments about A : 
V 60K B =20^+^~i + IO// 

Again, since the cable is flexible, Mc^O 
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M-~ 40K B -/>x40x20Xl5 H=0 
or ||Vfl-J X 160- 3 H=0_ 



(2) 




fi«. 15-11. 

Ff9m(l)and(2),weget 
I //= 1 96 N and F>— 88*5 N 

. |^=(}x60)+100-Kb=45+100-88-5-56*5 

Since Kb>^, Tb will be greater than 7V 

- V (88'5)«+(196)*= 215 N. 

Sample 15'6. A suspension cable 160 m span and 16 m central 
dip catties a load of $ kN per lineal horizdntal metre. Calculate the 
maximum and minimum tensions in the cable. Find horizontal and 
vertical forces in each pier under the following alternative conditions : 

{&) If the cable passes over frictionless rollers on the top of ike 

piers. ',. 

(bhlf the cable is firmly clamped to saddles carried on friction 
less roltir on the top of the piers. 

In each case the back stay is inclined at 3<f to the horizontal. 

Solution 

i femaximum tension (D in the cable is alwa ys at its ends 
w hile tB"m inimum tension in the cable is at its lowcst ^ojntand is 
equait o H. 

1 



How 



%d 



-(160)* 

% 

8X16 



=100 kN 
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X16* 2 



160 2 



108 kN 




SUSPENSION ^CK/STAY 
CABLE . ■ t ■ - \ 



SUSPENSION 
CABLE 
T 




BACK 
STAY 



(b) 

Fig. 15:12. " ' • ! 

Forces in the pier G wW : ~'"- C 

-t^Jf- ^i hC paSSCS ovcr * e frictionless pulley, the 

tension m the back stay is equal to the tension in the cable. Ut fce 
^inclination of the cable be* with horizontal. 

Then the load on pier^ sin f-frsin 30° 
«K+rsin30° 



Horizontal shear 



-40+108xi-==?4kN 
=Tcos 4>— Tcos 30" 

Fcos 30 



=lOO-(I08xO-866)=6-47 kN 
(«) RoUers permit no horizontal shear on towers. Hence the 

7s cos 30°=rcos£~tf=100 
100 : jOQ 
= 0'866 



cos30 c 
Total compression on pier 

=Ts sin 30°+ r sin ^ 
=7>sih 30"+r 



115-5 kN 



115*5 
3- +40=97-8 kN. 
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Example 15*7. A cable is swung between two points at the same 
level with a central dip of 12 m over a span of 120 m. The cable 
carries a uniformly distributed load of intensity 2 kNjm of horizontal 
length. Calcidate the change in the horizontal tension if the tempe- 
rature rises by ^Ffrom^-.drfg^T^ *=>6Xl<r*'per 1°F. 

Solution » 

3 /i20_y x6xl0 - 6x2 0=~ kl( >" S 
16 V 12 / 4 

~ x HT» X 300=-0-675 kN 
4 

i€t SH=0*675 kN (decrease) 

15 6. THREE HINGED STIFFENING GIRDER 

Since the cable of the suspension bridge is the main load bear- 
ing member, the curvature of the cable of. an unstiffened bridge 
changes as the load moves on the decking. To avoid this, the decking: 
is stiffened by provision of either a three hinged stiffening girder or 
a two hinged stiffening girder. The stiffening girder transfers a uni- 
form or equal load to each suspender, irrespective of the position of 
the load on the decking. Fig. 1513 shows a suspension bridge with a 
stiffening girder hinged at the abutments D and F and also at the 
centre E. We shall now consider the effect of a unit point load 
rolling on the decking and plot (*") bending moment diagram for fixed 
load position, (ii) influence line for horizontal reaction H Of the cable 
(iii) influence line for bending moment at a section, (iv) maximum 
bending moment diagram due to a point load W and (v) maximum 
bending moment diagram due to a uniformly distributed load of 
intensity w. 

For the purposes of analysis of the above items, let us first 
consider the equilibrium of the cable as well as the stiffening girder 
separately. 

(1) EQUILIBRIUM OF THE CABLE 

By the provision of a stiffening girder the suspenders carry a 
uniformly distributed load of intensity/*, irrespective of the nature- 



From Eq. 3" 19 



H 
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X E 

1 la) THE SUSPENSION BRIDGE 




(b> SENDING MOMENT DIAGRAM 



4 



tc) INFLUENCE LINE FOR H 



(d) INFLUENCE LINE FOR p 
Jt Oi e i 




te ) INFLUENCE UNE FOR M x 




[g)MAX B.M.D. DUE TO U.D.L. 



Fig. 15-13 
Three hinged stiffening girder. 
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and position SFthe load on the decking. Thus the cable is subjects 
to a downward uniform load of intensity p per unit length, as shown 
in the upper %art of Fig. 15' 13(a). The reactions at the support A 
and B are equal, the horizontal reaction being equal the H and the 

vertical reaction equal to — '- . 

From Eq. 15*5 

Since taxable is flexible, the bending moment at any point on 
it is equal to fuko. Consider any point X' distant x from left support 
A, Then - 

The eq|ation of the parabola (cable), with A as the origin may 
be written as V 

p • y=kx(L—x)~ 

at % ..: y=d 
Ad 

f . * L* 
Hence | y =-^T < L ~*> (3) 

(2) EQUILIBRIUM OF THE GIRDER 

The lo^er part of Fig. 15"13(a) shows the equilibrium of the 
three hinged stiffening girder which is subjected to the following 
forces : (i) the external unit load acting at a distance of «L from left 
hand support, {») the simply supported reactions Ko=(l —*) and 
Vp*^\t respectively at points D and F t due to the external load, 
{in) the uniformly distributed pullp exerted by the suspenders, and 

(jtv) downward reactions at D and/ 7 , due to the pullp of the 

hingers. 

(3) BENDING MOMENT DIAGRAM 

Consider a point X distant x from the left hand support. The 
bending moment at X may be expressed as follows : 
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Mx 



ix^L) - (4) 

Thus the bending moment at X consists of two parts. The first 
part, z.e. [— Vbjc+1 (*—«£)] may be designated as jt^- where ji x is 
the bending moment at the point X treating the girder as simply 

supported beam. The second part, Le. £-*y- x—^-Jis found to 

be equal to H.y t from Eq. (2). Hence Eq. (4) may be re- written as : 
Mx=\i x +H.y (15*20) 

The bending moment diagram for the girder can thus be 
obtained by superimposing the p. x diagram over the Hy diagram. 
The p x diagram for a simply supported beam is a triangle having an 

point load, while the Hy diagram will be a parabola, since y varies 
parabolically while H is constant for a fixed load position. For the 

load position at «£ from left support, (see sub-Section 4 

below). The maximum value of y is equal to d at the centre. Hence 
the Hy diagram is a parabola having a maximum ordinate of 

, 4^^k- under the centre of the cable. The final bending 

2d 2 

moment diagram is shown in Fig 15*I3(i). 
(4) INFLUENCE LINE FOR H 

In order to find the value of H for the unit load position at a 
distance «L, we apply Eq. 15'20 at the central hinge d of the girder 
where the bending moment is zero. 

ME=0=ii.E=H .y 

H=-*y (15-21) 
Now ■ ti£=-a.y-. andy^d&tE 

H=£ (15-22) 

Eq. 15^22 suggests that for a given load position, H is constant. 
However, when the unit load changes its position. H also changes 
linearly as per Eq. 15*22- However, Eq. 15*22 is valid for load 
position between D and E, te. for the range otL=0 to *L=L/2. 
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When ai,=O s #=0 

By symmetry, when the unit load is at F f H=0. Thus, the:, 
influence line diagram for H is a triangle having a maximum ordi- 
nate of-rr under the central hinge, as shown in Fig. 15'13(c). 

4a ~ , _ 

(5) INFLUENCE LINE FOR p 

From Eq. 15 4 



H (15.23> 



n %d 
%d 

or p^-jr 

But H =^t> ftom Eq * 15 ' 22 

i-Z-^r-r-,' (15 ; 24) 

Thus the load carried by the suspenders vary with the load 
position in the case of a three hinged stiffening girder. Eq. 15 24 is 

valid for the range of aL— 0 to aL^-~, 

When the load is at Z>, a=0 .*. p=0. 
When the load is at the central hinge £, oL=-yr, or 

4 12 



* L • 2 ~ L ' 
By symmetry, when the load is at F, p=0 
The influence line for p is shown in Fig. 15'13(rf), 
It will be seen later that in the case of a two hinged stiffening 
girder, p is constant, and does not vary with the load position. 

(6) INFLUENCE LINE FOR BENDING MOMENT 

We have 

Mx=t* x +Hy 

Thus, the I.L. for Mx can be obtained by superimposing IX. 
f or 'xx on the I.L. for H.y. 

The I.L. for \i x is a triangle having a maximum ordinate of 

— under the section X. 
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The I.L. for H.y will be a triangle. It should be noted that 

4d 

for the given section X,yi$& fixed quantity equal to -jj x (L-.x)* 
Thus, the I.L. for H.y has a maximum ordinate of ~jy 

= -4- 4^.v ( L-x)=+^(i:-.v) 



under the central hinge. Fig. 1515(e) shows the I.L. for Mx in 

■which the maximum ordinates of positive and negative bending 

■moments are equal. 

(7) MAXIMUM BENDING MOMENT DIAGRAM DUE 

TO A SINGLE POINT LOAD W 
(a) Maximum negative bending moment diagram 
From the I.L. for Mx it is clear that the maximum negative 

tending moment at section X occurs when the point load is at the 

section, its value being given by 

Mx (max. ~ve)=w{-^^ +T (£ "' t) 4 * } 



C-2.T 2 | 



In order to plot the maximum bending moment diagram, vary 
the value of x. Eq: 15*25 is a third degree polynomial To find the 
position of the section where absolute maximum negative B-M. 
occurs, differentiate Eq. 15-25 with respect to x and equate it to 
zero. 

Thus 

{L-x){L-2x)-x(L~2x)-2x(L-x)=0 
or 4#-6Lx'+L***Q' 

which gives or «0'7«9L (15*26) 

Substituting the value of x ifr Bq. 1 5-25, we get 

(-)M max . maK ^-Q096WL 
(b) Maximum positive bending moment diagram 
From Fig. 15* 13(e), it is clear that the maximum positive 

bending moment at section X occurs when the point load is over the 

central hinge, its value being 
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"-vg = -5£(L-2x> (15-27) 
which is ti^jcquation of parabola. 

' ' - " X 

or :....>,.;...'/ . x=L/4 ' 
Sub|iuting in Eq. 15*27 - 

Fig.fciS (/) shows the maximum positive and maximum 
negative bpding moment diagramsldue to point load W. 

AXIMUM BENDING? MOMENT DIAGRAM DUE 
UNIFORMLY DISTRIBUTED LOAD 

FroiiBg. 15*12(e) it is evident that the area of the negative 
portion of^lie' LL. diagram is equal to the area of the positive 
portion ofrttie I.L. diagram forf Mx. Thus, the net area ofl.L. 
diagram ffT Mx is zero. Hence it is concluded that there will be no 
bending moment anywhere in the girder due to its self weight or due to 
uniformly mtributed load occuping the whole span. The I.L. diagram 
for Mx halta zero ordinate at the point O, distant m from the left 
support. Let us first find the value of m. 

From triangle dx l f, oo x = j~-^(L—m} 

From triable de x f ooi= r- — . — m 

Equating the two we get 

L—m 2m 

; , . L-x - L 

« . *f -life- (l5 ' 28> 

. I.. ^ x(L-x) 2 V s 2x(L-x) 
.. Ordinate oo^ ^ T ~ 3£l _ 2 x = (3L-2x) 

For the maximum negative bending moment at the section, the 
portion should be loaded with the UJ>X. while portion of should 
be emptyv Similarly, for maximum positive B.M. at X, portion of 
should be loaded while do should be empty. 
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Area of -ve portion of IX. diagram^ £\dx,f—AdoJ 
1 r x(L-x) J_ T ZxjL-x) 
=Y' L ~~ 2 ^-2x 

x<L~x)(L--2x) 
~ 2(3L-2x) 

If w is the intensity of U.D.L., we get 

tA-\ nf wx(L —x)(L-2x) r 15-291 

To find the value of* at which absolute maximum positive or 

negative B.M. occurs, differentiate Eq. 15'29 with respect to x and 

equate to zero. Putting x^=nL in Eq, 15*29 we get 

n(l-«)(l-2n) 
Mx {max) ==wL* 2(3 _ 2w) 

- dMx pz>~Q==&--2n)[(\ -n){l -2n}-w(l -2n}~2n(l-n)} 



dn 

+2«(l--i)(l-?«) 

or 8« > -24n a 4-18n-3=0 

n=0'234 or X-0-234Z, 

Substituting the value of x in Eq. 15'29, we get 

t±W.«."«=±0-01883 wL* (15*30) 

The loaded length '"= 3L _ 2< o- 2 34£) ==0 ' 395 L 

Fig. 15'1 3(g) shows the maximum positive and maximum 

negative bending moment diagrams due to U.D.L. 

(9) INFLUENCE LINE FOR SHEAR FORGE 

Consider the section X distant x from the left support [Fig. 

15*14(<j)]. When the unit load is so placed that oL<x, we have 

F*= +a+/*I,-*)--^r 
or Fx^p(j--x) [15'3l(a)] 

or Fx=fx+p(%—x) (1531) 

where a=/jr=S.F. at X by considering the girder to be simply 
supported. 

Now the equation of the parabola is 

y=-g-x(L—x) 



520 



STRENGTH OF MATERIALS AND THEORY OF STRUCTURES 



or 



«-£-&(y-*) (15 ' 32) 

6=inclination of the tangent at X', to the horizontal. 
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Fig. 1514. 
Three hinged stiffening girder. 
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But 



7/= 



Id 



or 



8^ 



P 

H 



or 



(-^-x )=//tan0 



Substituting the value of p 



( 



^ — ,v ) in Eq. 15*31, we get 

Fx^fx+H tan 0 - V " \ (15"33) 
Thus, the shear force at X also consists of twp parts : the S.F. 
due to the simply-supported action of the ! girder arid the S.F. due to 
the effect of horizontal reaction. To plot the jl.L^for S.F. at X, 
superimpose I.L. for fx over I.tT. for H tan' 6, 6 being constant for 
;the section X. ■ i * 

When at is lesser than x, /x =«, and therefor©; fx and H tan 0 
ordinates are additive. When «£, is greater than jc, /a*— — (1 — *) and 
feencc/V and H tan 8 ordinates are substractive. The I.L. for S.F. 
at' A' is shown in Fig. 15*i4f6) r 1514(c) and 15:14(*/) ( illustrating 
three possibilities, depending upon the position X. 
When the unit load is at the central hinge, 

n " Id "* 4d ■■' 



(10) SHEAR FORCE DIAGRAM 

PL 



-where 



Fx=- (!-«)+ 
p=-^,from Eq. 15 24 



-px * +1 



Fat— (1 -a)4 



4a / L \ 

-T\T- X ) 



+1 



-«)+2a=(~l + 3a) 



When x=0, F=~(l- 

When x=ctL 

F=-l + 3ot-4a 2 
or = 3a-4a 2 

When jc=L,F=-(l-a)-2a+l = -« 

Fig. 15*14(<?) shows the S.F.D. for a typical case when a is less 
than J. 



522 f STRENGTH OF MATERIALS AND THEORY. OF STRUCTURES 



ifiunple 15 8. Derive from first principles the bendmg momerU 
diagrSforlmmetrical suspenshn bridge with ginned suffering 
tZr&eng* L subjected to a zP oint load W at a distance a from the 
centratfin. Draw to scale the bending moment digram for the ial«e of 
a that fives the largest bending moment under the lofd. 
Rotation. •" " : " "• .' . 




Fig. 15-15. 

I. Fi8 i 5 -i5 («) shows the free body diagrams of the cable and 
•h&Xi* stiffening girder. For the girder, the s.mply suppor- 
3 reactions at the ends catfbe obtained by taking moments about 
D and F. Thus, 

¥ Taking moments about the central hinge, we get 

4W( L \ (2) 

• -. The bonding moment at any point is given by 
- Z_ Mx=? x +Hy 
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Since y varies parabolically with .v, the H.y diagram will be a 

pL 2 pi? 

parabola having a maximum ordinate of -~- . d— ~ — under the 
central hinge. 

The px diagram will be a triangle having a maximum ordinate 

of T (f" fl )({■'" )-? (T -*) under the load ' 

The bending moment diagram is shown in Fig. 15*15 (b). 
The net B.M. under the load is given by 

Substituting the value of p from (2), we get 

For maxima, differentiate M with respect to a. 

or a-2 (j--a *£-+a*-aL )-0 

or 3a 3 =4- 
4 

a= ±0*288 L. 

The bending moment diagram for this value of a is shown in 
Fig. 1 5" 1 5 (c), in which the ordinate under load 

= T {^- {o m W j^ 0 167 ^ 
and the ordinate under the central hinge 

Example 15*9. The three hinged stiffening girder of a suspension 
bridge of 100 m span subjected to two point foods of 10 kN each placed 
at 20 m and 40 m respectively from the left hand hinge. Determine the 
B.M. and S.F. in the girder , at section 30 in from each end. Also t 
determine the maximum tension in the cable which has a central dip of 
10 m. 

Solution 

To find the simply supported reactions Vd and Vf, take mo- 
ments about hinges D and F. Consider the equilibrium of the girder 
alone. 
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Thus, 

y F - 1 { n0X40)+(l0x20) 1-6 kN 

VF ioo V * 

I J Q | (10x60)-H10x80) } -14 kN 
In order to find //.take moments about the central hinge E. 



Thus 
where 
or 



a* -(-6x50), and </=10m 
A/ £ «(-6x50)+10H=0 

//«30kN. 
The equation of the parabola is 

4rf , f .__jt*i°_ x(lOO-x) 



At x=30 



y~~- 



Ax 



1000 
4x30 
1000 



100x100 
(100-*) 

(100-30)=8'4m 




0$- 
v, 



~20m-4*2Qm— M 

— ?p™ — H 



= I4KN 



lOOm 



30m - 



V F -6kN 



Fig. 15-16 

Thus at points G and H, distant 30 m from D and F respecti- 

•vely, 8*4 m, - 
~ The B.M. at any point is given by 

A/C »{(_14X30)+(10X10)}+(30X8'4) 
— 68kN-m 

and j#*-(-6x30)+(3tfxS-4)=+72 kN-m 

The S.F. at any point is given by 
Fx=Jx4-Hx&nQ 
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Now 



4*« 



1000 



tlx 



=tan 0= 



10 1000 



=016 



n 4 8x30 
At *=30 m, tan 6-— — 1QQQ 

Similarly, at x=10 m (i.e. 30 m from R.H.) } 

tan 8=— 0'Wi (i.e. anticlockwise) 
Hence Fo=(-14+ 10)+(30xO'l6)=+08 kN 
F/r«(+6)+(30)(-0-16)=+r2 kN 

8rf 

8*/ „ 8x10 



Now 



i 



p=- 



I 



JF' 100X100 
Vertical reactions at the ends of the cables 
_ pL ^ Q-24X100 
"2 2 
Maximum tension in the cable 



X 30=0*24 kN/m 



-=12 kN 



= V(12) 2 +(W= 32 * 4 kN - 
Example 15*10. A suspension bridge of 250 m span has two 
three hinged stiffening girders supported by two cables having a central 
)dip of 25 m. The width of the roadway is 8 m. The roadway carries 
&dead load of \ kN per sq. metre extending over the whole span, and 
% live load of 1 kN per sq. metre extending over the left hand half of the 
' bridge. Find the B.M. and S.F. at point 60 m and 200 m from the left 
hinge. Also, calculate the maximum tension in the cable. 
Solution 




PL 
2 

D 



w*4kN/m 



—60 m- 

V D '=375kN 



■25Cm 



PL 
2 



V F sl25KN 



Fig. 15-17 
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Thetee body diagrams for the cable and the stiffening girder 
areshowiTmFig. 1517 Since there will bene B.M. and S.F. any 
^ iniS/ girder due to uniformly distributed dead load, only 
live load has been shown. 

Live load per metre run by girder 

y F « -L (4 x 1 25 X 62*5) « 1 25 kN 
. Ko=(4xl25)-125-375 kN 

(-125xl25)+25//=0 

or f *=-^V 5kN 
Th«fequation of the cable is 

dy ft 250-2* , 

Aix=60 m, y- (250-60)== 1*25 

ft 250-120 _ fl ., o8 
and . tan 6= 625~ 208 

aL«20O, (250-200)^16 

o 250-400 _ ft ., 4 
and tan 6=- ~~ 

.VA/. 0 =, + ^4(-375x«0) + (i^)} + (625X 18 - 2 5) 

= -3894 kN-m 
and j»/ to9 =(-125x50)+(625xl6)==+3750kN.m 

W 4- 3 75+60x4)+(625x0-208)— 5 kN 
F too =(+125)+(625)(-0-24)— 25 kN. 
Again, the equivalent U.D.L. transferred to the cable due to 
the live load 

= l d H^ 8X2 ^ X625=2 kN/m. 
£2 " 240x250 
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Equivalent U.D.L. transferred to the cable due to dead load, 
per metre run 

^ -H*x8xI]=2kN/m 
V. r Total />=2+2=4 kN/m 
Maximum tension in .the cable is given by 



v 



1 



16rf* 



2 

4 X 250 ^7 — 250x200 



-=1345 kN 



2 ^ * '16x25x25 
Example 1511. A suspension bridge cable of span 80 m and 
central dip 8 m is suspended from the same level at two towers. The 
bridge cable is stiffened by a three hinged stiffening girder which carries 
a single concentrated load of 10 kN at a point 20 m from one end 
Sketch the S.F. diagram fbr the girder. 




PL 

2, 















* * 

i ,0 T 


i — i 


. — 










r 



-20m 



■ 40m- 



40m 



2 

f 

V F *2-5 



(Q) 





fnTrrrrrr^ 




5kN ,„) ^-UJJ 



Fig. 15* J 8 

Solution 

The simply supported reactions are given by , v ; 

Fil>i= ^[ 10x60 J =7 ' 5kN 

>'=8d"[iOx2o]=2'5 kN 

J? ?t Va i UC ° f P C ° DSidcr * «q"iMbrium of the stiffening 
girder and find the bending moment about E, 

M £ =0=( -2 5X40 )-(/>x40x20 )+(^2 x4 0 ) 
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A"" P-gJo 0l25kN '' m 
P L -.=0125x *° -5kN 

At any section distant * from D, the S.F is given by 

f ,=,_T5x5 -0-125 x[ +10 
Atx=0, ,F,= -7-5+5=^-2;5 
At ,=20, f,= -7;5+5-(0-125x20); +10 
■ : ^-5or+5 - < 

». en J7 — 7-5+5— 0-125x.80+10=-2-5 

At a =80, r, ' ■>••' " L ~ -. 

The complete S.F. diagram is shown in Fig. 15 18(6). 
F, am ole 15-12. A suspension bridge cable hangs bftveentiro 

I ? fnlnaratlhorUontally by 120 m and with B 20 m above 
PoMs A and B separated homoma y y ns „ 

*ff<»*S*f< r * e ?*Z *, Z "able. Calculate the maximum tension 
ZZ^SSSiZ*?™ mosses the girder from 

A to B. 

Solution 




Fig. 1519 

Given : 4-4 m ; 4-20+4=24 m ; L-120 m 
1.4-1^=120 m 
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From (i) and (if) 

Lj = 35 m ; L 2 =$5 m 

Let the 10 kN load be at a distance of * from D. 

Then the simply supported reactions due to the live load of 
10 kN are : 

V "=U i2 °~ X ) l0 =( 10 -12-) 

In order to find the value of p, take moments about E, of all 
■ forces to the right of it. Thus 

J# e =0=(- £ X85 )-f ( 85 )+(«, )( 75 ) 

or l7-5/»-~=0 (m) 

The above equation gives the relationship between the load 
position and the value of p. The maximum tension in the cable 
depends upon the maximum value of p. The maximum value of p 
will evidently occur when the load is on the central hinge, i.e., when 
jr=35 m. Thus, from (Hi), we get 

nxn-s = l2xT7" °' 167 kN/m ~ 

Also, the U.D.L. transferred to the hangers due to dead load 

= |kN/m=0*333 kN/m 
.*. Total U.D.L.-y=O'167+O-333-0-5 kN/m. 
.V The maximum tension will occur at B. 
To find Va t take moments about A 

From which V*=p*L % 
Similarly, V*=p'L x 

Tb^4W-RpTJ 2 
But H*^-[Eq. 15-12Ka) 



=(0 5x85) J- a +1 -86-5 kN 

M 4x24x24 
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Example 15 13 A suspension cable, stiffened with a three 
hinged gir&r, has 100 m span and 10 m dip. The girder carries a load 
of 0*4 kfifm. A live load of 10 kN rolls from left to right. Determine 
(i) the maximum BM. anywhere in the girder, (il) the maximum ten- 
sion in t fie cable. 

Solution 

(a) Maximum B.M. 

From Fig. 15*13, the absolute maximum negative B.M., due to 
point loS^ in the girder occurs at x==0"2U £,-0*211 Xl00=2ri m 
from either end, is value being : 

( ^ AU,. m «-=0-096 I?X=0-096X 10x100-96 kN-m 

Th^ absolute maximum positive B.M. occurs at *=0'25 L 
=25 m |om either end, its value-being 

(4^«-««-0-0625 TO=0 0625X 10x100 
I -62 5 kN-m 

/.|<ireatest B.M.=— 96 kN-M at 21'1 m from either ends. It 
should ifcWed that there will be no B.M. anywhere in the girder 
due to ll.D.L. covering the whole span. 

{bf Maximum cable tension 

Frpin Fig. 15M3 (c), the maximum value of H, due to point 
load, occurs when the load is on the central hinge, its value being 

p (due to U.D.D.L.)=0*4 kN-m. 

^due to U.D.D.L,=^-= 8xl0 =50 kN 

Total #=25 + 50=75 kN 



Example 1514. A suspension bridge cable hangs between two 
points A and B separated horizontally by 120 m and with A 20 m 
above B. The lowest point in the cables is 4 m below B. The cable 
supports a stiffening girder which is hinged vertically below A, B and 
the lowest point in the cable. Find the position and magnitude of the 
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iargest bending moment which a point load of 10 kN can induce in the 
girder together with the position of the load. - - < m:; ? : 
Solution 

Given </,=20+4«24 m ; <4=4 m ; £=120 m ; 



(I) 
(2) 



L x +£,=120 m 

Zj— 85 m; £,=35 m 
Let the point load W be at a distance «£ from D. The simply 
supported reactions are 

Vd=W (i-a); V B =W* 
The bending moment at any point is given by 
M=p+ffy. 




Kg. 15-20. 

By inspection, the maximum B.M. occurs under the point when 
the load is between D and E. Let us first find p. 

A/aM>— Wot (35)+£^-° X35- ^- (35) 1 

The maximum B.M. under the load is given by 
M =-W{\-*.) <*£)+^| <«£)- 



(1) 



Susbtituting the value of/?, we get 
M=-rVxL (!-«)-*- 



W**L* W**L* 



85 



85 



<2) 



532 



STRENGTH OF MATERIALS AND THEORY OF STRUCTURES 



For maxima, 



m 

do. 



=0 



2W*L* *Wo*L*_ 



=0 



"85 85 
Cancelling Wand substituting the value of X, we get 
, . * , 2 X 120a 3Xl20tt > _ n 

or a*-l'14«-K0-236=0 , . : ... 

a«0*18 ; aL=0'18x 120=21-6 m; f / 
Substituting the value of W, * and £ in (2), we get 

3/ wax =- 10 X0- 18 X 120(1 -018)+10 ^ 8 s x 5 120 )' 

10XO-18(OM8 X 120 )' 

85 ..... 

fl .-177+54*9-*9 a 9»-132 kN-m 
at 21*6 m from left support. 

Example 1515. A symmetrical three pinned stiffening girder 
of a suspension bridge is 600 ft. long. Find the magnitude of the 
largest bending moment that can be exerted by a moving load 20 tons 
uniformly distributed over a length of 30 ft. Indicate the position of 
the load for this condition. 

Solution 



PL 
2 
0 











1 " ' 
























30* 

B^ZL 




— H 


i— 


P 











E , 
-600 



Fig. 15-21 

Let the absolute maximum B.M. occur at a point X distant x 
f o*n D 9 when the head of the load is ahead of it by a distance k, 

Keeping the position of the section fixed, let us first find out 
ihi: value of k to get maximum B.M. at X. 

The simply supported reactions are : 

Kf ~oW (x+fc-15) and Kd-20-Kf 
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To find p, take moments about E. Thus 
Ap=0=^-^( x+Jfc-15 )x30o}+|/>x300x30o}-^300 J 
't " • - . *+fc-l5 

•', * P ~ 4500 (1) 

The bending moment at the fixed section is given by 
r- „ T/ , PL px* ,20 (30-fc)» 

g = -{ 20x ..^( x+ ^ 35 )} + {^+^ X 300 J r} 

}x+k-\5 x* 1, f (30-fc)» ) ,« 
| 1 4500 * 2 ri~J (2) 

I For Maxima, =u 

^ • * i * 4- * - ** 4 2(30-<:K-l) 

c - " r 30 15 9000 3 

# iH<£r -20+ t*"° 

J *=-ir* + «Sr +30 < 3 > 

v Substituting this value of k in (2), we get 

I Jfir— 20*+£{,-lS+(-£ )} 

+lf{ *- I5 +(- 2 T x+mo+n )} 
~4xi{ *~ 15+ (~ 2 i *+6§<r +30 )} 

+ t{ 30 -(-^ + ^o +30 )F 

Simplifying and rearranging, we get 

' U/ 200 1200 180000 108.000,00 W 

For getting the absolute maximum B.M., treat x as variable, 

tima 

17 x . 7x \7x* x s 



Thus -^jr- =0, for maxima 



0=-18-5- 



100 600 60000 27,000,000 



or 0=18-5-^*+ ™ + 



600 ' 60,000 27,000,000 
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Jfajsing Newton's method, try x=150 
If/, fix) 1 8*5 -27*25+6*37+0*l 2= -2*26 
109 , 17jc . x* 
--^00 ' 30,000 ^9,000,000 

^-_0'184-O-O85+ = -0*1 

Better value of 50-22-6=12' 



|&Try 127*4 



v * oe 109XI27-4 ,17(127-4£ ,J127j4)f_ 
A*>=18'5 600 — 60,000 27,00^,000 

v =0*0309 

~ /'(^)=_0*l8+0*072+...... =0*108 

p 0^309 
,*. Better value of x= 127 4- _ 0 - 10 g ' 

J^r Use approximate value of x— 128 ft. 
-f^ : Thus the absolute maximum B.M. occurs at a section 128 ft. 
fr^ the left support. To get the value of absolute maximum B.M. 
" titute x=128 ft in Eq. 4. Thus. 



|4 ^.™«H-18-5X128)+^ (128)^-^(128)^ 

I y _ 17 , n8 , s (J_28S_ 

>: . ~1807)00 U ' 108,000,000 

J =-1081 t-ft. 

f: j (128)* 

f This occurs when X 128+-£qqq + 30 

=13*5 ft. 

' Hence absolute maximum bending moment occurs at a section 
128 ft. from left support, when the head of the load is at a distance 
im+13-5)=14l'5ft. from the support. 

TWp HINGED STIFFENING GIRDER 

R A two hinged stiffening girder is a statically indeterminate 
"picture, since there are three unknowns to be determined (0 the 
ireaction Vd, at the hinged support D, (ft) the reaction Vf at the 
Ringed support F, and Hit) the pull p exerted by the cables. Only 
Jtwo equations of statical equilibrium are available. In the case of a 
"three hinged girder, an additional equation Me=0 was available at 
-the central hinge. The problem of two hinged girder can be solved 

approximately by the strain energy method. The solution by strain 
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energy is not within the scope of the book. The problem will there- 
fore, be solved approximately by assuming the girder to be infinitely 

rigid, so that the pull = y , where W is the point load placed 
anywhere on the girder. On the assumption, the pull in the cable 
^constant, irrespective of the load position, while in the case of a 
three hinged girder, />=-*- and depends upon the load position. 

(1) INFLUENCE LINE FOR H 

For the cable, H=^^j- 

Consider a unit load placed at distance aL from the left 
support. Then 

W _ 1 (15*35) 

& (15-36). 
"~~ LM ~%d 

Thus, the hori zontal pull at the a butments of the cable is^cpns- 

f or/Tand H mil thus be rectangles, as shown in Fig. 15*22 {o) ana 
(c) respectively. 

(2) BIDING MOMENT DIAGRAM 

The bending moment at any section X, distant « from D is 
given by 

M x =*i* x +H.y 

The ^-diagram is a triangle having a maximum ordinate of 

a.L{L—a.D __ vL (\ un(Jer t ^ e un i t j oa j. 
L 

The H.y diagram is a parabola since y varies parabolically 

L j Li 

with -t, having a maximum value of the ordinate equal to ^ a- 

at the middle of the span. 

At the point JT, the ordinate of the H.y diagram will be 
L L Ad . -y . 

-Jd - y =SD • ir *t'- x )=-2£ iL - x > 

The B.M.D. is shown in Fig 15'22(</). 
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-L/2 



-Hle)l.L.FORM x 



TtJ MAX 8.M.D. FOR POlNl LOAD 




(g) MAX B.M.D.FOR U-D.L 




(i) l.L. FOR F x 



Fig. 15-22 
Two hinged stiffening girder. 
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• <3) INFLUENCE LINE FOR BENDING MOMENT 
The B.M. at section AT distant x from /> is given by 



it- 



Wk Thus the LL. for B.M. is obtained by superimposing IX. for 
on the IX. for H.y. 

The IX. for p M is a triangle having a maximum ordinate of 

, r x under the section. 

Hp- The value ofv is fixed for a given section AT.. Also the value 
ifJfM fixed, and does not vary with the load position. Hence the 
intity H.y is fixed, its^value being 

f "y^W^-*^-* 05-37) 

|p" Thus the IX, for H.y, is a rectangle having an ordinate of 
M^JL-xj^ Fi&&22& shows the IX. for bending moment at X. 
,S0y the inspection of the Fig. 15'22 (e), we have 

If - - 

IE .". d&=gx t and xji=*hf x 

But ' ' igx+lxjy+idtf+ltfi^L 

And area of A^x,A— area of Addtf+Affji 
*or Total positive area— total negative area. 

Thus, in the case of two hinged girder also, there will be no 
^bending moment any where in the girder due to uniformly distribu- 
ted dead load or live load covering die whole span. 

%) MAXIMUM BENDING MOMENT DIAGRAM DUE TO 
#P SINGLE POINT LOAD W 

When a point load W rolls over the girder, the maximum +ye 
■ifB. M. at X will occur [Fig. 15'22(gVI when the load is either on n the 

■■..k: }y x 

.-^ft or right hinge, and its value is equal to + JJJ^ L ~~ x }* 

. The maximum negative B.M. at X will occur when the load is 

Wx 

o n the section itself, its value being equal to ~ -~{L—x). 

.'. {±)M fnax =~~-{L-x) (1539) 



r- 
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Tic variation is thus parabolic. Fig. 1 5 22 (/) shows the max 

B.MXt ^ • ^ <: _ — ■ " 

For absolute max. B.M., 



dx - 2 L 



::-r.]^™?"7" 2L „ : 2 :,.2 8 .... 

(5) Maximum bending moment diagram due to 

m UNIFORMLY DISTRIBUTED LOAD 

^inspection of Fig. 1 5 -i22(e); the maximum negative B.M. at 
^ will ibecur when only portion gk is loaded, while the maximum 
posiU^p.M. at ^ wlU occur when the portion Jjg and A/i are load- 
ed keeping portion gh empty^' In either casei the maximum B.M is 
given fv - ----- : W -, 

the variation is parabolic. Fig. 15'22(g) shows the maximum 
B.M.I^i" The absolute maximum B.M. will evidently occur at 

2 

% ' , w w A A_^ L - 2 (15 42) 

» ±^0™,— 8~ " 2 " 2 " 32 

(6) INFLUENCE UNE FOR SHEAR FORCE 

The S.F. at any section distant x from the left hinge is 
given;by 

F,=/ x -r-# tan 6 
where/ x =Shear force at X due to simply supported actions. 

The IX. for/, will have zero ordinates at the ends, and ordi- 
nates of and - T* 811(1 1116 &*ct">n- 

■ L ---- - L ....... • U/ 

The IX. for // tan 8, in which both H and tan 6 are constant, 
will be rectangle having the ordinate : 

" ^h-m-HT-l) <■*•«> 

-Thus, the IX. for F K will be given by superimposing the I.D. 
for F* over the IX. for tftac e, as shown in Fig. 15*22 (i). From 
Fig; 15*22(0, we have : 
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w( ! 4) ; Mri) 



J- 



Now 



AC JC.T 3 \ 1 

2 



From which ef= — x ^ 

>. Area^--- y-y-g- 

Aiso, Area <<# t * t *}4-area («jgr t )» y x ^\ — y+y] 

L 

" 8 : ; 

Hence the area of positive S.F. is equal to the area of negative 
shear force. It can, therefore, be concluded that there will be no 
S.F. anywhere in the girder due to uniformly distributed dead and/ 
or live load covering the whole span. 

15*8. TEMPERATURE STRESS IN TWO HINGED GIRDER 

la the case of a cable subjected to a change of temperature t, 
the change in the dip </ is given by*Eq. 15*18. 

u ~k ■ -r " «> 

The horizontal pull H and the U.DX. p carried by the suspen- 
ders depend directly or indirectly on the value of the dip d. 

Let 3p ^change in pullp, due to change in %d. 
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Due to this change in the change in the maximum deflec- 
tion at the centre of the girder is given by 

5 ty.L* 
S(A) ~TsT EI 
where A = deflection at the centre of the girder. 

£Y=flexural rigidity of the girder. 

Now, when dip d increases {i.e. when the cable Bags), the sus- 
penders become loose. The suspenders can remain taut only if the 
girder sags by an equal amount at every point. Thus, we have the 
compatibility equation. 



or 



384 EI ~ 16 d 

»„-- 2?. (15-43) 
* p ~ 5 L 9 d 

Increase in B.M. at the girder = — g— 

Sp.L* D 

Increase in the stress in the girder^- g — • -^f 

72 Efot_ &D 
" 5~ L*d ' 16/ 

~ 10 d 
-where height of the girder. 

Thus, the change in the stress is independent of the span and 

the moment of inertia, and depends on ratio. 

Example 1516. A suspension bridge with two hinged stiffening 
girder has a span of 100 m and the cables have a central dip of 10 m. 
The stiffening girders are 4 m deep, and have moment of inertia equal 
to l'64xlO u mm*. If the temperature falls through 22 Kelvin, cal- 
culate (i) flange stress, (ii) increase in the tension in the cable. Take 
E=*2xl& Nlmm* and a=//X/0""« per 1 K. 

Solution 

From Eq. 15*45. stress in the flanges of the stiffening girder 
due to fall of temperature 

9 D „ . 
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f = -jy X X 2 X 10 5 (ll X 10-«) X 22 

= 17 42 N-mm a -*l7'42 X 10* kN/mm a 
The increase in load *p on the girder is given by 
* 72 vr at 



5 L*d 

where£/=(2xl0 s Kl , 64xl0 lo )-3*28xl0 lli N-mm 2 

=3*28xlO«kN-m* 

fc ^ * 72 ^ Ux 10" 6 X 22 

E'. (3-28X10-) i00xtooXAU -0-1143 kN-m 

r>,Tr- *P L * O-1143fl0tf)» _ ^ 



Change in the cable tension is 



1 



-14-29 ^ l+(^) S =15*39kN 



Example 15*17: A suspension cable has a span of 160 m and 
a central dip of 16 m, and is suspended from the same level at both 
towers. The bridge is stiffened by a stiffening girder hinged at the end 
supports. The girder carries a single concentrated load of 8 kN at a 
point 40 m from left end. Assuming equal tensions in the suspension 
hangers, calculate (i) the horizontal tension in the cable and (ii) the 
maximum positive and negative bending moments. 

If the 8 kN load rolls from left to right, what will be the value of 
absolute maximum B.M. and S.F. and where do they occur ? 

Solution. (Fig. 15*22) 

W 

(i) Load per metre run in the hangers 

= _|_ = 0-05kN/m 
Horizontal tension in the cable = 



0-05x160x160 
8X16 

(ii) The simply supported reactions are 
8x40 

V *^^ti~ ~ 2-kN ; ^=8-2=6 kN 



10 kN 
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The maximum negative B.M. will occur under the load, 

„ X-)M max .={-VD x40)+(^ X40 )_|_(40)* 

I:, _ 2 ^,o-o5x^ox4o _o|5 xl600 

= -120kN-m 

The maximum positive B.M. will occur in the portion to the 
right of the load. Measuring x from F, we have 

|- ^2x-^ 
|fot maxima, 0— 2— 0"05 x 



= -M0kN-m 

Absolute maximum (±) B.M. occurs at the mid span. 

/ . , , 8(160) " 

!: = -^g — =160 kN-m 

|(/v) From the I.L. for S.F. (Fig. 15'22), it is clear that the 
absolute maximum S,F. occurs under the load, its value being equal 
half fhd load— £x8=M kN, irrespective of the position of the load. 

PROBLEMS 

1 , A cable is suspended between two points which are at the same level 
120 m apart horizontally. The cable, carries . uniform load of 15 N per hori- 
zontal metre, and two concentrated loads, one of 900 N at 40 m horizontally 
from one end and the other of 300 N at 40m horizontally from the other end. 
Determine the horizontal distance from one end to the lowest point and maxi- 
- mum tension in the cable. 

2. The cables of a suspension bridge of 100 m span are suspended from 
pierrwhich are 12 metres and 6 metres respectively above the lowest point of 
the cable. The load carried by each cable is 1 kN/m of span. Find (0 the 
length of the cable between the piers, (ii) the horizontal pull in the cable. 
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(Hi) tension in the cable at the piers, (iV) the pressure on the piers assuming 
that the cable pass over smooth pulleys fixed to the top of the piers and that 
the back stay at the lower pier makes an angle of 60* with the vertical and that 
the higher pier makes an angle of 45* with the vertical. 

3. A suspension cable has a span of 400 ft measured horizontally and 
the level of the left-hand end A is 8 ft below the level of the right-hand end B. 
A load of 12 tons is carried by the cable at a point C which is 150 ft horizon- 
tally from B and 21 ft below the level of A. The weight of cable may be taken 
as 3 lb/ft of horizontal distance. Determine the horizontal and vertical reac- 
tions at the ends and the maximum tension in the cable. 

4. A suspension cable of 160 m span and 16 m central dip carries a 
load of £ kN per lineal horizontal metre, calculate the maximum and mini- 
mum tension in the cable. Find the horizontal and vertical forces in each pier 
under the following alternative conditions : 

(0 if the cable passes over frictionless rollers on the top of the piers. 

<«) if the cable is firmly clamped to saddles carried on frictionless 
rollers on the tops of the piers. In each case the backstay is inclined 
at 30° with the horizontal. 

5. An un stiffened suspension cable carries a total load of 40 kN 
uniformly distributed over a span of 160 m. The suspension and anchor cables 
are attached to saddles free to move horizontally on the piers, one saddle being 
12 m aiid the other 20 m above the lowest point on the cable. The anchor 
cables are inclined at 45° to the vertical and their weight may be neglected. 
Determine the greatest and the least tension in the suspension cables, the 
greatest thrust on a pier and the tension in an anchor cable. 

6. A suspension cable of span having in the shape of a symmetrical 
parabola is strengthened by a stiffening girder pinned at the abutments and at 
the centre. Show that for the passage across the bridge of a uniformly distri- 
buted load longer than the span the maximum ± shearing force occurs at the 
abutments. Find the magnitude of these forces and of the maximum ±shearing 
force at the centre of the span and state the corresponding loading conditions 
in all cases. (U.'L.) 

7. The roadway for a suspension bridge of span 2L is stiffened by 
longitudinal girders of length L, pin-joined together at the centre of the span 
and hinged at their outer ends the abutments. 

Their girders are supported by a large number of vertical tie rods 
attached to suspending chains, the lengths of tie rods being such that each 
■chain is the form of a paratiWa with the axis vertical. 

Show that the greatest hogging and sagging bending moments set up in 
the bridge by concentrated load W advancing across the bridge are and 
WL 

3-^3 ' {Cambridge} 
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8. The cable of a suspension bridge have a span of 160 m and a central 
dip of 20 m. - Each cable is stiffened by girder hinged at the ends at midspan 
to constrain the cable to retain its parabolic shape. There is a uniform dead 
load of 1/4 kN per horizontal metre of span over the whole of the girder and 
in addition a load of 3/4 kN per horizontal metre and 40 m long. 

' J^terrnine the maximum cable tension when the live load is situated on 
the Jejtt hand of the stiffening girder with its right hand and over the central 
hinge. Sketch the S.F. and B.M. diagrams for the girder showing on them the 
maximum positive and negative values. 

9. The towers of a 500 ft span suspension bridge are of unequal height, 
one is 60 ft and the other 20 ft above the lowest point of the cable, which is 
immediately above the inner pin of a three-pinned stiffening girder hinged at 
the towers. Find the maximum tension in the cable due to a point load of W 
crossing the bridge. <U.L.) 

10. A suspension bride cable hangs between two points A and B 
separated horizontally by 300 ft and with B 50 ft above A. The lowest point in 
the cable is 10 ft below A. The cable supports a stiffening girder weighing 
1/4 t/ft run which is hinged vertically below A, B and the lowest point of the 
cable. Calculate the maximum tension which occurs in the cable when a 20 t 
load crossess the girder from A\o B. {St. Andrews) 

11. The towers of a suspension bridge with a three pinned stiffening 
girder are 15 m and 10 m high respectively and are 50 m apart. The cable dips 
4 m below the top of the 10 m tower and its lowest point is Immediately above 
the pin in the stiffening girder. Find the position and magnitude of the largest 
bending moment which a point load of 4 kN can induce in the girder together 
with position of the load. 

12. A steel cable 2 cm diameter is stretched across two poles 100 metres 
apart. If the central dip is 2 m at a temperature of 58°F, calculate the stress 
intensity in the cable. Calculate the fall of temperature necessary to raise the 
stress to 550 kg/cm*. Weight of steel=7*8 g/cm 1 and *-=6*2 x 10-" per TF. 

13. A suspension bridge with two hinged stiffening girder has a span of 
150 metres, the cables having a central dip of 15 metres at 65°F. If the 
stiffening girder is 5 m deep, calculate the flange stress due to a fall of 25*F in 
temperature at the central section, given / for the section =4*5 x 10* cm'. Find 
also the increase in the horizontal tension in the cable. Take£=-2-10x 10* 
kg/cm* and.«=6'2x I0 f per *F. 

14. The two parts of the three pinned stiffening girder of a suspension 
bridge are 400 ft and 300 ft long respectively. Find the position and magni- 
tude of the maximum bending moment due to a uniformly distributed load w 
per foot run for 100 ft on both sides of the inner pin. (U.L.) 

Answers 

1. 46*67 m ; 6750 kN. 

2. (0 102-22 m, (//) 143*1 kN, (»V) 155 5 kN, 146 kN. 
0» 167-63 kN, 115-77 kN. 
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3. K^=6-8ltons. F^=5 725 tons, ff=47*9tons» 
r ( ,„=48-4tons. 

4. Max. tension : 107-7 kN, Minimum tension =/f= 100 kN 
(0 6-7 kN horizontally, 93 8 kN vertically. 

(//) 97-7 kN vertically, No force horizontally. 

5. (0 Greatest tension : 56-4 kN, 
{ii) Least tension -£f=5 16 kN, 

(in) Greatest thrust on the pkr=74"18 kN, 
(if) Tension in anchor eables=73 kN. 

8. n.„=95kN 

Af.«=— 135 kN-m at 56 m from left support. 
<= +225 kN-m at 120 m from left support. 

9. H=3-35W,r. M =3*584 W. 

10. 166 tons. 

11. Af„4,=-21-91 kN-m at 1215 m from left support. 

12. 489 kg/cm 1 ; 48°F. 

13. 97-6 kg/cm", 828 kg. 

14. 7410 w at 174 ft from the remote end of the 400 ft length. 
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141. l^fTRODUCTION 

An $reh may be looked upon as a curved girder, either a solid 
rib or bnfeed, supported at its ends and carrying transverse loads 
which aret frequently vertical. Since the transverse loading at any 
section n^fenal to the axis of the girder is at an angle to the normal 
face, an dseh is subjected to three restraining forces : (/) thrust, 
(it) shear force, and {Hi} bending moment. Depending upon the 
number of hinges, arches may be divided into for classes (Fig. 161): 

1 . Three hinged arch 

2. Two hinged arch 

3. Single hinged arch 

4. jFixed arch (hingeless arch). 




(o) THREE HINGED ARCH (b) TWO HINGED ARCH 




(c) SINGLE HINGED ARCH (d) FIXED ARCH 



Fig. 16*1. 
Type of arches 

A three hinged arch is a statically determinate structure while 
the rest three arches are statically indeterminate. In bridge construc- 
tion, cspeciaUy in railroad bridges, the more frequently used arches 
are the two-hinged and the fixed end ones. 
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16 2. LINEAR ARCH (THEORETICAL ARCH) 

Consider a system of jointed linkwork inverted about A3, with 
loads as shown in Fig. 16*12 (a). Under a given system of loading, 
every link will be in a state of compression. The magnitudes of 
pushes (or thrusts) T X ,~T 2 ?T Z ^ .;; f etc: rcan be known by the rays 
Od, Oe, etc., in. the force polygon. For. any arch -under a given 

system of loading, the final lines of actions of thrust T lt T ti 7* 3 , 

etc., in the respective segments can be plotted by the usual graphical 
methods if the horizontal reactions at A . and B are know n. The line 
of thrust (Le*, the actual [lines of ^rtio,n.;Of^hrusts T x , r a , 7' 3 etc.) is 
3cno wn as the theoretical arch or linear arch. 




Fig. 16*2. 
Theoretical arch. 

It is, however, not possible to construct the actual arch of the 
shape of theoretical arch. The moving loads will change the shape 
of the theoretical arch, and it cannot be made to change its shape to 



548 



STRENGTH OF MATERIALS AND THEORY OF STRUCTURES 



suit the varying load positions. In actual practice, therefore, an arch 
is made parabolic, circular or elliptic in shape. 

Consider a cross-section of the arch [Fig. 16*2 (c)]. Let T 
be the resultant thrust acting through D along the linear arch. The 
thrust T is neither normal to the cross-section nor does it act through 
centre C of the cross-section. 

The resultant thrust f can be resolved normal and tangential 
to the section PQ. Let JV be the 'normal' component and F be the 
tangential component. Evidently/ the tagg ential co mponent F w ill 
cause shea r force at the section P Q._ Tbc normal co mponent A' acts- 
eccentrically^ the eccentrically ' $ being equal to Ci). Thus, the action 
of N acting at D is twofold : (f) a normal thrust N at C, and (») a 
bending moment M=N. e at C. Hence, unlike beams, a section of 
arch is subjected to three strainin g actions : (0 Shear force F , 
(«) BendingjnomcixlM, and (Hi) Normal thrust N . The shear force 
F is also sometimes known as the radial shear, 

163. EDDY'S THEOREM 

Consider a section at P distant x from A, of an arch, showa 
in Fig. 16*3. Let the other co-ordinate of P be v. For the given - 




Fig. 16.-3. 

system of loads, the linear arch can be constructed (if H is known). 
Since funicular polygon represents the bending moment diagram to- 
ne scale* the vertical intercept P X P% at the section P will give the 
beuiiog moment due to external load system. If the arch is drawn 
to a scale of 1 cm=p m, load diagram is plotted to a scale 1 cm=? 
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Tsf and if the distance of pole O from the load line is r, the scale of 
biding moment diagram will be 1 cm— p.q.r. N-m. 

\ Now, theoretically, the B.M. at P is given by 

*' " Mp= - F,r+ Wi(*~«>+ Hy 

where y.x= — V t x+ WJx— a) 

—Usual bending moment at a section due to ioac 
system on a simply supported beam. 
From Fig. 16*3. we have, 
; v n x ~—< p 1 x scale of B.M. diagram 

! PiPt(p^r) 

fltid Hy=^(PP 2 ) y. scale of B.M. diagram 
f =PPJp.q,r.) 

*\ Hence Mp^Vx+ffy^-P^ip.q.rl+PPJp.q.r.) 
) ==-(PP } )(p.q.r.) 

; Hence the ordinate between the linear arch and the actual 
arch gives the bending moment. This is known as Eddy's theorem 
and may be stated as below : 

ty ^'The bending moment at any section of an arch is equal to the 
vertical intercept Between the linear arch and the centre line of the 
actual arch". 

16 4. THREE HINGED ARCH 

I A three hinged arch is a statically determinate structure, having 
a hinge at each abutment or springing, and also at the crown. 
Thfere are in all four reaction components (two at each hinge, i.e., 
H and V). Three equations are available from the s tatic e quilibriu m 
a ^<^QJ ^dditionareq"uation is available f rom, fo^. fart that th* ra* 
a t the~Tu1ig e_aL tfae crown is zero .^T hus, the value of H can be easily 
calculated for any given load system. 




Fig. 16-4. 
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-the arch shown in Fig. 16'4 (a), is subjected to a number ot 
loa4ffe a . etc. Let the reactions at A and B be (H, Va) and 
(H y &b) respectively. Since the B.M. at C is zero, we have, 
\m \fc=n c +Hy=0 

\ H i*. ...(16'D 

y 

The value of H is thus known. The value of Va can be known 
by tMng moments, of all forces, about B. Similarly, Vb can be 
knofe After having known the reaction components, the value ot 
radfitsbear(F)arjd normal thrust (AO at any section P can be 
easi# calculated, with reference to Fig. 16*4 (b) where equilibrium of 
left portion /M has been shown. The vertical and horizontal sec^ 
tionSbn the section P are : V=Va-W x and H=H. 

|;:f*ow, resolving along the section at P, we get 

r. F=H sin 8-K cos 9 1 .-(16'2)- 

I ^Similarly, resolving normal to the section, we get 

; _ N^H cos 6+ V sin 8 t(l 6*2 (a)] 

TK^EE HINGED PARABOLIC ARCH 

^ The equation of a parabola, with origin at-tbe left hand hinge 
A [Fig. 16 4 (a)] can be written as 

, y—kx{L—x) (0 where Zeis a constant 

j At Xss "Y* let y=r=central rise. 



Substituting in (0, we get 

IL 
4 

4r 



'-*t( l "t)-*- 



4r 



. - — — f". ... 



This is the equation of a parabolic arch.. 

According to Eddy's theorem, the vertical intercept between 
tie linear arch and the centre line of the actual arch gives the B.M. 
at a section. Due t o uniformly distributed loathe linear arch 
will be a paiaboISTIt will pass thlo^gn^EenEnge atTBSWwnr The 
centre" line "of the actual arch is also parabolic, passing through the 
central hinge. These two parabolas pass through three common- 
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points and hence they overlap each other. Therefo re a parabolic 
arch will not have B.M. due toU J>.L. It will be subjected to p ure T 
compresion. — ■ - - , 

THREE HINGED CIRCULAR ARCH 




Let us now consider the centre line of the arch to be segment 
of a circle of radius R, subtending an angle of 20 at the centre. It 
is always convenient to have the origin at £>, the middle of the span. 
Let(x, y) be the co-OFdinates of the point P. Draw line PCi 
parallel to AB. 

Then OP*-=OC*+PC* 
or R*~{y+{R-r)fi-x* ...(16'4) 

Equation (16*4) connects y with .v. 

Also, *2R :r)= L f - y-.-J- -dM) 

From-equation (16*5), the value of the radius can be calculated 
for the known values of the span and the rise. 

The co-ordinates of P(i.e. x&ndy) can also be expressed as 
trigonometric functions. Thus, if OP makes an angle p with OC. 

x=OP sin p=^R sin $ 
and y=C 1 D=OC l ~ OD=R cos |S— R cos Q=R (cos (S— cos 6) 

Example 16*1. A parabolic arch hinged at the springings and 
crown has a span of 20 m. The central rise of the arch is 4 m. It is 
loaded with a uniformly distributed load of intensity 2 kNjm on the left 
8 m length. Calculate (a) the direction and magnitude of reaction at 
the hinges, (b) the bending moment, normal thrust and shear at 4 m 
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and 15 m from the left end. and(c) maximum positive and negative 
bending moments. 
Solution 





Fig. 16*6. 

(a) For vertical reaction at A, take moments about B. Thus 
K^x20-2x 8(20-4) 
^=12*8 kN 
Hence Kb=8 x2-12*8=3-2 kN 

Since the bending moment at the hinge C is zero, we have 
Afc—(-3*2xl0)+//x4=0 

" 4 



,. Reaction at A=lU=y/v7+&=MW+»= l ™ kN 
It inclination with the horizontal is given by 
I2'8 



* a Va 
tan va— —jj— g 



-1-6; 



6,4=58 



Reaction at B=Rb= VFF+H 1 - V(3' W=8'62 kN 
Its inclination with the horizontal is given by, 

Vn 3*2 



tan vb—-tt=' 



=0'4 



e B -2r.48' 



H 8 

The magnitude and di^ojLoj^^^ 
be the sa-me-aTthat of the reaction and 

21° 48' with the horizontal. This is due to the fact that thereas.no 
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loading between B and C. The reaction at B passes through C since 

(b) The bending moment diagram is shown in Fig. 16 6(b). 
£ The equation of the parabola is 

v=-£ a - x(L-x)= l^-^20-^)=^-(20-x) 



and 



dy 2Q-2.V 
dx ~ 25 



At x=4 m, y=^-(20-4)=2-56 m 



tan0= 



dy 20-2x4 



=0'48 



dx " 25 
V 6=25° 38' 

i; sin 6=0*433 and cos 6=0'901 

j - M^=-(12*8x4)-f(8x2-56)+(4x2x2) 

= - 14*72 kN-m 
. Vertical shear at the sectior, 

K-12-8-2x4=4-8 kN 
an4 //=8 kN 

i From Fig. 16*7fa), 

f F=/fsin8-K cos 8(f) 

= 8x0'433-4*8xb"901= -0"861 kN 
F-0*861kNt I 
JV=//cos6-hrsin6 

=8 XO'901 -f 4"8 X0 433=9 286 kN 



Hence 



and 



I At x=15, j=~y-(20-15) = 3*0 m 

* fl.x 15 





Fig. 16-7. 
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'I e=2t° 48' (inclination with #4) 

sin 6=(V37t4 and cos Q=0'9285 
S J W 15 =(-3'2x5)+8x3*0-+8*0kN-m 

i From Fig. 16 7(6), 

>V F=#sinfi-J / cosG T 

^ =8x 0-3714-3*2 xO'9285 

-2-97-2-97=0 

and ■ N=H cos 8-H' sin 0 

; ;K =8 x 0-9285 + 3*2 x 0*37 14 

K =8 616 kN. 

^(c) Maximum positive and negative B.M. 

^Maximum negative B.M. will occur somewhere under the 
U.E^L. Let it occur at x from the left hinge. 

|: Mx=^~l2^xx)'\' 2 ~'-^y 

i: - : 8.x 



= -12-8a+^ + 9* (20-x) 



fror& : wh.ich x=4'7 m 

25- 



A/ m „(-v e )=-12'8x4-7+4-7^ -^(4-7)(20-4-7) 



= 15 kN-m. 

I The maximum positive B.M. will evidently occur somewhere 
in t£e portion BC for which the equation of B.M. is given by, 

Mx= — 3*2x-r8>\ x being measured from B 

\ — 3'2x+ -|f-(20-x) 

3 2+ 5 - 25 

from which x=5. 

; #£?«ce maximum positive B.M. occurs where the radial shear is 
zero, - u. 

>E / M m „.(+^)=-3 2x54- 5gl(20-5) 

I -.. =+8 kN-m. 

: Example 16*2. A symmetrical parabolic arch with a central 
hinge, of rise r and span L t is supported at Us ends on pins at the same 
levii, What is the value of the horizontal thrust when a load W which 
is miformly distributed horizontally Covers the whole span 1 
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Show also that with this loading there is no bending moment 
any point in the arch rib. 
Solution. 

p 




or 



Fig. 16-8. 

The vertical reaction at A and B will be each equal to 
For horizontal, thrust, taking moment about C. 



W 



W L 



W L 



WL 



WL\ 
8r 



Let us now consider any section at distance x from A. 
Equation of the parabola is given bv. 

W x z 

M x -~Hy-V A .x+ ~ 



WL 



8r 

Wx 



Ar 

L 2 
Wx* 



x(L~x)- 
Wx 



2 x ~ 2L 



Wx 2 . 



=0. 



~ 2 2L 2 ' 2L 
Hence bending moment at any point in the arch rib is zero. 

Example 16'3. An arch in the form of a parabola with axis 
vertical has hinges at the abutments and the vertex. The abutments 
are at different levels, the horizontal span being L and the heights of 
vertex above the abutments being A x and A 2 . 

Show that the horizontal thrust due to a load wjunit length 
uniformly distributed across the span is 
wL* 



2(Vh i +Vh-J* 



(Cambridge) 
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Solution. 

W/UNIT LENGTH __ 




Fig. 16-9. 

Let L x be the distance of the vertex from the left hand abut- 
ment. With C as origin, the equation of parabola is y^kx*. 
For CA, therefore, h^^kLf 



or 



or 



For CB, we have h.^k (L—L-if 



or 

or 



Equating the two,, we get 

T 

Taking moments about B r 
By taking moments about B t 

.-; u= — -7 +--> - 



(16-6) 



(0 



or 



Substituting the value of Va in (i) we get 

Hh 

* L ^ ' ^ . 



r . I" H{l h ~h.,) , wL iLVfh w *i£ a 



2(VAi+VA 2 ) 2(v^riV* ; )* 
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Simplifying and rearranging, we get 



or 



wL 2 



s V Ma 



. 2{v r A l +y r A,)* 



Example 16*4. .4 three hinged parabolic arch {of 20 merre span 
and 4 m central rise carries a point loqd^ofA.. kj$ at 4 m horizontally 
from the left hand hinge. Calculate the normal thrust and shear force 
at the section under the load. Also, calculate the maximum B.M. 
positive and negative. 

Solution. 



4kN 




12-BkN-m 



Fig. 1610. 

Taking A as origin, we have the equation of the parabola 
4r , r v 4x4 



=^(20-*) 

Taking moments about B, we get 
20^+4x16=0 

or Fw=-|p=3-2kNt 

K*=4-3'2=0*8f 
Taking moments about C, we get 

J*/c=4Z**-(0'8x 10)~0 
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Now, beefing moment at any section is 

The /^-.diagram is a triangle having maximum ordinate^ 3*2 x 
4«p*8 kN-m under the point load;«The iO"- diagram: is a parabola 
having a ma^oo ordinate=2x4=8 kN-m yonder the central 

hinge. ■■ ' ' :.--:..^y-- 

At ft x=4,>-^ T t20-4)-2-56 " 

Under tfig^ioint load, ^ ■ 

f ". 3*2 x4)>(2x 2'56) 

| = -7*68 kN-m - 

This is evidently the maximum negative B.M. 
The max|4um positive B.M. will occur somewhere in the por- 
"tlon BC, Measuring x from B, thfequation of B.M. for the portion 

SCis, J. 

|: 6"8jc+2g 

_f — 0-8x-i-$~(20-^) 

which gives ,v=5 m 

JV^j;l+ve)=(-0-8x5)+ -^-x5(20-S)=+2kN-m 

The equation of the parabola is y^-^&O—x) 

- fl d> 20 2x 
£T tan "rfx' ^Tr" 25 
P tan 6 (at x=4 m)=0-8-0-32-0'48 

6=25°38-' ; sin 6«0"433 ; cos 6=0*901 
Consideruig the point load slightly to the right of P f we get 

f4=JT sin Q-V A cos e 
=H? X0'433)-(3*2 x0-901)=-2'017=r017 1 1 

and iv"i=W cos Q+Va sin 6 

^ax0 , 901)+(3'2x0-433)=3*188 kN. 

Example 16 5. A symmetrical three hinged circular arch has a 
span of 16 m and a rise to the central hinge of 4 m. U carries a verti* 
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cat load of 16 kN at 4 m from the left hand end. Find 
tude of the thrust at the springings, (b) the reactions at 
bending moment of 6 m from the left hand hinge, and (d) the 
positive and negative bending moment. 
Solution. 



116 kN 




Then 

or 
or 
or 

n. 1 



By property of a circle, 

4<2J?-4)«8xo""'T* 
From which Jf— "10 m. Jj 

Let y be the rise at any point at a v distance x from the centre. 

10»= x a+{(i0-4)+>'} ? 
(64->0 2 =1OO-jc 2 

^=(l00-* 2 ) 1/2 -6 (f) 
For vertical reaction at A, take moments about B. Thus, 
16x12 



Va=- 



=12 kN 



16 

Pa=4kN 
(a) Taking moments about C, 

#X4=(12X8)-I6x4=32 

//=8kN 

(6) Reaction at A=VVS J rH 2 = v' 144+ 64 =14-42 kN 
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Its inclination with the horizontal is given by 

tan e-rj— 1"5. •"• 6-56^ 18*. 

Reaction at B= x / v ii *-+H i = V 16+64=8*94 kN 

Its inclination with the horizontal is given by 

tan 0*^—0-5, /. 6=26' 34'. ; 

(c) At 6 m from left hand hinge, x=(8— 6)=2 m 

> , == ( l O0-2V 2 -6=9-8 - 6=3*8 m. 
»/-(-12x6)+(8x3-8)+(l6x2) 

= — 9*6 kN-m 

id) The maximum negative bending moment will -occur under ; 
the load, where 

x-(M)=4m 
v==(l00-4 2 ) 1 ^-6=3'l7 id, 
V M_.(-ve)==(-l2x4)+(8x3-17)==-22*64kN-m. 

Maximum positive B:M. w}« occur somewhere in CB. Let it 
occur at a distance x from C, on the right hand side, 

A/.v— 4(8-x)+{(100-^) 1/8 ~6} 

dMx , A . 8(-2x) „ 

IT """-"^(lOO-* 8 ) 1 ' 2 

or (100-x 2 ) 1/2 =2x 

or 5* 2 = 100 

•*=\/20=4'47 m 
> -=(106-4-47 a ) l/2 -6=-2*94 m 

iW.-„(+ve)=8 x 2*94-4(8-4-47) 

= 23*82-14-l2=9*4 kN-m. 

Example 16*6 . A three hinged circular arch consists of a por- 
tion AC of radius 3m and rise of the hinge C with respect to the left 
abutment is 3 iw. The right hand portion CB is of radius 8 m and the 
horizontal distance BC is 7 m. If a concentrated load of 10 kN acts 
at 6 m from the left hand end, determine the reactions at the hinges 
and maximum bending moment on the arch. 

Solution , 

(Fig. 1612) 

The rise of the crown above the hinge B 
=R- v/8 2 -7*=4*13 m 
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Taking moments about B, 

//{4'13-3)+J^x 10=10x4 
Taking moments about C, 
Z/x3-K,x3 
or H=V A 

Substituting in equation (/) 
II "13^-40 
or kN=// 
and Kfl=I0-3'59=6'4I kN 

Reaction at A =\ / (y^) s T(3^9F==5-08 kN: 




6-45° 



Reaction at B= \/ (6*4D 3 +(3*59) 1I «7"35 kN 
Its inclination with the horizontal, tan 8 -"y^ = I "723 
9-60° 43' 

Let the maximum positive B.M. in portion AC occur at 
point at horizontal distance a from A> 

a = 3(1— cos 0) and v=3 sin 0 
A/.v-3'59x3 sin 6-3*59 X 3(8-cos 0) 
=-!0*77(sin«-l+cose> 



L^io-77 (cos 0 -sin 0)-0. 



56"> ••" STRFNGTH OF MATERIALS AND THFORY OF STRUCTURES 

; ■ 4 

%. dM 
(' JO 
- 1\ tan 6=1 or 0=45° 

■f. Af«„. (-We) = 10*77 (sin 45°-H-cos 45') 
I -445 kN-m 

The maximum negative B.M. in portion BC will evidently occur 
just below the load. 



-Height of point of application of load above 0= V 8 2 — 3 2 |f 

•. . . =7*42 m. 7 

freight of the hinge B above 0=V 8 2 -7 2 =3-87 m 

Rise of the point of application of the load above tnc 



=7-42-3*87=3'55 m 



iiingelB- 

4: - 

J.\ M max . (-wO— 6"41 X4+3-59X 3'55=- 12-90 kN-m 
Ijience* the maximum B.M. over the span— 12 9© kN-m 
Sample 16 7. A frame shown in Fig. 16 '13 is hinged to the 
pound at A and ([hinged also at C and has rigid corners at B and D. 
Find4he reactions at A and E when a uniformly distributed had of 
40 k% T per metre run covers BD and draw the bending moment diagram, 
figuring significant values on the diagram. 
Solution 



163-34 




; Fig. 16*13 

-* Taking moments about E t 
r (//xl) +(40X6X3)- 6Va 
or t - //- 720-M '.< 

{. Taking moments about C, 

. (//x6)+(40x3xl'5) = r.-*x3 



CD 
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©r 1 2/^+360=6K 4 (2) 

Equating (1) and (2), we get 

H^yinn kN 

Substituting in"(t), we get 
.32'727+720=6K* 
0r J** =125*45 kN 

P £ =(6x40)- 125-45= 114*55 kN 
Bending moment at the head of the column BA 

=ffx 6= 4-32*727 X 6= 196*36 kN-m 
Bending moment at the head of column DE 

= + 32 727 X 5 X +163'64.-kN-m 
On BDtbs B.M. at any distance x from B is given by 

^v= + I96'36-I25"45 

which is evidently zero at the central hinge € where *=3 m. The 
bending moment diagram is shown in Fig. 1513 (b). 
16 4. MOVING LOADS ON THREE HINGED ARCHES 
(1) INFLUENCE LINE FOR H 

Let us consider a unit load rolling from A to B. At any instant 
let the load be at a distance a£ from A. The vertical reactions at A 
and B will be (i —a) and a respectively. i 

For H, equate Mc to zero. 

ThusA/ c =0={#xr)-«. ~ 

Thus, H varies linearly with a. 
At A, a£=0 and hence H=0 

At, * *L=~ and hence H=~ 
% ^ 4r 

T he IX. diagram for H will, th m f™>, k» fl trinnglr rnrinj; 

maximumTrdinate of ± under'the centric -hinge, as shown in Fig. 
.16*14 (£). 

(2) INFLUENCE LINE FOR B.M. AT P 

Let us now draw the IX. from B.M. at P distance x from A 

t y Th r US ' 2" '^l™** Km for COnsistS of « J * L * fo ' * *nd 
*i) IX. for Hy. The IX. for „ will be a triangle havine a 
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ordinate of 
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jc(L-x) 



under the section. The IX. for Hy will ato 



be a triangle having a maximum ordinate 

4r > 4r L a ^ 




LL. FOR H 




I— 0-25L-4 



o c z 

l.L. FOR Mp 




U-0-2HL-4 

K °' 2IM MAX.B.M.D. DUE TO W 




MAX. B.M.D. DUE TO U.D.L. 



Fig. .16' 14 

ftmut be noted here that both .v and v are fixed quantities 
for P^Theh^fot Mr will be obtained ^by superimposing the two 
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Using the influence lines, let us now plot the maximum positive 
and negative bending moment diagram due to (0 single point load 
Tfc'and (if) U.D.L. 

• (3) MAXIMUM BENDING MOMENT DIAGRAM DUE 
TO SINGLE POINT LOAD W 

By the inspection of the IX. for Mp f it is clear that maximum 
mgative B.M. will occur when the point load is at the section P. 

X , . WxtL-x) , Wx(L-x) 
V Thus, M max . (-ve)= £ — - + ^ • <£J-. 

% Wx(L-x) 



£ 2 

Wx(L-xVL~2x) 



(L-2x) 

(0 



i To get the absolute maximum negative B.M., differentiate (/) 
yith respect to x and equate it to zero. 

»>:• Thus ~ m -^ x - =0=(L-x)(L-2x)-x(L-2x)-2x{L-x)=0 

j ax 

4 6a- 2 -6£.v4-I. , =0 
^hlerrvgives x=(0*5±0'289K 
*' =0-211 Lor 0789 L, 

Substituting the value of x in (/), we get 

WT 

v /. M„ 0K . m ^-ve)=-^y ==-0'096 WL 

}: The maximum negative bending moment diagram will be a 
third degree polynomial, as shown in Fig 16.14(J) below the base. 
* The maximum positive bending moment at P will occur when 
ttie load TV is at the central hinge, as is clear from the I.L. diagram 
for Mp. 

T . , . , Wx(L-x) WxjL-x) L L 
: Thus^-C+veH L z -(l=- x) -2 

f; -~—(2L-2x-L)^ jj— • W 

V To get the absolute maximum positive B.M. differentiate (rV) 
with respect to x and equate it to zero. 

. - Thus, —p^'=--0~-L-4x 

~- -■ 4 
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:3substituting the value of x in (tf), we get 

tor 

l/ M , M .. (+w)« + -TT == +0*0625 »T. 

^The maximum positive bending moment diagram will be a 
second degree polynomial (i.e. parapola), as shown in Fig i6'l4(t/) 
above the base. 

(4) MAXIMUM BENDING MOMENT DIAGRAM DUE 
TO U.D.L. 

(-^Maximum negative B.M; at P will occur when the AO is loaded, 
whi&the maximum positive B.M. at P will occur when the span BO 
is loaded. Since the ordinate T X P. 2 and C X C Z are equal the area of A* 
AP x pand AC X B are equal and hence area of As AP x O x and BC x O x 
will fee equal. Therefore* the r^axinmm negative B.M. at P will he equal 
to f/fe ? maximum positive B.M} at P. 

: Thus M max .~ iwx(ar«a of triangle AP x O x ) 0) 
| Let us, therefore, locate the point O first. Let the distance 
AO^'& y and OB= {L- a). > 

f Now 00 1 ==C 1 C 2 X—Ka== — f 1 C 2 

f • Aho f OO x =P x P 2 . {L l y) ML~a)= j~PiP* 
|. Equating the two, we get 

; 2s. cc L ~ a r r 
or 7 «= Y smce c iCt~?\Pz 

; .'. a^AO^^r (2) 

3L—2.Y 

■ 2 L a ;c(L— v) 

Hence, the ordinate OO x =-j- . ( j^^v) " — £ 

__ 2x(L-x) 
(3L-2.v) 

, Now area ^^O^area AP X B— area 

1 r 1 r 2x(L-x) 

"T F~" 2 (3L-2x) 

*(L-x)(L--2jc) 

2(3L-2jt) (3) 

Substituting the value in (1), we get 

wx(L-x){L- 2xl {4) 
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To obtain absolute maximum (db) B.M^, differentiate (4) with 
respect to x and equate it to zero. Putting x=nL in (4) we get 

n{\~n){\-2n) 



, Mm Sx =±wL 2 
<?M m 



-^=0 
tin ■ ' * > 



or 



or 



. . ■ r.-;,;-iuB&i.u-r.:j- ■■ ■ '' 
=(6-4«)[(I -n)(i -2«)-n(l -2n)-2w(l -2u)]+4n(l -2n) 
8n 3 ~24H 2 -f 18«~3=0 
From which, w=0'234 

*=0-234£ 
Substituting the value of xiu (4), we get 
A/ Blfl «. B , o »(±)=±0-01883>i* 

The loaded length AO^^g^ =0 3952:. (5) 

The maximum negative and positive diagrams are shown in 
Fig. 1614(c). 

(5) INFLUENCE LINES FOR RADIAL SHEAR (F) AND 
NORMAL THRUST (N) 




Fig. 16 15 
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Let us now draw the influence Jine diagrams for radial shear 
(F) and normal thrust (N) at a section P distant^ 
he load is in AP, consider the equilibrium of the portion PB 
[Fig 16 - 16 (6)] and when the load is in PB, consider the equilibrium 
of the portion AP [Fig. 1616(a)]. When the una load ts at a distance 
1 torn A, the reactions at A and B will be (1 -«) and « respect.vely 
while the horizontal thrust H will be equal as proved earlier. 




Fig. 16-16 . 

When the load is between A and P, consider Fig. 16'16 (6) from 

which . 

Fp=Fscos8+tfsin8(|) ^ w 

and Np=H cos 8-Fj* sin 8(-+) * n > 

Again, when the load is between P and B, we get from Fig. 

13'16(<7). . . 

Fp=H sin 8-^ cos 8( t ) 
and Np^=H cos 6+^ sin 8(«-) ( lV) 

By the inspection of equation (I) and (III) it is clear that the 
influence line for Fp can be obtained by superimposing V cos 8 dia- 
gram {i.e. IX. for S.F. for simple beam, every ordinate of which i 
multiplied by cos G) on H sin 8 diagram, keeping m view the fact 
that both the quantities are additive .when the load is in A Pand 
are subtracts when the load is in BP. Fig. 16-15(6) shows the IX. 
diagram for Fp. -a 
Similarly, IX. for Np can be obtained by superimposing V sin 0 
diagram on// cos 0 diagram keeping in view the fact that both the 
quantities are subtracts when the load is inland are additive 
when the load is in BP. Fig. 16'15(c) shows the IX. diagram for Nr. 

Example 16-8. A three hinged parabolic arch has a '. span of 
40m and a central rise of 8 m. Five wheel loads of 4. 4, 6, 6 and 5 
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tonnes spaced 2, 3,2 and 3 m in order, cross the arch from left to right 
with the 4 kN load leading. When the leading toad is 25 m from the 
left hand hinge, calculate the horizontal thrust In the arch. Also, 
calculate the bending moment, normal thrust and shear force at the 
section under the tail load. 
Solution 



5 66 44 




Fig. 16-17. 

Fig. 16*17 shows the IX. diagram for H having a maximum 
ordinate =-^=^^-1-25 at the central hinge. The loads have 

been shown in the required position. The influence line ordinates 
under the various loads are : 

1 *25 

Under first 4. kN load, ordinate= -^-X 15=0*938 

1 *25 

Under next 4 kN load, ordinate—— Xl7~ 1*062 

Under 6 kN load, ordiriate=l*25 

1*25 

Under next 6 kN load, ordinate^-yg- X 18=1*125 

T25 

Under last 5 kN load, ordinate- X 1 5=0'938 

/. //=(4xO*938)-f4(r062)+(6xl*25)-l-(6xl-l25)+(5XO-938) 

=3*75+4*25-r-7-50 +6*754-4*69=26*94 kN 
At the section under the tail load : 
% '' Considering the tail load slightly to the right side of the 

section, ^ = -~ d [(4xl5)+(4xl7)+(6x20)+(6x22)+(5x25)] 

= 12*625. 
The equation of the parabola is 

= _^ a _, )= ^, ( 40-.,)=^(40-,) 
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d y ♦«« ft 4 x 

-~r =tan — — y 

dx 5 25 

At a = I5, ^1^(40-15) =7 5 

0=11° 18' ; sin 6=0'196 ; cos 6=0*981 
^ M=-(12'625x I5)-K26*94x 7*5)= +12*68 kN-m 
F^Hsin Q-Va cos e=26'94xO*I96-12*625xO'981 
=-7*12 kN 

}> ~ cos e+F^ sin 8=26*94 X 0*981 + 12'625 X 0*196 

-2889 kN 

tie 16*9. A three hinged parabolic arch has a horizontal 
wit/l centrul rise af S m, A point load of 10 kN moves 
v? s Jjj&m left to right. Calculate the maximum positive and negative 
moment tit the section 8 mfrom the left hinge. 

AliOy calculate the position and amount of the absolute maximum 
B.M. that may occur in the arch. 

Solution. (Fig. 16*14) 

The equation to the parabola is 



or 



4x5 



30x30 



■jc(3G-*)— ^(30-x) 



At 



*=8, y= 



8 



-^j (30- 8)- 3*91 m. 

By inspection of I.L. for B.M. at any section, it is clear that 
ma ximum negative B.M. occurs when the load js_on the section 

maximum positi ve B.M. at the section occurs when tfieloag " 
is on the central hinge. 

When the had is on the section : 

T . 10x8 _ 8 ... 

: / <c- . .. • ^"io™ = T kN 

Fpr H* A/c=0=— |- X15+HXS 
40 

or #=-^L=8 kN 



Mm sx (-ve)--^- X22+(8x3'9l)= -27*39 kN-m 
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When the load is on the central hinge : 

r, ( -~— 5kN 

Fori/, Mc=0=-5xl5+J/x5 
H=15 kN 

JVW(+ve)=-5x8+15x3*91--H8'65 - 
The absolute maximum bending moments are 4-0'0625 WL 
and —0*096 WL. Out. of these two, the negative bending moment is 
greater. 

Hence M mttx . mox .= -0 096 WL 

=--0*096x10x30 

--28 8 kN-m. 
This occursat 0*211 L=6*33 m from either end-hinge. 

16*6. TWO HINGED ARCH 

A two hinged ardijs stati cally indete rm inate to single deg ree, 
sinc e there are four reaction com p onents to be de tgrrained while t he 
number of equations available from statical equilibrium is only 
three. C6nMemg r ~H'la~ belhe redundant reaction, it can beTounS 
out by the use of Castigliano's theorem of least work. 

Thus, assuming the horizontal span remaining unchanged, we 

have, 

dfi 

where V is the total strain energy stored in the arch. Here also, the 
strain energy stored due to thrust and shear will be considered 
negligible in comparison to that due to bending. 



81/ _f 2M dM 

2E( ' ZH' dS 

\4, 



-I- 



BH J 2E( ' dH 
EI dH 



Now M=p+Hy ; g-=, 
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or 



f 

J El 

\ y*ds 

J EI 



Taking dx=ds cos 6, and /=/<> sec 8 where /„ is the moment 
of inertia at the crown* we get 

H Iv-ydx (l6 -7) 

If the two hinges are forced a distance X apart by the thrust, A 
must be added to the right hand side of equation (I ). Thus, 
f (p+Hy)y 



or 



J 



EI 



-ds=x 



„ \EI-lwds 



(16'8) 




B, B 2 



Fig. 16-18. 

Alternative method : 

Equation 16*7 can also be obtained by the consideration of the 
flexural deformation of a curved rib. 

Let ACS represent the centre line of a curved rib subjected to 
variable B.M. Let us find the horizontal and vertical displacements 
of end B with reference -to A. Consider the effect of B.M. on an 
element of length ds. Let this element turn through an angled, the 
part AC of the -rib being unchanged.. The chord CB will therefore 
turn to a position CB l through an angle di. B X B,, thus, gives the 
horizontal displacement while BB 2 gives the vertical displacement 
of 5. 

Now B 1 B,=BB l cos BB L B. 2 

^{CB.di) cos BCD 

=di.(CB) cos BCD=--di{CD) 

-ydi (D 
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But 



M __ E _ di 

~7"~Jf ~dT 

Jm Mds 
dl —ET 



(2) 



Substituting in (1), we get 

Ms _ Myds 
B i B *=y -£T EI 



r j 

The total horizontal displacement of B=J - 



Myds 



El 



(3) 



It can be proved, similarly, that the total vertical displacement 

Now, for two hinged arch having no yielding of the supports, 
we have 

[Myds „ 
J EI 

J EI 

l\xyds 

From which, 



or 



(16*7) 



It is to be acted that in the above equation, \y\is is the pro- 
perty of an arch w hilej >y<fc depends both on tlepr^ert^ tne 
arch as well as ontbejoacSi 
l£T — TWO^HINGED PARABOLIC ARCH: EXPRESSION 

FOR H. 

Consider a two hinged parabolic arch of horizontal span L and 
central rise r, subjected to a point load W at a distance %L from the 
left support. 




Fig. 16-19. 
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Now 



The equation of arch is >»=-£g-a(L— x) 
n _ io ™ dx 

1L faL tL 

\Lydx~ \ pydx+\ uydx~a+b (2) 
0 - - - j Li } xL 

!<x.L f a L 4r 

Q pydx=— L W{\— <x)x. ~j^-x{L—x)4x 



I* \ 3 4/0 
___ (l-tt)W / L*x* 
L s I 3 



) 



(3) 



The quantity b— — | 

^ AraW \L 



L 4f 

ff*a(L— £).-^-;e(£— x)dx 

ttLr JLt 



{L-xfxdx 



4r*W ff LKL* ,L*_ 2LL* 
& LV 2 "^4 ~T"~ 

12Z , (* - 6a 2 -3a 4 + Sot 8 ) 
Substituting the values of a and b in (2), we get 
The numerator- - I" ■ « / W ««L 4 



(4) 



Z, 2 

+- 



) 



Again, the denominator^ J^* = ~^«~jo X ^ L ~ x ^ x 

-1 (x*L*+x*-2Lx*)dx 

■) 



16r a f L 
L 4 



_ 16r 2 / £ s , L B 



2 



30 



(10+6-15) 



(16'9) 
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11= - 



Substituting in (1), we get 
(i-«)4riff / jtf a 4 £ 4 
V 3 4 



[ 



L 2 



)+^^ 2 (l-6a 2 -3a 4 -8«3) j 



which reduces to 



_8 
15 



(16-10) 

168. TWO HINGED CIRCULAR ARCH : EXPRESSION 
FOR H 

LettfbeJthe half angle subtended by the arch at the centre. 
Let the load W be acting at a section which makes an angle 4> with 
the centre line. 




Fig. 16-20 

Consider any point P subtending an angle p with the centre 



line. 

The co-ordinates of P are given by 

jc=J?(sin 6— sin p) 
and y—R{cos p— cos 6) 

Also, ds=Rd$ 



(0 
07) 



(B re 
Now, I yHs=?t I R 2 (cos p-cos 8) 2 Rd$ 

= 2R *\l < cos * P-2 cos p cos e+cos s 9)</p. 
=2* 3 {° cos 2 ptfp-2cose j° cosP^+cos a 6 J* </[} } 



which on simplification gives 
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J* <fc = j^_( 4 9 cos « 8+28-3 sin 29) (1611) 
=.ft 3 (28-t-e cos 29-1-5 sin 26) [16-11 (a)] 
To find ^ib, assume an equal load W placed symmetrically 
on the other side so that the integrations may be simplified. In that 

The integral a= a*>'<# 

= ~~ jo ■ R3FF ^ sin e-sin & < cos P -cos e ^ 
- =WR 3 (sin 6-sin £) (cos £-cos 9) ft- 

^~WJi* ( sin fl-sln 4 ^sin £-£cosej* 

4 sin 26 

= —WR* (sin 9 sin £~sin a <p- j — 

-f £ sin ^ cos 8) ' (27~ 
The second integral=6—lf^ j* {sin 6 (cos *-^cos 8) 

—sin p cos p+cos 8 sin &}d$ 

which on simplification gives 

( »--H*[.ta-e- l^+^-cos-e-sinesin* 

, £sin^_ cos2£. +cos - e cos H (3) 
+ 2 4 J 

Adding (2) and (3) and simplifying, we get 

\ B pyds=-WB? [sin 2 0-sin 2 *-2 cos 6(cos 8-cos sin 6 
J ^ -fan*) J (4) 

Hence, f5 , , 

?Tm .; W 2ft-.in» cos efcos 6-cos »+6 sin 6-j jinj) 
= " /*»(48cos 2 8+26-3 sin 20) 

Hence Hior a single isolated Misgiven by . 
WU\~* ^ 005 ^cos 9-c os 4+6 sip 6-* sin <j>)\_ 

H= — ■ (4 6 cos 2 6+28-3 sin 2«) 

1 (16*12). 
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_ Semi-circular Arch 

-•• If 6=90°=-^-, equation (16'12) reduces to 

*-JEs*± { , 6 -,3) 

If the load is applied at the centre, we get 

//=-^-0-318 W (16*14) 

[ Example 16*10. A paracolic arch, hinged at the ends has a 
*3tpan 30 m and rise 5 m. A concentrated had of 12 kN acts at 10 m 
\£z Gm the left hinge. The second moment of area varies as the secant 
\ofthe slope of the rib axis. Calculate the horizontal thrust and the 
^reactions at the hinges. Also, calculate the maximum bending moment 
Anywhere on the arch. x 
I Solution. Fig. (1619) 

^=12-8=4 kN 
l Sfdx 

• " .. The equation of the parabola with A as origin, is 

For AC, y.= —Sx 

For CB, M =-4(30-*) 
; . f3p rio [30 

*• ""Jo ^^ = Jo 8 ^+J 14 «30-*)j-.<fe 

' P° 8x 2 T30 dr 



J 30 
10 



f30 f 31 

Jo "Ho 



44,000 

dx 



9 - 

30 xHW-xY 



45 2 



1 f30 

= 45rj 0 (900x 2 +^-60.v»)Jx 



45 

=400 
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-- 

. v „ 44000 . 

- v 933poo =I222kN ' 



RdEtetionat^=^=V"8 3 +12-22 2 -=14-61 kN 
lts:inclination with the horizontal is given by 

tan8^= 



8 ' il ' trr ' ,t ' 




12'22 



or 

Reaction at B, Rb= V 4 2 +12-22 2 ~=12'85 kN 
Its reaction with the horizontal is given by 

| V tan 6i»= ^—==0-327 ^#.tV - 

or r 6fl=l8°6' 

Maximum negative B.M. w'J occur in AC, just below the load. 

Ri^of the arch at the pointrof application of the load is given 

by | - 

|- >=^<30-*)^(30-10)-^m 
40 

5V/ maf .(-ve)=12-22x-~~8xl0=-25-69 kN-m 
Lcl the maximum positive moment occur at distance x from B 
V J^= -Ax+12-22 x 

dx 45 45 

From which jc=7*65 m 

.V M max (+ve)^-4x7-65+12-22x 7 ' 65(3 ^ 7 ' 65) 

= -30-60-r46'40=15'80 kN-m 
.'. Maximum bending moment is —25*69 kN-m which occurs 
below the load. 

Example 16*11. A parabolic two hinged arch has a span of 
32 metres cmd a rise of 8 m. A uniformly distributed loadoflkN/m 
covers 8 m horizontal length of the left side of the arch. Jf /=/<> sec 8 
where 9 is the inclination of the arch of the section to the horizontal, 
and I Q isjihe moment of inertia of the section at the crown, find out 
the horizontal thrust at hinges and bending moment at 8 m from the 
left hinge. Also find out normal thrust and radial shear at this 
section.' 
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Solution. (Fig. 16*19) 

Taking moments about B for vertical reaction at A, 
>Vx32=8xlx28 
or Va^I kN ; and Pb=8-7=1 kN 

The rise of the arch at any section distant x from A is given by 

=\l ( 7 *~T- &*+■£) *+P.(32x+^ - 2*.)* 



•or 



2477'07 



i>»r. : 



32 **(32-x) 2 
&7~ dx 



=-3^ |q 2 (1024^+^-64^) dx 

M 1024s 8 x s 64x* 72 
3 + 5 4- jo 

_ 1024x32 32 3 64x32* 
— 3 -i — 5 J" —1U92 lo 

• »_ K ^ 2477-07 ^ 

Now>' >^-iL(32-^ 

32 16 
At x=8, y=i(32-8)-6 m 

and tan e=-l--^-=0-5 

Jo 

8=26° 34' ; sin 6=0'447 ; cos 6-0*894 
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BM.Ui*=8)=(-lx24)+2-27x6=-24-M3-€2 

= -10-38 kN-m 

Vertical shear^-1 kN 

Normal thrust=^H cos 0-K sin e=2-27x0"894-l xO 44/ 

= 1*583 kN-m. 

Radial shears" sin O+Kcos 6-2'27 x 0-447+ 1 xO'894 

= 1*909 kN I t 

16 9. MOVING LOADS ON TWO HINGED ARCHES 
(1) INFLUENCE LINE FOR H 

Let us consider a unit point load at a distance «L from A The 
vertical reaction at A will be (l-«) while the verncal reacuon B 
will be equal to *. For this load position the horizontal thrust, as 
proved earlier, is given by 

j,= j- . ^.(l-«Mt+«— *) •( ,6 l0) 

Since a is the variable, it is cleat that equation 14-10 is a fourth 
degree polynomial. The IX. for H can very eas.ly be plotted by 
giving « different values. 

At 5, «=1; 

(16-15) 



AtC,«^/. H« T7 -2 'TV 1+ 2~4 j- 



The I.L. diagram is shown in Fig. 16*21 (M- 

(2) INFLUENCE LINE FOR B.M. 

The B.M. at any point P distance x from 4 is given by 

Thus, the I.L. for Mr can be obtained by superimposing the 
lX.for7ontleI.L.for^. The I.L. for , will have maximum 
ordinate of under P. The I.L. for Hy will be similar or I.L. 

for H, with maximum ordinate of -gj > under the crown. The 
I.L. for Mr is shown in Fig. 16*21 (c). 

(3) INFLUENCE LINE FOR Np AND Fi> 

Influence lines of normal thrust and radial shear at P can be 
obtained exactly in the same manner as that for a three hinged arch 
««.nt for the difference that the Ksin8 and H cos 0 diagram will 
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i\-oi) 



^rriTni^lllIm^ it, 



I.L. FORH 




L-x 



Id) 



(e) 



sin 9 



Fig. 16*21 

: be curved. The influence lines for Fp and Nr are shown in 
Fig. 16*21 {d) and 16*21 (e) respectively. 

^ Example 16*12. A semi-circular arch of constant section and 
span 2 R is pinned at both supports. Find what part of the span must 
.be covered by a uniformly distributed had wlunit length so as to pro- 
duce maximum gagging bending moment at the mid-span. 

Solution 

Let a unit point load be placed at a point D subtending an 
langle 6 with the central line. The co-ordinates of the point D are 
given by 

^-^(1-stn 4>) 
- V , y=H cos # 
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|it has been proved in § 16'7 that the horizontal thrust for a two 
hinge|£semicircular arch is given by 

W cos* # cos 3 <f> 



, when W—\. 




" T Fig. 16-22. 

* Let us now draw the influence line for B.M. at 5, the crown, 

* The bending moment is given by 

£ The influence line for ft will be at triangle having a maximum 

JtyiR R 

ordinate^ , _ = - T under C. The influence line for HR will be a 

■ . . cos a 0° _ R . _ 
cosine curve having a maximum ordinate** R= — under C. 

The influence line for Afc is thus the result of superimposition of the 
two, as shown in Fig. 16*22. 

; The influence line for Mc will have zero ordinates at points d 
and To find the position of those points, write the equation of 
B.M. at C and equate it to zero. 

. JIhe vertical reaction at B is given by 

' 1 xR{\ — sin 4>) 1 — sia ^ 

. V *=' ,2R = ~ . 

M c = -VbR+HR 

1— sin ^ "\ n , cos 2 £ 



2 /! «' 

Equating this to zero, we get 

2 cos 2 ^+7r sin ^—-=0. 
- The solution of which is sin ^=0*571 
or - *=34° 50' 



7? 
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Hence the load between #=4-34° 50' and —34° 50' gives the 
position for the maximum bending moment at the mid-span. 

Example 16*13. A two hinged parabolic arch has a span of 
30 m and a central rise of 5 m. Calculate the maximum positive and 
Tiegativejyejtdwg moment at a section distant 10 m from the left sup' 
port, due to a single point load of 10 kN rolling from left to right. 
■ Solution ■ ' 

The equation of the parabola is 



Atx=10, 



j;= ;jj(30-10)==4'44m 



The IX. diagram for Mp is shown in Fig. 16*23. 

•- • • - 10x20 
The ordinate (of I.L. of (i) under the load= 



30 

=6"67 kK-m 
25£ 



The ordinate (of ffy diagram) under the crown = 

__ 25 ^0 v ..„ 
" 128 X 5 X444 



128r 



=5*2 kN-m. 

For any load position at distance ctZ, from A, the value of H is 
given by 




Fig, 16"23. 

Maximum negative B.M. at P will evidently occur when the 
load is on the section P. In that case <xL=10 m. 
10 1 



or 



30 
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Also, F^-FT{l-a)=10x( 1- — )=^ 

A/^\(^ve)=-^ 

Maximum positive B.M. will occur when the load is somo 
where in CB. Let the load be at a distance *L from A. Then, 

ff=-L XlOX-^ .(1-aKI+a-a') 

^=H^l-a)=10(l-a) 
Now Mr=-\W-*) l0+37'5(a-2a'+a«)4-44 

M)-4-l<b+37-5x4M4U-fo , +4*^ 

dx 

or (l-<5a»4-4a»)+0'6-0 
or 4a»-6a > + 1*6=0 

Solving this by trial and error, we get 
oc-0'71 

/. Distance of the load from 4 =0-71 x 30=21 *3 m. 

Distance of the load from B =8*7 m. 
fffor this load position =37-5(071-2x0-358-HV225) 

=9'35 kN 
V « 10(1 -0*71) =2*9 kN 
Af m „(+ve) at P=-2*9xl0+9-35x4-44=4 l2'5kN-m. 

16*10. TEMPERATURE EFFECTS 
(1) Three Hinged Arch 




Fig. 1 6*24. 
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Due to increase in temperature, the length of the arch ACB 
will increase. Since the two end hinges are rigidly fixed, the crown 
C will rise from C to C x . Thus AC X B will be new centre line of the 
arch. No temperature stresses will, therefore, be induced. Let us find 
out the value of CC t for a given increase (or decrease) in the tempe- 
rature. 

ACi is the position of the chord. Make AC t =AC. Then 
increase in the length of the chord^ACt-AC^^C^AC. at. 
CQ-QC, sec CC X Q 
* =C 1 C 2 sec DCA, since CAC X is small 



{AD*-\r£>a) , 



CD 

= (16'6) 
(2) Two Hinged Arch 

Since there is no central hinge in the case of two hinged arch 
the end hinges will exert a horizontal thrust on the arch to prevent 
the ends from moving out when the temperature of the arch increases. 
Due to this horizontal thrust, there will be bending moment at all 
the sections. 

Let Ht be the horizontal thrust induced due to a rise in tempe- 
rature by t°. The increase in horizontal span of arch— L<it where 
a=co-efficient of thermal expansion. The bending moment on any 
element at a height y is M= Hty. We have already seen that total 

increase in 5pan due to bending of curved bar= f -^7- ds. 



ds=L a t 



"f^ y-ds_ u 

Jo "EI Jo 



y*ds 



Example 16' 14. A two hinged parabolic crch of span 40 m and 
rise 8 m is subjected to a temperature rise of 22 K. Calculate the 
maximum bending stress at the crown due to the temperature rise if 
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*= I ] %_]()-* per 1 °Kand £=--2JX. 10* Nfmm*. The rib section is sym- 
metric£fcand 1 m deep. i 
Solution 

"equation of the parabola is 

4r . . 4 < % 



= -£-(40-,) 



40 v- 40 



.v(40-a:) 



£=2*1 x id 5 N/mm*=2'l x 10 8 KN/ra 2 
? ■ EI . La. t=(2'l x 10 8 ) / (40 x 1 1 > 10~ tS X 22) 
|. =2*0328 x 10* / kN-ra 3 

v wher4T^is in m 4 units) 



.v.'" 



f 40 
* JO ' 



2500 



(16004- a: 2 - 80x) </x 



- i . 



=1500 V 1600 T+T "Jo 

(40)* £.1600 |_ 1600 .._ 80x40 \ 6 

^asooi 3 __t " 5 4 ; m 

-1360 m 5 

£/Lar 2-0328 xlOV 



(o 



1360 



£. =1495 /kN 

| =1495 7X8 

Maximum B.M. at crown=1495/x 8 
\- =11960 /kN-m 

Maximum bending stress at crown 
' ' M _ 11960/ 



(where / is in m 1 units} 



( where z =j-~Ts) 



0*5 



g : =11960x0-5=5980 kN/m 2 

f " • =5*98 N/mm*. 

Example 16'15. ,4 steel two hinged circular arch rib has a span 
of Win and a rise of 3 m. The rib section is uniform throughout with 
an overall depth of 0'7 m. Neglecting ail effect except those due to 
bending^ find, from first principles, the bending stress at the crown due 
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iVy/x~7/^ ° f30K ' TQke E = 2XI0S 
Solution 

The radius R of the arch is given by 

& 



r(2i?-r)=- 



(where /-=central rise) 



4x3 J 
R^^r (75+ 3)= 39 m. 

6=r22-62°=0-3948 radian 
cos 6=0-9231 ; sin 2e=0"7l0 ; cos 2*«0'7041 




Fig. 16*25. 

The y co-ordinate of any point P is given by 

7=A(cosp-cose) 
Also, ds=R d$ 

Jo ^ 2 |o & (cos p-cos 8)Wp 



- 2 * 9 Jo (cos 8 3-2 cos 0 cos e+cos* 6)<# 
~* Jo { (1 + cos 2 »-4 cos 6 cos (3+2 cos*e} d* 
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^« £ (J+ iiL?L-4 cos 6 sin fi+2{l cos* 0 ^ 
=R t £ e + -4 cos 0 sin 0+20 cos* 0 ] 
=K« |" e-i- si Q 20+0(1 +cos 20) ] 

20-T5 sin 20+6 cos 20 J 

Which is the same as Eq. 16'll(fl) derived earlier. Substituting 
-the numerical values, we get 

J^^jp |^0-7896-l-5xC-7l0+0*3948x0-7041 ] 

=0*002579 ^ s=0 *002579(39)'«152-98 m a 
£-2 X 10* N/mm s =2X 10 8 kN/m» 
E?L*t=(2 x 1 0*X/) (30 X 1 1 X 10-*X 30) 
-l*98x10*'/kN-m a 
(where /is in m 4 units) 

••• ^^t-^SS 1 -™ 

The max. B.M. at the crown 

12943 /X3 
-38829 7kN-m 
Maximum bending stress 

Fs =M ^.38829 7 



*Z //0-35 
=13590 kN/m» 
=13*59 N/mm* 
Example 16*16. >4 semicircular ring of radius R and uniform 

jlexural stiffness, haded by equal and opposite forces Rat the points 
A and B, is *ho*>n in Fig. 14'96. Show that the separation of points A 

andB is - |™, if only bending deformations are taken into considera- 
tion. If the effect of axial pull is also taken into account, what will 
be the separation of the two points ? 
Solution 

Consider any element oflength subtending an angle d$ at 
the centre. At any angular position 0, we have, 
M^Wy^WR sin6 
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ds = Rd e 




Fig. 16-26 

Normal thrust^ A^M^sfn 6. 

Now, the total strain energy is given by 

■ J 1EI +J 2AE 
mjP sin 2 0 



w L2£/ + =2^£jJo 



2£7 



.Rdd+ 



i." 



* W 2 sin s 0 



R* 



2AE 

— 1 
AE J 



RdO 



1+- 



(1) 



2E1 T 2^£jJo " 4 L£/ ^ ^£ 

Now, according to Castigliano's first theorem, the separation 
of points A and B is given by 

AR Z ) 

The above expression gives the separation of the two points 
when both bending and axial pull are taken into consideration. If 
however, the axial pull is neglected, we get 

2EI 



S ~^ dW~~~2 {EI^ AE )~ 2EI \ 



It is to be noted that the term in equation (1) is extre- 
mely small in comparison to unity. This is why, the strain energy 
due to normal thrust is generally neglected in many cases. 

Example 16*17. The segmental rib ACB shown in Fig. 16'27 is 
of constant section throughout and carries a load W at its mid-point C. 
Ends A and B are tied together with a tie rod whose extensibility 

AE=- 



50El_ 
R* 

w here El is the fiexural rigidity of the rib AB, 

.'/it- tie. *> 



Calculate the load in 

(St. 4n/1tpwx\ 
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Solution 




\ K Fig. 16-27. 

-|$t tbe tension in the tie rod be //. 

li% is the total strain energy due to bending, we have 
rj1 ft HL HV3R.X* V3J=ftf fn 
^-=^horteningoftierod=-^-=- JqET~ 50£/ K 9 

Consider an element oflength ds=Rcft. Let* and y be the 
co-or%ates of the element the origin being taken at A. We have 

thus, ; _ 

: ^(siny-sin6j-i2^-sin8j 

te y=R {cos 6-cos cos 6~y ) 



^^(cose-i-) 



• ds 



i ju «-« 

cos0--t-)}/W9 



yV3 W sin e 



« , ^ sine cos6 , „ . fl //cos 0 
cos 8+ z :+ « cos 2 8- 



2 

J/ cos 6 



4] 
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- ei L' 



WV3 . a w 



, gsin26 # sin0 



WV3 



0- 



fVcose 



2 

#sin 9 



2R* 

* EI 



%^ v ~ r ~ -4— - 
-0'085 //J 



4 

//e*>/3 

4 Jo 



Equating (1) ac d (2), we have 

~Pf \ -0 085 ^+0135 7/ /= 

' L J 50£/ 

From which, #=0*56 W 

1611. REACTION XOCUS FOR TWO HINGED ARCH 




P (where the nnif iZa ■ ■ ertlcal hne throu 8h the point 

"action at x Kft«'l?*r ihdta, »«' 

^ at a/at 



or 



or 



■H 



H ~ 



1-a 

<r£(l~a) 
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But 
Hence 



tf^i- a (t_ a )(l+«-* a ) 
* 8 r 



8 



7 -^5' l+«-* r 

± >_ 5l( l-a)(l + *-* 2 ) 
8 r 



01 



V6r 



(1618) 

nation 16-18 g^^^ 
can be plotted by giving * different values. Thus, 

When *=<>, *'=\:« r r 



Semi-circular Arcb 
a M 




_ i - tin 0 



Fig. 16*29. 
Fof semi-circular arch, we have 



Now 
But 



^ -cos 2 * 
AN _ 



1' 



IR 



( Li : : s ' n - C * 
v : / 



(16*13) 
(1) 
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If 



Substituting in (1), we get 

: AN v f*(l-siP (1+sin ^) 



h f =MN= 



AN , f^(l-sin $) ) i 
iT\V ) (l-sin a M " 



or -hf^* " ;V (16'19> 

Thus, the ordinate h/ is constant and does not depend on the 
load position. The reaction locus is thus a straight line parallel to 

AK, and having ordinate to — 

16*12 FIXED ARCH 

In the case of a fixed arch, there are six reaction components 
{i.e. V, H and Mf at either end) to be determined. Since only three 
equations are available from static equilibrium, fixed arch is stati- 
cally indeterminate to third degree. We most have, therefore, three 
equations from the consideration of elastic deformations. Since the 
ends A and B are position-fixed and direction-fixed we have the 



|: following conditions to satisfy : " 

|: (a) Horizontal movement of B with respect to A=0. 



B My _ 

or for finite elements, 'Z~^j~ds=0 

(b) Vertical movement of B with respect to -4—0. 

I . —rrrds=0 (2) 



or 2— ==-<m=0. 

-4 El 

(c) Change of slope of the end 5 with respect to ^=0. 

XT AT J? " - - 

Now -7-==—= £ — - 

I R ds 

Mds 

~~eT 

\B Mas rt 



or ^-FT-O 
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Thus we fee got three additional<equations, the simultaneous 
solution of white gives the required results. 

Fig 16'3^howsa fixed parabolie arch subjected to a single 
point load IT a|| distance aL from A. The equation for B.M. at 
any point p disltfet x from^"may be ' wrfaen as 

where Ma and^'arethe fa^ 4 and 

C 





\Mx , \p* . , », f v& Ms-Ma f 



Fig. 16*30 

Substituting the value of M in equations (1), (2) and (3) we get 

(16'20) 

Mb-Ma !j?± +H [JSds^O 
EI }Bl 

(16-21) 

J - (16*22) 

From & above three equations, Af*, Mb and H can be deter- 
minad. f 

Example 16' 18. A circular arched rib of uniform cross-section 
is fixed at 4 and B and is subjected to vertical loads as shown in 
Fig. 16'31 (a}. Find the magnitudes of the vertical reactions at A 

end B. . 
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Solution 



JOfcN 



.IOkN 



IOKN 



IOKN 




O 

(a) 



10-F 



IO-F 



Fig. 16*31. 

Due to the skew-symmetrical loading, there will be no deflec- 
tion and bending moment at the midspan. There is no resultant load 
on the span, and hence there will be no horizontal reaction at the 
supports. The arch can, therefore, be spiitted into two halves, as 
shown in Fig. 16*31 (b). Let the S.F. at the midspan be F. Take F 
. as the redundant. 

^ Consider any point P subtending an angle 6 with the central 
line. We have 

Mp^-FR sin e; +lO/?(sin 0-sin3O°) 
8Mp 



■ ^ Also, 



dF 



-R sin 6. 



„tt r NOW 

dV 



ds=zRd$ 
60* 



or El 



<JF& 



dF Jo 
«-J 0 si 



dF 



,, dMr I , 

J 60° 
(sin 8 9-sin 30* sin i))d$ 



4 Jo 



10R* 



[ 



sin 26 



-f sin 30° c s 



*yo° 

J30" 



-i r ie(0-524-f)-216)-10«3[o-524-0*216+0-25-0-262+0-216. 
-6*308 /X*-0'8 A 3 -0 432] 

Equating this to zero, we get 
0*8 



0*308 



=2 6 IcN 
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Reaction at X=10-2*6=7*4 f kN 
Reaction at B=T4 1 kN. 
Example 16 X9. A thin circular proving ring of radius 10 cm 
and uniform ftexural stiffuess El carries concentrated had JO fc/V 
applied at the ends of a diameters. Find the maximum bending moment 
in the ring, and estimate the separation of the loaded points The 
thickness of the ring in its own plane is 20 mm and the breadth is 
40 mm. Take E=2xl0 5 Nfmm* 
Solution 



01 82 




"0-182 



to) 



tb) 



Fig. 1632. 
Let the load be P and radius be R. 

Due to the symmetrical loading, it is evident that there will be 
no axial load in the ring at the loaded points A and B. Cut the ring 
in two parts at the level of AB and fix the point A and B. The 
upper half ring [Fig. l6*32(o)] carries load of * P and moments M 0 
at A and B. The only unknown is M 0 . 

At any point P, the B.M. is given by 



(1) 



dMp 



= 1 



Also 



dM 0 

ds=Rd$ 
dU 



or 



dM 0 "Jo me dM 0 M " " 
jo { M °~Y /> * siQ ° )^ 9=c 
(jtf„e+— />* cose =o 
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ll /. Af 0 =— (2) 

Ob I 

M P -^—~~4rPR sin 0 
which is the expression for B.M. at any point. > ""^* r ^"' 

At 6=0, M= + PR 



10000x100 



=0*3182 kN-m 



=3'182xl0 ,t N-mm 



At 6-90°, M=^-- PR 



r 



it 2 
={10000x100) (0"318-Q\5) 
= -T82X 10 s N-mm- — 0182 kN-m 



For points of contraflexure, equate Mp to zero. 
.• ^ . Thus T~~2~ Sm 

wjich gives 6=32*5 

The B.M. diagram is shown in Fig. 16'32 (6). 
t The deflection of loaded points is given by 



4- J £7 



Ahere /=- ~L x40x 20'=2'67 x 10* mm 4 

12 

' - „ 1*870 v 1 000(1 00) 3 



4- 2-lXlU 5 x2"67xl0 4 
=0 265 mm. 

16'13. THREE HINGED SPANDRAL BRACED ARCH 

Fig. 16*33(4) shows a three hinged spandril braced arch. The 
structure is statically determinate, since the horizontal reaction at 
th$ hinges can be determined by taking moments about the central 
hinge. The stresses in various members, due to static loading, can 
beaasily found out by the method of sections. We shall draw the 
influence lines for the forces in !he members of the panel DE. 
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• (a) IX. for H 

;'. The I.L. for H can be obtained exactly in the same manner ar 
th|t for a three hinged arch. Thus, the I.L. for H will be a triangl* 

h#mg a central ordinate of = A ^^< — V2 t as shown i 

Fig. 16-33 0>). / ' 

(fl) I.L. for Pdb 




0-95 



Fig. 16*33. 
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Pass a section aa and consider the equilibrium of all the forces 
to the left of it. Taking moments about point H, we get 

Mh _ Mh 
Pde ~~EH ~~ 4 

u: WhentheunitloadisatI>, Kx=-g-, and x 10=0*4 



' X2#)-(0*4Xll)-(ixl0)]=0*567 

(comp.) 

4 2 

When the unit load is at £, P*— -g 3* • 

and " H=-—-X 20-0*8 

Pi>£-i[( |-X20 )-(0*8x n)]-1133 (comn.) 

When the load is at F t Va=0'2 and K=l*2 
/t 1-2X1I-0 }~(o*5x20 )] =0*8 (tension) 

Thus, the stress in DE changes sign as the unit load move! 
from £to F, as shown in Fig. 16'33 (c). 
(c) I.L: for P/w 

Consider the equilibrium of all the forces to the left of th* 
section aa and take moments about 9, 
Mb 

where r= perpendicular distance of IH from D. 

Prolong IH so as to meet the top boom. Let 6 be the inclina 
tion of IH with horizontal. 

tan 6-^- =0 4; .'. 8-21M8' ; sin0==O-371 

Since £i?= the member W will meet the top boor 
in/f. . 

Now r^DFsin 6=20x0"37i=7'42 m 
n Md 

PlH = - 



7'42 

5 ■ 1*2 
When the unit load is at D f V*=j- and H=-^ x 10-0 v 

- Fihs= rW[( i xl ° )-(°' 4x15 )] ==0 ' 314 (teasi ° 
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When the unit load is at F; Va=Q'S and H=V2. 

■•• P ' ff =T42 [(i" 2xi5 )-(°' 5xl ° )] = 1 ' 75 (C ° mp ) 
TheLL. for P/w isshown in Fig."16"30(«fl. 
W) IL for Pw* 

Consider the eqSiUbrium of the forces of the left of the section 
aa and take moments about the points where the members DE and 
///meet. Thus 

' * - - Mf 

where z is perpendicular distance of 2)/? from F. 
The inclination ^ of Z>/f is given by 

tan 4>=~ =0-4 ; .\ *=21 p 48' and sin *=0'371 
z=DF sm ^-20x 0-371=7"42 m 

When the unit load is at £>, V A =^ and K=0'4 - 

P«r-^(0-4xl5)-(|-x30)+(lx20 J-0'134 

(comp.) 

2 

When the unit load is at £, K^=y and ff=0'8. 

PoH=^ 2 [(-f x30 )-(0-8xl5 )]=V 077 (tension) 
When the unit load is at F t Va=0'5 and H= V2 
" PoK^^4[(l-2xl5)-(0'5x30 )]=0'403 (comp.) 

The IX. for Pdh is shown in Fig. 16*33 (e). 
(e) IX. for Pi)/ 

Pass a section *ft and consider the equilibrium of all the forcer 
to the left of it. 

Mf Mf__ 
Thus, Pi>r=-jQp 20 

5 ly . 

When the unit load is at D t Va=-£ and #=0*4 

Pd '=t$Sj x3 ° )"(°' 4x15 )]^ 0 ' 95 (comp,) 

When the unit load is atsF, Va=0 5 and H=T2 

15 )-[o"5x30 )] =015 (tension) 
The IX. for Pdi is shown in Fig. 11*33 (/). 
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PROBLEMS 
.1. State briefly what do you understand by an arch. 
%l A parabolic arch rib, 20 m span and 3 m rise is hinged at the abut- 
ments and the crown and carries a point load of 10 kN at 7*5 m from the 
left hand hinge. Calculate the horizoutal thrust and the bending moment at a 
-section 7*5 m form right-hand hinge. What is the value of the greatest bend- 
ing moment in the arch* and where does it occur ? 

; 2. A three-hinged parabolic arch has a span of-2'4 m and a rise to the 
iSentral hinge of 4 m, The arch is loaded with two vertical 20 kN loads sym- 
metrically situated on either side of the central hinge at 3 m horizontally from 
^the binge. Calculate the values of the maximum positive and negative bending 
|aoments in the arch stating where these occur. 

3. A three hinged parabolic arch of 30 meter span and 6 m central rise 
parries a point load of 6 kN at 8 m horizontally from the* left hand hinge. 
^Calculate the normal thrust and shear force at the section under the load. Also 
recalculate the maximum B.M. positive and negative. 

| 4. A three hinged parabolic arch rib has a span of 84 m and a rise of 
f^S m to the central pin at the crown. The rib carries load of intensity 2 kN per 
-|:in uniformly distributed horizontally over a length of 1/3 of the span from the 
pSft hand springing. Calculate the bending moments in the rib at the quarter 
|3San points. (Based on U.L.) 

I v. 5. A parabolic three hinged arch of span L and rise c is hinged at the 

* ^ springings and the centre of the span. It carries a uniformly distributed load 

io£ intensity w per unit of horizontal length over a length x (where x between 
|^j/4 L and 1/2 L) extending from the left-hand end. 
Derive expressions for : 

". (a) the vertical components of reactions at the ends. 
(b) the horizontal thrust. 

{c) the bending moment at the two 1/4 points (1/4 h from each end) 
• (d) the maximum bending moment at the left hand 1/4 point. (C/.X-.) 

6. A three-hinged arch rib has the form of a quadrant of a circle with 
Jihe chord horizontal and joining springing 20 m apart. The rib ^carries concen- 
trated load of 20 kN acting through 1/4 span. 
, ; Calculate : 

i (a the end reactions, 

> - (b'j the reaction at the crown. 

- ( c ) the bending moment at the load point, 

p (d) the bending moment at the other 1/4 span point. 

7. Fig. 16-34 shows a three pinned parabolic arch, the hinge B being at 
tfve highest point and being the vertex of the parabola. 
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Find (a) the horizontal distance of the hinge Jffroro one end, (b) hori- 
ZQfetal and vertical reaction at 5he abutments ^ and C, and (c) the bending 
inpsent at the point of application of the 70 kN load. 

djf^ 17 An arch in the form*ef a parabola with axis vertical has hinges at 
thshabutments and the vertex, fee abutments are at different levels, the hori- 
l span being 80 m and the^heights of the vertex above the abutments 
. _ J 16/m. Calculate : * 

^ (a) The horizontal thrust, and (b) maximum negative B.M. due to a 
U.E>X. of 2:5 kN/m run over the whole span. - 

9. A symmetrical 3-pinned parabolic arch has a span of 50 m and a rise 
m. Find the maximum beSding moment at a quarter point of the arch 
lliy a uniformly distributed ! load of 10 kN per m run which can occupy 
on of the span. IndicatS the position of the load for this condition. 

^^ip. A three-ninged parabolic arch has horizontal span of 240 ft. and 
a t^^ef 24 ft. Derive from first^trinciples the influence line for the horizontal 
thriJst at the abutments and beading moment at the quarter span. Plot these 
=_ — --[ line on squared papei^ 

the horizontal thrust and the bending 
I by a moving uniformly distributed load of 
Hong. In each case, state the position of load 
foe which maximum value occurs. 

I A three hinged paratelic arch has a horizontal span of 40 m with 

a |Bf™ 1 rise of 5 m. A. point I&d of 8 kN moves across from left to right. 
C^calate the maximum positii^and negative B.M. at the section 10 m from 
th§£iefHiand hinge. Also, calcine the position and amount of the absolute 
mixinium B.M- that may occusKtL the arch. 

%t:: lz« A three hinged parabolic arch has a span of 60 metres and a central 
ris^flO metres. Five wheelloads of 5, 6, 4, 7 and 3 kN spaced, 4, 3, 3 and 
4 Sin order cross the arch from left to right with the 4 kN toad leading. When 
thfe leading load is at the central hinge, calculate the horizontal thrust in the 
ar>h. Also, calculate the bending moment, normal thrust, end shear force at 
the section under4he 7 kN loaft 

J 13. Fig 16*35 shows theJIUmensions of a three-hinged arch with hinges. 
&€AyB and C. The distributed load of 1 ton per ft. of span acts on the half span- 
AB f and there is also a concentrated load of 10 tons at E. Determine. 




Find the maximum valu 
at quarter-span produc 1 
per horizontal foot, 60 ft| 




'\£z =^-" Fig. 16-35 

aSJ- (a) the horizontal 'hruafin the arch, 
7*^ lne bending moments at D and E r 
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(c) the maximum bending moment in the arch stating where it occurs. 
- A . . .. :-. y {AM.I. Struct. E) 

14, A parabolic arch, hinged at the ends has a span of 60 m and a rise 
of U m. a concentrated load of 8 kN acts at 15 m from the left hinge. The 
second moment of area varies as the secant of the slope of the rib axis. Calcu- 
late the horizontal thrust and the reactions - at the hinge. Also, calculate the 
maximum bending moments anywhere on the arch ■ ■ " r ^ 

m m I*' V 31 ^ 0 ?? ****** ***** has * a sp^njp/80 metres and a rise of 
10 m. A uniformly distributed load cf 2-5 kN/m covers half of the span. If 
/-/„ sec 6, find out the horizontal thrust at the hinges and radial shear at this 
section. 

16. A parabolic two hinged arch has a spauL and central rise r. Calcu- 
late the horizontal thrust at the hinges due to {a) U.D.L. w over the whole 
span, and (A) U.D.L. w over half the span. 

i a i in A tW ° hin8Cd SBmicircuIar arch^pf, radius: 10 m is subjected to a 
toad of 10 kN acting on the section subtending an angle of 45* with the central 
iineof the arch at its centre. Working from first principles, calculate (a) the 
horizontal thrust at the hinges,^) thevertical reactions at thehinges,/c) maxi- 
mum positive and negative bending moments. - 

. A ^ w ^hinged parabolic arch has' a span of 40 m and a central 

*Z ♦ t f * ( f Icu,ate - t Re maximum positive and negative B.M. at a section 

* m - ^ thC kft hin8C ' 4uc to * single Pomt load of 6 kN rolling 
from left to right. ,;C - - 

_ 19. A circular arched rib, of uniform section, hinged at the spring- 
Zi a r; 40maDd a ccntral rise of 5 m. If the rib section is 
symmetrical and has a depth of 80 cm, "calculate the maximum ' bending 

S«lxio*^/c^° f temPeratUre of 60°F; :a=0 0000062 per °F and 

wh uciform arch rib covers a span of 40 m, the centre line of the 

Th«»Zl -^T^ ° f 8 Circlc s ^tending an angle of 120° at the centre. 
i?t^ Z. 1&Pt Tf at the tw ° supports and carries a vertical load of 8 kN 
at tne crown of the arch. 

mrt m-^ UlatCt ? ereactions at ^ ««PPorts and construct the bending 
moment diagram for the arch. 

„^ 2 j\ A / woh ^ d8 « m <«rculararch,of .uniform flexural stiffness EI 
carries central vertical load W. Show that the horizontal thrust at support is 

W JSi C A Ste !L b . ar ° f COaSta ° t EI ls bent mto the form of * ^circle of 
fhSl '^ by '** to W *« anchorages. Find 

developed at its centre by a rise in temperature/ if the 
otte^d 1^ CX f aasion fe «• Fi «* *>so the value of the centrally applied 
pomt load which would cause the same central bending moment. 
Answers 

1. £=12-5 kN ; kN-m ; A/. a .=-23-13 kN-m 

2. M m „. (-)=-U-25 kN-m at 9 mfrom either hinge 
Af-... (+)=-j-20 kN-m « 4 m from either hinge 

3. 2-72 kN T I ; 5-28 kN ; 6 kN-m ; 16-44 kN-m 



604 



STRENGTH OF MATERIALS AND THEORY OF STRUCTURES 




4. -245 kN-m at first quarter ; +98 kN-m at third quarter 
, . ' wx* . wx* 

(c) --^ (8Lx^lOx»-I,«); + 

3 2 " '- i ■ :> ''•• 
(rf) — j^H-i* when jc=-j-Z. . - • 

5. (a) 19-25 ; 13*05 kN : " ; - 
(6) 13*05 kN 

(c) -36*27 kN-m 
(rf) +13-73 kN-m 

7. (a) 576 m from A V- 

(b) H=\2Q kN ; ^=7 8*5 kN ; F c =81-5 kN 

(c) -35-9 kN-m -'^i.; ; -v. ■ 

8. (o) H= 163-3 kN ; A/.„ (-ve)=1364 kN-m - 

9. Af„ a r= : Fl875 kN-m ; load length : ; Left 37-5 m or right 40 m 

10. \ff=131-25 t for the load placed centrally on the arch. 

- M„"i=— 928 tofl-ft for the extending ^om 22*5 ft. to 82*5 ft. from 
nearer springing. - . - . 

1 1. 20 kN-m ; 30 kN-m ; -3072 kN-m ; 8*44 m from either ends 

12. 29-30 kN; —32*32 kN-m ; 31*26 kN ; 5*60 kN f i - '" * 

13. (a) 36-25 tons; 

iP) Mi>=+135 t-ft ; M £ =+315 t-ft. 
(c) M mtX =M E =+W t-ft. : . 

14. tf=5-56 kN \ V A ~6 kN ; Vb~2 kN ; -3996 kN-m. 

15. 100 kN ; —250 kN-m ; 103-1 kN ; 0 

17. (a) 1-592 kN (b) ^=8 54 kN ; V a =l-46 kN 

(c) M MaI (-ve)=13*47 kN-m; M mta . (+ve)=203 kN-m 

18. 10-4 kN-m.; 18-4 kN-m 

19. 81-4 kg/cm 2 

20. #=5*11 kN ; Af« rt .=21*0? kN-m (-ve) 
22. (a) M=^^ (hogging); 

(b) ^=TT4l67- 
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Bending of Curved Bars 

171. INTOODUCnON : BARS WITH SMALL DOTIAL 
CURVATURE 

In 'simple bending* the relations between the straining actions 
and the stresses and strains were established for a 'straight beam'. 
The well known formula : 

I y R 

is sometimes called ^ ^ The results of simple 

bending can be applied, with sufficient accuracy, to the beams or 
bars having small initial curvature. 

It is common practice to distinguish rods or bars of small and 
large initial curvature. The chief characteristic of such a division is 
the ratio of the depth of the section h in the plane of curvature to 
the radius of curvature R* of the rod axis. If this ratio -~- is 0'2 
and less, it is taken that the rod has a small curvature. For a rod 
of large curvature, the ratio ~ is comparable with unity. This 
division is purely conventional. 

Let us now take the case of a beam or bar with small initial 
curvature R 0 about the neutral surface £F (Fig. 17*1). Let the beam 
ABCD, under the action of pure bending, be bent to A'B'C'D'. The 
.radius of curvature decreases f rom R Q to R y and the central angle 
increases from $ to (0-H80). 

^ Consider any surface GIT, distant y from the neutral surface 

The treatment that follows is based on the same assumptions as 

those of simple bending of straight bars. 

(jT-'-l; ■ 
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Strain in GH= 



G'H'—GH 



But 



GH 

CRo+y)0 

(R*+y)0 

= R(6+m+y$0-RoO 
Wt>+y)0 

Ro-R __ Sg 

Re 



...(/) 
».(«) 




Fig. 171 
Beam with small initial curvature 

Substituting (ii) in (i), we get 
Strain in GH= e =-^p^ 

Substituting the value of from (fff>, we get 



...Uri) 



J?b+j! * 

Assuming y to be small as compared to R Q , we have R a +y— 



Hence 



R 



...<IT2) 
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or 



Stress f=Ez=Ey [-L -^-] 



But 



f M 

(from- simple theory of bending). 




j / lR Rj 
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...(17-3) 



...(17'4) 



17*2. BARS WITH LARGE INITIAL CURVATURE 

In the above analysts, it is assumed that y is negligible in 
comparison to the initial radius , of curvature R Q . However, there 

are. practical cases of bars, such as hooks, links and rings, etc., which 
ave large initial curvature (or small radius of curvature). ' In such a 
cas^Jhe_,dimensions of the cross-section are not very small in com- 
?^ ^pSpnBc^ curvature or with the length of the 

bar. TOeV treatment that follows is based on the following assump- 




i. 



Transverse sections which are plane before bending remain 
plane after bending. 

Longitudinal fibres of the bar, parallel to the central axis 
exert no pressure on each other. 

3. The working stresses are below the limit of proportiona- 
lity. 

4. Hie line joining the centroids of the cross-sections of the 
bar, called the centre line, is the plane curve and that the 
cross-sections have an axis of symmetry in this plane. 
The bar is subjected to the action of forces lying in the 
plane of symmetry so that bending takes place in this 
plane. 

*: U -Consider a curved beam of constant cross-section, subjected to 
pure bending produced by couples M applied at the ends. Let AB 
and CD be two adjacent cross-sections of the beam subtending a 
small angle d9 at the centre of curvature, before bending. Let the 
bending moment M cause the plane CD to rotate through 
(F(g. 17*2), changing the centre of curvature from O to O'. Let the 
distance of the centroidal axis from the centre of curvature be changed 

- from initial value of R to p. Consider any fibre PQ distant y from 
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the Centroidal axis. The section CD rotates about the point H ; hence 
the^fayer GH is the neutral layer. It should be noted that the quan- 
tities:.*?, p and y are measured from the centroidal axis ; and not from 
thejpeutral axis. 



AXIS OF CURVATURE 




!.- Let 



or: 



Let 



Fig. 17*2, Beam with large initial curvature. 
e 0 =strain of the centroidal fibre 
e= strain of any other fibre PQ distant y from 
the centroidal layer. 



so 



= 11- or FF'-e 0 (£F)=e 9 R d6 ...0) 



EE 



QQ' QQ"+Q'Q° FF'±&_Q1 
PQ ~ PQ PQ 



_ HRd6-\-y.&d8 



( Ad9 \ 
\ dB } 



(R+y)d9 



R+y 



.M) 



o>= angular strain=-^ — 
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Substituting tins and adding and subtracting e 0 to the nume- 
rator of (2), we. get - 

_ s 0 R+£p v+.v(m>— eo. V 

. e ~ R+y 

or : *-*H»-«)-firy .MT5) 

Within the elastic property of the material, 

where /^bending stress or normal stress, (also known as circum- 
ferential stress) 

It will be assumed, for simplicity, that the section of the beam 
is symmetrical about the plane.of curvature. The y-axis is then the 
axis of symmetry of the section [Fig. 17 2 (b)] and the'moment of 
elementary forces/. dA with respect to this axis is zero. 

There are two unknowns in Eq. 17'6:: so and o. To determine 
these quantities we use the two equations of statics which state that 
the sum of the normal forces distributed over a cross-section is equal 
to zero and the moment of these forces is equal to the external 
moment M. These equations are : 

and: [ a f.ydA^Ey^i^) ^j] dA - M 
The above equations may be simplified as follows : 
From (I), 

Also, from (II), 

A/=£e e J a J«M+(«-e») J A "^J dA " [V) 

But J^™* 4 ; j A ^4 E =0 
aDdlet L^ dA=-mA or m=--j \~£r y dA ..-(177) 
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Substituting these in (III) and (IV), we get 

and M=£ioi—ca)m AR 

Solving these two, we get 

M 

£ °~ E.A.R 



v:- 



and 



1 (MM V 

" EA \ R mR ) 



dA = tn.A.R 
I .-.(178) 

...(a) 

...(b) 

"■..-( 17*9) 

..(irio) 

.Xl7'il) 



Substituting these values in Eq. 17' 6, we get 



The above expression for / is generally "known -d^the Winkler- 
Bach formula. The distribution of /, given by Eq. 17' lp is hyperbolic 
(and not linear as in the case of straight beams) a|d is shown in 
Fig 17'2 (c). 

In the above expression the quantity m is a purffnumber, and 
is the property of each particular shape of the cross-slction, defined 
by Eq. 17'7. Its value can be determined by performing the integra- 
tion or by graphical method. The quantity mA is ca|ed the modi- 
fied area of the cross-section. s.'-- 

Reduction of the above formula for the case U the straight 
beam j. 

Eq. 17'12can be reduced for the case of a .straight beam. 
Rewriting it, V 

M , M y % 



AR mAR ' R+y 



M 
AR 

M 



M 



y y: 



. dA 



• R+y 



R+y \ 
My 



AR 



...07*13) 
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For a straight beam, R is infinitely large. Hence Eq irn 
reduces to ^ U1J 

f-0 , My My 

3 lyhiA ...(17U4) 

where I y*dA—I 

Eq. 1714 is the same as our usual bending stress formula. 
Location of neutral axis 

The neutral axis can be located by equating Eq. 17'12 to zero, 
since the bending stress at the neutral axis is zero. 

where ^ 0 =distance of neutral axis from the centroidal layer. 

The negative sign suggests that the neutral axis is towards the 
centre of curvature (see sign conventions below). 

Sign Convention 

The following sign convention will be followed : 

1 . A bending moment M will be taken as positive if it decreases 
the radius of curvature, and negative if it increases the radius of 
curvature. 

2. y is positive when measured towards the convex side af 
beam, and negative when measured towards the concave side (or 
towards the centre of curvature). 

3. With the above sign convention, if/ comes out to be 
positive it will denote tensile stress while negative sign will mean 
compressive stress. 

17 3. ALTERNATIVE EXPRESSION FOR f 

In the previous treatment, the integrals 

were expressed as ~mA and mAR respectively, and substituted in 

Eqs. Ill and IV to get the final expression for/. We shall now 

denote the above integrals in terms of a new parameter A' defined 
below : 
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\ -JL- dA %=A' -..(17-16) 
Ja y+R 



andlet 



i ~ - 

i - 

■ VK 



' Hence j-ji-^-X' - (17 ' 17) 
: Also [ £/A= \ (y-^A + \^A 

= \y.dA-R\dA+R\-^dA 
=0-RA+RA'=R(.A'-A) ...(1718) 
1- Substituting these values in Eqs. Ill and IV of the previous 
artfe and simplifying as before, we get the following alternative 
exigission for / : 
T f M(Ai__R\ ...(1T19) 

| - Comparing Eqs. 17*7 and 17*17, we have 

or i; A'-A=mA ...[17-20 (a)] 

^ 1 a' 

|;V Substituting these values of (A'— A) and -j- in Eq. 17*19, we 

or ' AR V l + m / 

wMeh is the same as Eq. 1712. 

tpt. DETERMINATION OF FACTOR m FOR VARIOUS 
C- SECTIONS 

& We shall now determine the values of factor m for various 
stapes of cross-section by evaluating the integral defined by 
BL. P'7- 

k * (1) RECTANGULAR CROSS-SECTION 
>\: Consider a rectangular normal section of a curved beam. The 
width parallel to the axis of curvature is b while the dimension mea< 
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sured along the direction of radius of curvature is rf. Let R be the 
distance of the centroidal axis from the axis of curvature. 

Axis of Curvature 



T 



Centroidal 
Axis 



mzzzzzzznzm 



<JA 



2 



Fig. 17-3 



FromEq. 17'7, 



...(1) 



1 f+<W , s \ / 
1 r "+4f2 

« --£■<*(£§)-'-£ M*)- 

(2) TRAPEZOIDAL CROSS-SECTION 
Consider an elementary strip of width b, distant y from the 
centroidal axis. Let r be its distance from the axis of rotation. 
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Now 



^. AXIS ^CURVATURE 



(d d. 



r 



\CENTROIDAL AXIS/ 
T'T" 

i t .. 



Fig. 17-4. Trapezoidal section. 



...CO 7 
...GO 

...((«) 



-(&!-&»)] ...(17-23) 

For rectangular section, 6 1 =6 2 =6. Hence the above expression 
reduces to 

which is the same as Eq. 17'21 . 
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(3) TRIANGULAR SECTION 

Axis of Curvature 
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Fig. 17*5. Triangular section. 



Width of elementary strip— CR*— -r) 



dA=^{R t -r)dr 



■■ — ife— iff 
._ 1+ i[(«L lot .A}_ t ] 

Alternatively, the above expression can also be obtained by 
putting b x =b and 6 2 =0 in Eq. 17*23. 

(4) CIRCULAR SECTION 

Let r be the radius of the circle 

y—r sin B ; x—r cos 9 
dy==r cos 0 dG 

dA=2x,dy=-2r cos 0.r cos Q.dQ 
-2r* cos 2 
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Now 



AXIS OF CURVATURE 



d=2r 




Fig. 17-6. Circular section. 



m— 



_±.f +7t ' 2 y , , 

A j-*/2 R+y - A 



2r f+«/2. sin 0 cos 2 6 dB 



tz J -ji/2 -ft+r sin 0 



...U) 



Putting — ~k, we get 



2 f+™/2 S in 0~-sin 3 0 



7c J— «/2 sin 6+k 

— l+2(fc 2 — 1)— 2&V A- 2 —! 
--l+2Jt 2 -2^V/r-l 



sin 



] 



40 



...[17"25(a)] 
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Alternatively, if R+ ^ &in0 is expanded in the converging 
series, and each term then under the integral (1) is integrated 
separately the final result is 

-m+X5)'**M + :- Il,25(M1 

Hollow circular section 

For a hollow circular section of inner radius r t and outer radius 
r s , m is given by 

m= _ 1 + _2*_fV^?-^^?"] ...[17-25(0] 

(5) OTHER SECTIONS 



Axis of Curvature 




to} T- Sect ion tb"J I - Section 



Fig. 17-7 

For the T-section [Fig. 17*7 {a)] 

- (lr26) 

For the /-section [17*7 (b)] 

m =±{ bl lo gt ^+Mog e ^M-Mog. ...(1T27) 

Example 17' 1. A curved beam, rectangular in cross-section is 
subjected to pure bending with couple of +400 N-m. The beam has 
width of 20 mm, and dept\ of 40 mm and is curved in a plane parallel 
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to the depth. The mean radius of curvature is 5 mm. Find the posi- 
tion of the neutral axis, and the ratio of the maximum to the mini- 
mum stress. Also, plot tlie variation of the bending stress across the 
section. 

Solution. 



AXIS OF CURVATURE 



R-50mm 




COMPRESSION 
. -102-8—^ 

20 r 



/32-3N/mm 2 



AXIS 

CENTROIDAL 
AXIS 25-4, 
382 
491 



N/mm 2 




-W58-3mmH- 
TENSION 



(b) 



Fig. 17-8 



From Eq. 17*21, 



1 



Here, i?=50, ^=50-20=30 and .^,=50+ 20=70 mm. 
</~40 mm. 

Alternatively, from Eq. I7'22, considering first two terms, 
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The stress is given by Eq. 1712 

f =k-l 1+ J- ~y—\ 

J AR \ ^ m R+y J 

p 40000 0 ( 1 . 1 y \ 

~ 40X20X50 \ 0'0591 50+^ / 

• /= _- 10 ( 1+16 - 92 _^-) ...(». 

The maximum stress evidently occurs at the inner-most fibre 



where y=— 20 mm; 



§■■■ ^=10[l + 16'92X_M] = -10r8N /nl nr 

. =i02*8 N/mm 2 (compressive) 

} Similarly, minimum stress occurs at y— + 20 mm 



fmtnHo [l + 16-92 5Q+20 ]^ 58 ' 3 N/mm2 (tensi!e) 



Ratio 4^=^5p-=17« 

Jmin JO 3 



To find the position of a N.A., we have, from (1), 

/=0 -I0[ 1 + 16-92-^] 

/. 16*92 y e ^-50-y 0 



\ or y °^^lT§2 == ~ 2 " 79mm 



(i.e., towards the centre of curvature). 

The stress distribution can be plotted by substituting of various 
values of y in (1). Fig. 17'8 shows the stress distribution. 

Example 17*2. Solve example 17' 1 assuming the section to be 
circular, of diameter 40 mm. The mean radius of curvature of the beam 
USOmgf. 

Solution. 

m is given by^Eq. 17*25 (b), 



m 
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\, Stress /is given by Eq. 17' 12 



J AR\ 



1 + 



m R+y ) 



wtiere 



v;. 



A =JL. (40^=1257 mm 2 



400X10 3 
1257X50 



[ 



1 + 



1 



0*0432 50 +y 



] 



i6-364[l+23'15 1 ^,] 



...(2) 



Axis of Curvature_ 



50mm 



30-5N/mm z 




20mm 



-^48-5 H- 



Fig. 17-9 

.-. /_=6-364[l + 23-15 ±^]=-91"9 N/mrf 
=91'9 N/ram 2 (compressive) 
i/- to =6-3«[l + 23-15 -50T2O ]" +48 ' 5 Nlma ' 



Patio f maa ^ I 'Q 

Rat! ° /»,-„" 48 5 

The position of neutral axis is given by 



y^ 0 =6-364 1+23*15 



yo_ 

50 +> 



of 23*15 yo^O-;^ 
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623 



24' 1 5 



= —2*07 mm. 



The stress distribution across the section is shown in Fig. 17'9. 

Example 17"3. Solve example IT I if the: beam section is trape-. 
zoidal with dimensions shown in Fig. IT 10. 

Solution. 



A ; XIS OF CURVATURE 




K-78-6- 



NEUTRAL 
rAXIS wo 10 



CENTROID- 
AL AXIS 




28-6N/mm2 



Fig 17-10 

The distance d x of the centroidal axis from the side ^ of a 
trapezium is given by 



d _ b t +2b 2 d 

dx ~ X 3 

30+40 40 to j " 

.» J — — X— y =18 6 mm 

</ 2 =40-lS'6=21*4 mm 
i? 2 =72+*i a =50+2r4=7r4 mm 
R x =R-~ rfi=50— 18*6=31*4 mm 

A={bi+bJ —=(30+20)—-- 1000 mm 8 
From Eq. 17 23, 



...(17*28) 



— 1+- 



50 
1000 



({20(30-20)^} log.. i|± (-30-20) ] 



=0"0547 
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The stress is given by Eq. 17*12, 
J AR\ m R+y) 

4ooxio 3 r 1 "j 

1 0*0547 50+>' J 



1000X50 

=78*6 N/mm a (compressive) 
/ m ^ 8 [ 1 + 18*28 1 ^ T ]= 5 r8N/mmMtensile) 

Ratio 4 Hfi ^-^|- aasr52 

/mi* 51 8 

The position of N.A. is given by 
/-0= 8 [ 1+18-28 

or 18*28 >y=-50— y 0 
50 
19'28 

The* pressure distribution across the section is shown in Fig. 
17*J0(A). 

17*5. BENDING OF CURVED BAR BY FORCES ACTING IN 
THE PLANE OF SYMMETRY 

Upto this stage, we have discussed the case of ' puce bending*, 
re. bending of a curved bar by the action of pure couples. How- 
ever, a curved beam may be subjected to a system of forces of P u 
Pz> ...P n keeping it in equilibrium. It is assumed that these forces 
act in the plane of the centre line, which is the plane of symmetry 
of the bar. If we consider any normal section of the beam, the 
resultant force to the right of it may not be along the section, but 
may be inclined to the section. This inclined force can be resolved 
along the section and normal to the section. Therefore, as in the 
case of an arch, the section of the curved beam may be subjected to 
three straining actions : 



-n^r = -2 59 mm. 
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(0 A normal force N, acting normal to the section ; 

(if) A shearing force F, acting along or tangential to the 
section, and 

(iii) A bending moment M acting in the plane of symmetry 
(i.e., symmetrical bending of a curved bar). 

The stress at a point in a section will therefore be equal to the 
algebraic sum of the direct stress / 0 due to the normal force N and 
the bending stress f b . It is assumed that the normal force N acts 
through the centroid of the section and that the stress caused due to 

this is equal to — at each point on the area. Hence the final stress 
at any point is given by 

JV is assumed to be plus if it produces tensile stress, and minus if it 
produces compressive stress. 

The shearing force F produces shearing stresses, the distribution 
of which is assumed to be the same as for a straight bar. 

1T9. STRESSES IN HOOKS 

The results of the previous article can now be applied to find 
the stresses in the horizontal section through t-ie centre of curvature 
of a hook carrying a vertical load P. 




Fig. 17-11. Stresses m a hook. 
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The horizontal section AC, passing through the centre of cur- 
£ vature is the most highly stressed section. BB is the centroidal axis 
^ of the horizontal section which may be of trapezoidal or any other 
% shape. The load P which the hook supports acts eccentrically with 
^>espect to the centroid of the section. Hence this force causes (x) 
; bending moment M—PXl (being negative since it increases the 
radius of curvature) and (r'O a tensile force P acting through the 
centroid of the section. Hence the stress at point on the horizontal 
section is given by Eq. 17'29. 

' A AR \ m R+y f 



(Since M=—Pl). 



£ - - 

V : Designating y as positive when measured towards the convex 
&d« and negative when measured towards concave side, stress /i at 
■CC where y^~d x is given by 

; ■ '-i-^'-i-Ar) ■■■«'"" 

^ Similarly; the stress / t at AA, where y—+d t is given by 

- P PI ( , , 1 d % \ 
£ f ^—AR\ 1+ m-R+£J " (,732) 

1 Hie bending action alone causes compressive stress at A A and 
tensile stress at CC, while the normal force P causes uniform tensile 
stress over the whole section. In a well-designed hook, both the 
stresses / x and ft are not very different. 

If l=R {i.e w centre line of the load passing through the centre 
of the curvature of the hook) the above two equations reduce to the 
following simplified form : 

Jl A AR \ 1 m R-dJ Am R~d t "* U7ij ' 

and A -l-^-fi . » J. \-^ P dj 

Jt A AR\ l ^mR+dJ AmR+d 2 

]' ...(IT34) 

r. ^J 8 * l 7*33 and 1T34 clearly suggest that the final stress of CC 
(ihtrados) is tensile (positive) while the stress at AA (extrados) is 
Compressive (negative). If, however, /is more than R, f x is slightly 
Reduced and f z slightly increased from the corresponding values given 
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by Eqs. 17 33 and 17 34. In a well-designed hook, the centre of 
load passes tiirougn the centre of curvature. 

Example 1T4L A central horizontal section of a Itook is a 
symmetrical trapezium 50 mm deep, the inner width being 60 mm and 
the outer width being 30 mm. Estimate the extreme intensities of stress 
when the hook carries a toad of 27 kN, the load line passing 40 mm 
from the inside edge of the section and the centre of curvature being in 
the load line. Also, plot the stress distribution across the section. 

Solution. 



b 2 -30 
mm 




b,=60mm 



-d 2 



— 4*- d| — ^ i 

d = 60mm =40mm-^ 

K R "4 



UJ 

1 tr 

• 3 

• a: 
! o 

I u_ 
!o 

[<n 
i x 



— R 3 



47^ 




95-9N/mm2 

i 

Fig. 1712 

The distance d x ot the centroidal axis from the side &i or the 
trapezium is given by 



«1 — L _Lfc A 1 



bt+bt 3 

d t =d— <fi=60— 26'7=33'3 mm 
jl^+^^40+26-7^66'7 mm 

40 + 60 100 mm 

A-ih+h) |-=(60+30) y =2700 mm 2 . 
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From Eq. 17*13, 
m=-l+-|[{ 6 2 -M6i-A 2 ) -^f-j log, -^-(b^h) J 

=0*06975. 

The bending stress at any point is given by Eq. 1712 

But M=— PX/(here /=.K=66'7 mm 

=-27000x66-7 N-mm) 

f _ 27000 X 66'7 f, ■ 1 y ] 

/6 2700X66*7 L 0*06975 X 66* 7+^ J 

-10 ( 1 + 1«4 -g^j ) 

Also, direct stress 

, P 27000 In XT/ 2 

^T" 2700 =l°N/mm». ' ■ - 

(0 At the section CC, 

/ ^_ 10 ( 1 _ I434 _^_) 

= 85*9 N/mm 2 (tensile) 
/ e =»10N/mm 2 (tensile) 

.*. Total stress /=/„+/ s =85'9-l-10=95'9 N/mm (tensile). 

(ft") At the section AA, 

A=— I0 ( H " 14 * 34 l^f^3")^" 57 ' 8 N ' ram2 

/,= + 10N/nim s 

/=A+/c"=-57'8+I0=-47*8 N/mm 2 
=47'8 N/mm 5 (compressive) 

At any point distant y from the centroidai axis, the stress is 
given by 

/=/>+/.= -!<>( , + J^ r ) +10 
= 15*3+10=25*3 N/mm 2 
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At y=-20, 

At 7=0, 
At y= + 10, 



10 I 1 " 667-20 
=51*4+ 10=614 N/mm 2 

/=-10U+0) + 10=0 " 
14*34X10 



/=-10 ( H 



) 



+ 10 



66*7+10 
28*7+10=-18*7N/mm s 



At ^+20, /— 10 o(l+J^^) + io 



=-43'I + 10=-33*l N/mm 2 

^ At,= +30, /— 10 ( 1+ J^^.) +10 

= -54*5+10=— 44*5 N/mm 2 
The stress distribution is shown in Fig, 17*12. 

y Example 17*5. A central horizontal section of a hook is an 
l-^0on with diamension shown in Fig. IT 13. Tlte hook carries a 
to( & p > me bad tine passing 40 mm from the inside edge of the 
sefiqn, and the centre of curvature being in the load line. Determine 
the magnitude of the load P if the maximum stress in the hook is not 
to "exceed the permissible stress of 120 N/mm 2 . What will be the 
m&cbnuni compressive stress in hook for that value of the load ? 

f Solution. 



'4 A 



-20- 



►--40mm- 



3 



-30mm -^jC 



b, = 60mm 



0:1 

li 
s! 

o. 

si 

< • 



c 



f i : 60mm- 



R4 



Fig. 1713 
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g ,4={40 x 20)+(20 x 40)+(60 x 30)=3400 mm 2 
I- To find the position of the centroidal axis take moments of 
individual areas, about CC Thus, 
•:. 3400 d x =W x 30 X 1 5) +(40 x 20x 50)+(40x 20X 80) 
mm; rf=20+40+30=90 mm 
^=90— 38'5=5r5 mm 
/fe«60 mm ; J?=7? 1 +</i-60+38'5-98 , 5 mm 
fr ^^+^60+90=150 ; 7^*1+30=90 mm 
* 4 -R 1 +30+40«=60+30+40*--130 mm 

From Eq. 17 27, 

| -S{ 60 ^-t +201Ofe "^ +401Og ^}" 1 
I;; -=0*0837. 

The bending stress at any point is given by Eq. 17*27, 



1+ m ^R+7] 



^ M=a _ P x / (here /=R=98*5 mm) 

i»x98*5 fixJ x 

■ * 3"400X98*5"L 0-0857 98*5+y J 

Lr 1+ . ir ^ 1 ».(D 

3400 L 98'5+y J 
Maximum bending stress occurs at 
y==— 38*5 mm 

P f r H-95X38-5 1 + ^P_ _ (2) 
(/bW^-^^jL 95*5-38'5 J 510 

Also, /q— 



A 3400 

/m a£ c=(/&)»i<iir+/o~ + 3400 443*5 
But this is not to exceed the permissible stress of 120 N/mm s 

OT p=120x443-5-=53217 N. 
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Max. compressive stress occurs at y—d 2 =5\'5 mm 
i> 1- 11*95x51-5 -1, i> 
7 3400 L 98'5 + 51*5 j 3400 
__ 53217 11 95X51*5 
~ 3400 X 98*5+51 5 
—64*2 N/rnm 2 (comp.). 
17*7. STRESSES IN RING SUBJECTED TO CONCENTRATED 
LOAD 




Fig. 17*14. Stresses in a closed ring. 
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Consider a ring subjected to a pull (or push) through its centre, 
as shown in Fig. 17'14 (a). At any radial section, such as XX, it is 
subjected to a bending moment M t a radial shear F and a normal 
pull (or thrust) P. Fiom the condition of symmetry, the distribution 
of stress in two halves of ring will be the same. Due to symmetrical 
loading, it is evident that there will be no axial load in the ring at the 
loaded points A and B. Cut the ring in two parts, through A and B, 
and fix the ends A and B. Each half of the ring carries loads of i P 
and moments M 0 at ends A and B [Fig. 17'14 (b)]. 

The problem of determining moment M at any section is 
statically indeterminate. The problem can approximately be solved 
by neglecting the effect of initial curvature in determining an expres- 
sion for the elastic rotation of any section in terms of the moment 
at the section. The error introduced due to this simplification is 
relatively small. However, while calculating the bending stress, after 
the bending moment has been found, the curvature has to be taken 
into account since it has significant effect on its value. If the method 
of strain energy is used in determining the value of Af 0 (and hence 
AO, the impact of the simplification is to neglect the strain energy 
due to thrust. A straight beam, subjected to transverse loading, is 
subjected to bending moment and shearing force at any section and 
the strain energy at any point is predominantly due to bending. A 
section of a curved beam, however, has strain energy due to both 
bending as well as thrust. By considering, for the purposes of 
determining M and M Q , the beam to be straight, we indirectly neglect 
the effect of thrust in the expression the strain energy. 

Consider a section XX, such that the radius OX makes an angle 
6 with OA. The section XX is subjected to a bending moment M 
given by 

M=M Q -~l P (R sin $) ...(17*35) 
where -R= radius of thei\centre line of the ring. 

In addition to this, the section is subjected to a shearing force 

P P 
of magnitude — cos 6, and a direct pull — sin $. The most 

important stresses are those arising from bending and direct stress 
at the inner and outer edges of the ring at the sections where the 
bending moments and the direct stress reach their extreme value. 
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In order to find the value of M 9 , use the principle of minimum 
strain energy : 

dM 0 

Consider a small' element of length ds of the ring, subtending 
- *t angle d$ at the centre. 

1 j 



Mo T eT* 



8M 0 Jo EI BM 0 ' 

But M—Mq—\PR sin 6 ; ds=Rdd 

BM 



" JHo (^o-f^sin^=0 

f .\ {m$-~\pr cos e Y 0 « i 

( or *f 0 = — =0-318 PR ,..(17 36) 

} Substituting the value of M 0 in Eq. 17*35, we get 

i ' m==-*~^--y PR sin e=PR {^~~Y sin 

| ,..(17'37) 

] It should be noted that the moment M„ is positive, since it 

i reduces the radius of curvature. At the section CC, 

when , we have 

I M=PR (-i— t)=~ °' mPR ...(17-38) 

g; The bending moment at CC is, therefore, negative. The 

; v bending moment is zero at a section given by 



M=0=PR^ - ~~ sin 9 ) 



or sin 0=— .417-39 (a)] 

Tt 



or 0=>ZT5° 
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■ The complete B.M. diagram is shown in Fig. 17*14. Knowing 
A/the bending stress at any point can be determined by Eq, 1T12. 

J The stress at any point will be equal to the algebraic sum of the 
stress due to direct pull I P sin 0 and the bending stress f b . 

\«* , , P sin 0 , M f . . J__ y \ 

...(17*40) 

Let (/^distance of the extreme inside edge of the cross- 

section from the centre line, 
distance of the extreme outside edge [Fig. 
1714 («)]. 

* (a) At the intrados of any section, y——d t 

y . r ^ .Psing M ( .... L rf t \ ( lr41 ) 

whke M^i^-^-— y- sin $ j 
iV At 5=0, Eq. 17 41 reduces to 

■V 7Ci4i? A m R-dJ "kA. \ m Jl-dk / 

f ...[1742(a)] 

r Id 

[ Since D 1 , is always greater than 1, the above expression 

fft K—<*x 

is negative. Hence the maximum compressive stress, given by the 
abdve equation at 0=0, is 

- Similarly, at 0= -y , Eq. 17 41 reduces to 



P PR 
/'-T3+- 



(J 2_)f . 1 . rf» \ 

. P 0*182 Pi? / 1 rf, \ 
■ , /> 0182P / . 1 t/x \ , ... 

or ^-27— — I - (I743) 

•" It can be seen that/* given by Eq. 17'43 has both the terms 

positive (~- ^^ ->1 ^, and hence /i-at is tensile. 

" ■-"■-■Thus, the stress at the intrados changes from a compressive 
TaSue at 0=0 to a tensile value at 0=^/2. 
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(b) At the extrados of any section, v— +<4 

P sine ,JL( 1+ _L -A-j-} ...(17-44) 
2A + AR\ T --m R+d t J 

where M=PR ( ^ — y sm fl) 

At 0=0, the above expression reduces to 

This is wholly tensile. 
At 0=tt/2, Eq. 17*44 reduces to 



;..(17'45) 




mVki - (l7 ' 46) 

This will be evidently compressive, since the second term of 
R.H.S. (*.<?. bending stress) is always more than the first term. 

The absolute maximum tensile stress anywhere in the ring 
may be given either by Eq. 17*43 or Eq. 17*44 or Eq. 17 45. For a 
ring whose mean radius/? is large compared to the dimensions of 
cross-section, Eq. 1?'43 gives the greatest tensile stress, where if R is 
small, owing to greater curvature, greatest tension may be given by 
Eq 17 45 There is, however, a critical value of* at which the 
tensile stress given by Eqs. 17 43 and 17*45 are equal. 

Example 17*6, A closed ring of mean radius 120 mm is subjected 
toapull of 20kN the line of action of which passes . through its 
centre The ring is circular in cross-section with a radius equal to 
40 mm. Find the maximum value of tensile and compressive stresses 
in the ring. 

Solution. (Fig. 1714) n 
The factor m for a circular section is $iven by Eq. 17*25 ( a) 

— >« (f Mt )V(f ) - 

w — 1 +2(3) s ~2(3) V3 2 -! =0*02943 
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Alternatively, from Eq. 17*25 (6), 

1 1 =33 98^ 34 



m ~ 0 02943 
^^nr 8 =7c(40) s =5027 mm 2 , 
(fl) At 0—0, the stress at intrados is given by Eq. 17*25 (a), 

tzA V m y 

20000 r . 40 "I • a 

^15027)1 ^ 1_34 T20=40 J— 20 3 N/mm 3 

==20'3 N/mm 2 (compressive) ...(/) 
Tlie stress at extrados is given by Eq, 17*45, 

20000 r . 34X40 "1 
tc(5027)L + '120+40j 
= 12*03 N/mm 2 (tensile) .,.(#) 

(£) At ^— "^"» ^ stress at intrados is given by Eq. 17*43 

f = P 0182 P ( J__ rf, \ 
* 2v4 ^ V m -R-^i ) 

_ 20000 0*182 X 20000 f 34X40 1 
2X5027 5027 L 120-40 J 

= 1'99+U'59«13*58 N/mm a (tensile) ...(&*) 

The stress at the extrados is given by Eq. 17*46, 

f = p 0182 P f . , J ^_ "1 

7< 2A A L « *+<&J 

20000 0 182 X 20000 ^ 34X40 T 
2 x 5027 5027 L 120+40 J 
= l*99-6'88=-4*89 

=4'89 N/mm* (compressive) ...flv) 
From fl) to fly), we get 
Max. compressive stress— 20*3 N/mm 8 
Max. tensile stress —13*58 N/mm*. 
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17*8. STRESSES IN SIMPLE CHAIN LINKS 

Fig. I7'15 (a) shows a simple chain link, consisting of semi- 
circular ends and straight sides connecting them. The approximate 
theory of stress distribution for the case of rings can be extended to 
make an estimate of stress in a link. 




F«. 17-15 

Let #=mean radius of curvature of the circular portion 
£— length of the straight portion. 

Consider half portion the link, subjected to pull P/2 as shown 
in Fig. 17"15 (b). 

At any section XX, the bending moment M is given by 
Pi? 



M=M 0 - 



sin $ 



PR 



At BB, moment =» M x = Af 0 = ~ 



...(1) 
...(2) 



Now 



or 



U ~ 2 U 2EI +2 Jo ~1eT 



tv ■ t 
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ajv/„ 



Pit 



For circular portion, M=*Mo — sm ^ 



8Mq 



* f PR 

«Af 0 R *2 T~ " 



I, 



For the straight portion, M—Mv^M* 



PR 



* J'" 

/ Substituting in (3), we get 

' , :. aU-r+l)- a+2/0=o 

£+2* ...(17-47) 

^ Substituting in (1), the moment at any section in the curved 

liportion is given by 

1 • ] - a7 ' 48) 
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At 0=f y 



M M l — r [^X^-l J 



_PR 2R-tzR 

"TT^uT '..Arty 

(M 1 is evidently negative since 2R is lesser than nR) 

In addition to the moment Af, any section in the curved 

P 

portion is subjected to a pull of -y sin 0. this pull increases to a 
P 

value of — in the straight portion. 
Stresses in the curved portion 

The stress at any section is the algebraic sum of bending stress 
and the direct stress : 

■/-/.+/.--£ i+£ i&f) 

...(1750) 

(a) At the section AA, 0—0 
At the intrados, y—~d x . 

This is negative (f.e. compressive) since — J*. L . is always 
greater than 1. 

At the extrados, y= J rd l 

This is tensile. 

(b) At section BB, 0=nj2 (just at the junction of curved and 
straight portion). 

/. f=-?-+ p f L + 2R » T 14. 1 y 1 

J 2A^2AlL+xR l ± l± m~R+iJ 
24 ^ 2A L JL w R-t-y J 



640 



STRENGTH OF MATERIALS AND THEORY OF STRUCTURES 



JL P R Y *-2- Tn-— - y 1 ...(17-54) 
" 2R ~" 24 L JL « J 

At the intrados, y= — di 

• ,=JI— ™[-*=*-T i-± -jArl ...(17*55) 
fi 2A 24 L L+nR JL ^ J 

This is tensile, since both the terms of the R.H.S. will finally 

come out to be positive. 

At the extrados, y= +d 2 

" /b 2* 2AIL+*rX m *+*J. 
Stresses in the straight portlaii 

' 24 / ' 



= jl i ^r^— i 

24 ~2fL J 



^j—i&r i=?-ly" ...(ir57) 

24 2/ LX-hP* J^ • 
At the intrados y——d x 

- ,>JL + *£f V ...(1758) 

*' /,£ 24 21 LL+nR J" 1 

This is tensile. 

At the extrados, y— +d 2 

■ /-JL-Jgf V 2 ~U ..-(17'59) 
** /e 24 21 LL+xR J * 

Example 17 7. A simple link shown in Fig. IV 15 consists of 
a semi-circular ends of mean radius of curvature 80 mm and the length 
of straight sides also equal to 80 mm. The radius of circular cross- 
section of the link is 40 mm. Estimate the stresses in the link when 
a pull of 100 kN is applied at the ends. 

Solution. 

^=^=^(40)2=5027 mm 2 

i-S -« 

"=4a)H(i)' + <Mi)' + =»'»"= 

.*. _L = 13*97^14; 7^80 mm ; /i=80 mm. 

m 
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(a) Section AA 

Stress at intrados is given by Eq. 17'52, 
P r L+2R J I 
Jt 2A\ L+tzR JL m R+diJ 
_ 100000 [" 80+160 T , 14x40 1 

2 X 5027 L 80+80* Jt 80-40 J~ 93 7 
=93*7 N/mm 8 (compressive) 
The stress at extrados is given by Eq. 17 52 

Je 2A L L+nR JL m R-d, J 

100000 f 80+160 ~f , u 40 I 
= 2X5027 L 80+80tt X 80+40 J 
=408 N/mm 2 . 
(b) Section BB (curved portion) 

Stress at the intrados is given by Eq. 17*55, 

p pr r «-2 T i d 1 i 

Ji 2A 1>AL L+nR JL m R+di J 

' 100000 _ 100000X80 r n-2 T ,14X401 
2x5027 2X5027 L 80+80* X 80-40 J 
-=9-96+3564 
=45 60 N/mm 2 (tensile) 
Stress at fee extrados is given by Fig. 17*56, 

/e 2jt 24 L JL m J?+<*, J 

looooo loooooxso r TC -2 T . . 14x40 "| 

"2X5027 2X5027 L80+80tc Jl 80+40 J 

=9*96-15* 54=-5'58 
=5*58 N/mm s (compressive). 

(c) Straight Portion 

The stress at the intrados is given by Eq. 17 58, 

' p , p& Ti-2 1 . 

^ir+^LT+^rJ* 1 

5. r *=JL (40)*»2-01 x 10* mm 2 
4 4 

looooo iooooo(80) s r t.-i 1 

2X5027+ 2X2*01 X 10 s L 80+80* J 
9*96+21-94=3I*9 N/mm a (tensile) 



Here /= 
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The stress at the extrados is given by Eq. 17*59, 

p pjer ^-i ~] d 

Since rfi==rf 2 =40 mm 

/ e =9*96-2r94=-ir98 
=11*98 N/mm 3 (compressive) 
Hence the maximum tensile stress in the link is 45 6 N/mm* 
just at the junction of the curved and straight portion, wiiile the 
maximum compressive stress is 93*7 N/mm 2 . 

PROBLEMS 

1. A curved beam, whose centre line is a circular arc of radius 
60 mm, is formed of a tube of radius 20 mm outside and thicknest 



I 



b 2 ?, Omm 



to 



F* 17-16 




H~40mm 
K30mm 



|-»-30mm -*~t 

EL - c - 




10 kN 



Fig. 17*17 
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2*5 mm. Determine the greatest tensile and compressive stresses 
set up by a bending moment of 200 kN/mm tending to increase the 
curvature. 

2. Fig. I T 16 shows the normal section of a curved beam. 
Find the dimension b x and b 3 so that the maximum and minimum 
stresses developed in the section due to pure bending are numerically 
equal. Given : 6--f ^=50 mm. 

3. Calculate the greatest tensile and compressive stresses in the 
hook shown in Fig. 17' 17. if it carries a load P=\Q kN. 

4. A ring with a mean radius of curvature of 25 mm is 
subjected to a load of 2000 N as shown in Fig. 17'18. The ring is 
made of circular section of 10 mm radius. Calculate the circum- 
ferential stress on the inside of the fibre of the ring at A and at B. 

2kN 




Fig. 17*18 

ANSWERS 

1. 65*6 N/mm 2 ; -91 6 N/mm 2 . 

2. ^=36*7 mm ; 6»=13*3 mm. 

3. 1 84 2 N/mm- ; -99 N/mm* 

4. /a— 19*9N/mm a , 
/b=29'1 N/mm*. 
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Stresses Due to Rotation 

18* 1. ROTATING RING OR WHEEL RIM 

Stresses are set up in circular rings, wheel rims, circular discs 
and cylinders, etc. on account of rotation about their axis of sym- 
metry. The analysis of the stresses set up in a rotating member 
such'a pulleys, fly wheels etc. can be made on the basis of certain 
simplified assumptions. We shall take first the case of a thin ring 
rotating about an axis through its centre of gravity and perpendi- 
cular to its central plane. 




(a) 



Fig. 18-1. Rotating Ring. 

Let r be the mean radius of the ring. The rotation will cause 
hoop stress (hoop tension) in it, due to its inertia. Assuming the 
cross-sectional dimensions to be small compared to the radius, the 
hoop tension will be nearly uniform. 

X^et o)=Angular velocity in radians. 

v=!inear velocity. 

M= JL ...(18-0 

r 
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~ . Every point on the rim will have a radial inward acceleration 

equal to ot or equal to — -. This inward radial acceleration will 

? give rise so inward radial force, known as centripetal force. The 
centripetal force is resisted by an equal and oppsite force P, known 
as centrifugal force, produced due to inertia of the ring. This centric 
fugal force acts like an internal pressure in a thin cylinder trying to 
trorst it out into two halves. 

; - : Consider an element ABCD, subtending an angle §0 at the 

centre. Then the centrifugal force BP on the elementary volume 
I ABCD is 

*• .• SP=massXacceleration 

c^herc^ p— unit weight of material 
| acceleration due to gravity 

£ /= length of ring 

1 ^thickness of ring. 
T Let the ring burst about XX. 

. Component of force perpendicular to XX, trying to burst it 

=*~lt v*d9 . sin B. 



Total force - [" 1 1 v* $m 0 d9 
}0 g 



? v f cos ^J ...<U 

Let /=hoop stress (tensile) produced in the ring to resist this 
bursting action. 

Then total resisting force-stressX total resisting area " Vv 

=A2 1 1) ...(2) 
; Equating (1) and (2), we get 

;. A2r/)--^/rv a 
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Thus, the stress induced is independent of the thickness of the 
ring, and wholly depends upon the velocity. Hence increasing the 
section of puleys. flywheels, etc. does not decrease t- stress. 

. For a rim ofa given material W\*.. given permissible value of 
(/a), the limiting velocity is given by 

v-.'A* - U8 ' 3) 

'v p 

where /^allowable slress. 

For pulleys and wheel rims made of cas, iron, the J^^peed 
is in the vicinity of 27 m/sec. Strong wheel nms. 
and wound round with high tensifc steel w>re, may hase l.m.tmg speed 
as high as 80 m/scc. 

Exumple 181. The rUn of a steel fiy^ecl I « dieter and 
200 mm J- * rowing 2400 reruns per mm£ 
hoop stress deu>i,ped. Hi) shrinkage in the wM of the rim.ana 
extension of the circumference due to rotation. 
" What wM be the speed in R.P.M. at which the rim will burst I 
fake £=2xJ0 5 Nlmm 2 . 

Poissons ratio = "j 
Ultimate stress for steel=400 Nlmm* 
Unit weight of steel -7*5*10* Nlmm* (75*5 fc.V/m 3 ). 

Solution. 

2 X 2400 =8Q w radians/sec. 
W 60 60 

/- i ^ J TSir 1 < 80 * )8 (500)S 

=126*4 N/mm*. 
(//) In the above treatment, the effect of radial stress is neglec- 
ed. Hence 

_ i » * / - J- X J^_- ft. 

Lateral strain = — S5r"-~ s 3 2X105 

=—2*1 x 10" 4 {i.e. compressive) 

chanee in width 
But lateral strain - original width " 

/. Change in width=2*l X 10~ 4 X200 mm 
=0*042 mm. 
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(Hi) Circumferential strains =-^r = =6*32X10 4 



or 



E~ 2X10 5 

i^^M^e^xio- 4 

Bd d 

-&2=(6'32x 10" 4 )(tiX 1000) mm 
=1'98 mm. 



Let N be the speed in r.p.m. 

400 ( N 



Then 



126*4 



PM 2 

V 2400 / 



A/-2400 



I 400 



18*2. 



126*4 
=4270 r.p.m. 

ROTATING DISC 
Let us take the case of a circular disc rotating about its axis. 
It is assumed that the disc is of uniform thickness and that the thick- 
ness is so small compared with its diameter that there is no variation 
of stress along the thickness. At the free flat surfaces there can be no 
itrcss normal to these faces and there can be no shear stress on or 
perpendicular to these faces. Thus the direction of axis is the direc- 
tion of zero principal stress. The displacement of any point due to 
strain must be radial. The radial and circumferential stresses, there- 
fore, represent the principal stresses. 




T 

1 




to) 

Fig. 18-2. Rotating disc. 

Consider an element ABCD of the disc, at a radius x, subtend- 
ing an angle d$ at the centre, and of radial width dx. Volume of 
element^* .d$ . dx .t (approx.). 



Mass of element=-^- . x . dx . dO . t 
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.', Centrifugal force on it, due to rotation is 

P=mass X acceleration 

J?-xdx.dO,t)Ux) 
\ g At 

x 2 t**t dx de -ft) 

8 

Let /?x=radial stress at radius x 

/?x+drpx=radial stress at radius (x rdx) 
pv= circumferential stress at radius .v. 

Resolving the forces along the centre line of the element, we get 
for the equilibrium, 

P x.xd0U-(px+dpx)ix+dx)d9.t+2pY.dx.t sin -^f 

Taking sin , substituting the value of P from U) and 

neglecting infinitesimal quantities of higher order, we get 

~pxJx.dO-xJeJpx+prdxde-^x z <**dxdG=>0 

a 

P s , _i_ xdpx (2) 



or 



_ P /v 2 Y 2j__i. ( XDx ) ...(2a) 
or T <fic W 

_ i2Lxi_ u M ..-(3) 
and pv-px =X -J^+ g " x 

The other relation between andj* can be obtained by the 
considerations of strains. 

L et u = radial displacement of radius OA 

(i.e. x increased to x+u) 

«+<fo-radial displacement of radius OD 
(i.e. width dx increased.to dx+du) 
:. Circumferential strain at x 

But this is equal to —j[~~^ E 

u p\ _gx_ ...0*) 
x ~~ E mF. 
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Also, Radial strain at x 

(d x+du)-dx du 

But this is equal to ^ — — 

du px _L ( 5 > 

dx~ E~ m E ' * W 



From (4), «~f-( /*- 
Differentiating, 



du_ 
dx 



or 



1 / px \ ,£f*y. L^-l 

m J + £ L m dx J 

Substituting this value of ~ in (5), we get 

T\ P*"'™ r~E l dx~m dxj E m E 

Substituting the value of py— px from (3), we get 

l*ir + 7^ Jl~i^] + * dx m dx 0 

^T+T m+1 * d* x+l dx 

* dx I m+1 J + m+l dx ^ g 

dpx dp? . _g*±l 2^_=o 
dx ' <*x + m g 

ffc + m g 
Integrating it, we get 

(pk+oy)-!- ~o> a -£=constant=24 (say) -..(6) 

r ^ 7 m g 2 

^- ...(7) 

p*=2A-px - g 2 



or 



or 
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; Substituting this value of pv in Eq. (3), 

m+1 P" 2 X 2 dpK , P 2 _-2 

2px + x -2^_— — r — y x" . 
or ■ 2*. -%-=U X - ~^ r ) 



or 



dx 2m g 

I Integrating, 

f: -$r 7- a- +b 

where 5 is another constant of integration. 

Substituting the value of px in (7), we get 

: ^_^±e^^_4 ... (9) 

8/W g 

To summarise we get the following expression for px and pv 
(from 8 and 9) : 

— ^r~y x2 ."(18-5) 

- The constants A and 5 are to be evaluated from the various 
cases of boundary conditions. We will take the following common 
cases : 

(1) Disc with a central hole 
(/(I Solid disc. 
18*3. DISC WITH A CENTRAL HOLE 

Let us take a hollow disc, i.e., disc with a central hole wit h 
internal radius R t and externa! radius.*, as shown in Fig. 18*2. 
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The boundary conditions are as as follows : 
At x*=R u px=0 

At x=R 2 , /*x=0 

Substituting these in Eq. 18*4, we get 



2 



*3*±L s£tf ...(2) 



and u ~ y4i " R* %m 



or 



Subtracting (1) from (2), we get 



%m g 

Substituting this in (1), we get 

3m±l P**l V+ i5±. 1 JSiLjtf 
A 8« g 8w «■ 

^3>p±&L iRi ^ K ^ ...(187) 
8m g 

Substituting the values of A and 5 in Eq. 18*4, we get 
ML^rtii^ 3m+l _p»V *W 3ffi_±l pa« , 

^"Sm" — C«i+^)- 8m g 8i» g 

...(18*8) 

Similarly, substituting the values of A and £ in Eq. 18 5, 
we get 

_ __ 3w+l pa 1 f _, , , 3m-H po> a J frW m+3 P6> a a 
^ 5TT (Rl+JJa)+ 1^ '> ** " 8* £ 

or ^-^[* (3m+l)(i?i a +i?^+(3m4:l) -^^-( m +3V ] 

...(18*10) 

For getting maximum value of px, 

<*jc 8m g I J 

or ...(1811) 
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Substituting this value of x in Eq. 18*9 } 



1 i tv 2 RlR^_ p l> ^ 



8m g 



...(18*12) 



Inspection of Eq. 1810 shows that py goes on increasing as x 
decreases and hence py is maximum at x-Rl 

. , * = _P^_r3(w+l)Ci?i 2 +^ 2 )+(3w-f DBS-lm+MS ] 

~"4msl_ J 
The variations px and pv with * are shown in Fig. 18*3. 

Py. 




min. 



DISTANCE X 



Fig. 18*3. Variations ofp* and j**in a hollow disc. 
If is very small so that i?i s is negligible as compared to R t \ 
we get 



(3 m+l)po z - s 




This is double the value of ^y)* 



...(18'14) 



jmax for a solid disc (see 
Eq. 18'19). Hence even a small kolelhthe disc doubles the value of 
maximum hoop tension. 



Also, when Ri approaches J? 2 , such that 
Rx^Rt^Ri we get 



4mg g 
which is the same as Eq, 26*2 obtained for the case of a ring. 



...(18*15) 
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18*4. SOLID DISC 

Let the solid disc have radius equal to R. 
Then R z =R;Ri=0. 

At x— 0,px is having some finite value. But if x=0 is substi- 
tuted in Eq. 18*4, it gives infinite value of px. This suggests that the 
constant B=Q, in Eq. 18 4. 

Also, at x—R 9 px— 0 

8m jf 



8m g 



...(18*16) 



Substituting these values of A and B, Eqs. 18'4 and 18*5, we get 



px 



_ 3m+l po 8 . 

8m g 

_ 3m4- l pea* 

8m g- 



3m +1 pw J 



3m 
(R 2 -x*) 



S 



and 



_ 3m-H f*> 2 _ 3 m-1-3 po 2 . 
8m T 8m * * 



pM" 



£(3m+l) * 2 -(m-f3)x a J 



8mg 

By inspection, px and py are maximum at a=0 

(px) m a* • = (pv) m a« • — " 

Also at Jt=i? 



(3m + l)po> a ^ a 



8mg 



^=^[ (3m+, -'"- 3)/?! } 



j m— l)p&> 2 
4mg 



...(1817) 

...(18*18) 
...08*19) 
tf a ...(18*20) 



The variations of px and py are shown in Fig. 18'4. 




DISTANCE »- 

Fig. 18*4. Variations ofpx and Py ' 1 - n a solid disc. 
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!g 5. PERMISSIBLE SPEED OF A SOLID DISC 

From Eq. 18' 19 the maximum value of /* and py is given by 

We shall now apply various theories of failure to find the 
oermissible speed «. For the treatment that follows, ( P v )«. and 
El will be designated by and p* respectively, for snapLctty. 

(1) Maximum principal stress theory 

ut /-simple direct stress at elastic failure 

s (3m-r-l)p»* ^s< / 

8wg ^. 



! From which the maximum speed is given by 



JL / Smg/ ...(18*21) 
* V (3m4-i)p 



(2) Maximum principal strain theory 

t But pY=i>x 

' ■•■ A , -^) </ 

(3m-H)pcaW m— 1 <f 
or 8wg- " m 



t, -J2L i__§SL— ...(18*22) 
From which «- ^ ^ ( 3m +lX™~ = 07 

(3) Maximum shear stress theory 

8 mg ^ 

u*u 1 / 8wg/ _ ...(18 23) 

From which w = T y on-ife 

(4) Maximum strain energy theory 

But pK=PV 
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... /a>2 ^( 1 _X) == A. pAm _ 1) 

** * L 8mg J 1 ^ 

From which .-[^ J J 2 ^J'* ...( lg . 24) 

(5) Maximum shear strain energy theory 

But px—py 
/*</ 

Smg ^ J 



From which *>--^V (3 ^+ 1)p ...(18*25) 

It is to be noted that Eqs. 18*21, 18*23 and 18*25 give the same 
value of a. 

Example 18*2. A flat steel disc of uniform thickness and of 1 m 
diameter rotates at 2400 r. p.m. Determine the intensities of principcU 
stresses. 

Take p=*7'85X lO~ 5 Njmn? andm=3. 
Solution. 

The intensities of radial and hoop stresses are given by 
Eqs. 1S'4 and 18 5. 

_ B 3«t+l P<el , a> 

Since px cannot have infinite value at x=0, we get 5=0. 
Also, at x ?=R t px=0 

8m g 
8m g 

Here m=3 ; g=9810 mm/sec* ; p—7*85 x 10 -5 N/mm* 

2nN 2* 2400 oa ... , 
<o = — = — — =80*— 251 radians/sec 
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3m+l 12S3±i 1^^(251)^0-21x10-' 

••• g = 8X3 ■ 9810 

^=0-21Xl0- 3 (500)==52 , 5 
^0, ^g'-M 9810 



..(3) 
...C4) 



.(5) 



...(6) 
...(7) 



• i 



Substituting the vdues in (1) and (2), «e get 
^-52-5-0-21 xlOf «» 
P v=52 , S-O-126Xl0r , x» 

At*-©. px=Pv=5r5 N/mm 2 

AtX=R=5 ^ls2-5-0-21Xl0-(500)*=0 
d ^=52-5-0-126Xl0-'(500)' | 

*"Ksr 1 

200 mm Sameter. 



Solution. 

The stress intensities are given by^ 



and 



ItM — 

_j? m+3 £^ x 2 

Py=^— ^ 8m g 

, » 3 • m±3 jP^^o'^xlO -3 from 

3m+j P*L ^o^lxlO^and -gjj- g 



.(0; 
X2X 



the previous example- 

At x= 100 mm, px=0 

10000 X+B=0'2tX 10 s 



...(3) 



or 



Also, at 



x=500,px=0 

B _ 
250000 

-500O0+fi=13r25Xl0 s 



. .4.—^ 0"2l X10- 3 (250000) 
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From (3) and (4), we get 

^54'eand J=52"5xl0 1 

Hence the stresses are given by 
52'5 x 10 4 
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and 



/*=54*6- 
Py=54"6- 



52*5x10* 



0*21 x lO" 3 x* 



-O^lxlO" 3 ^ 



...(5) 
...(6) 



At JC-100, ) -54-6+52 5-2-1 

\ /mace 

-105 N/mm 2 

52*5 x 10 4 



At x=500, py=54*6+ 



0 21 XKT 3 (250000) 



250000 

=54*6+2'l--52'5=4 '2 N/mm 2 
pxis maximum at x=V*A= VlOOX56o-223*6 mm. 
(px) _^54-6-^!^-0-21 x 10- (223*6)* 



(223*6)* 

=5*46— 10*5— 10'5=33'6 N/mm 2 . 

18*6. DISC OF UNIFORM STRENGTH 

A disc of uniform strength is the one in which the values of 
radial and circumferential stresses are equal in magnitude for all 
values x. This suggests that the disc of uniform strength must have 
a varying thickness, such as shown in Fig. 18 5. 




D y c 



lb) 

Fig. 18*5. Disc of uniform strength. 
Let z=thickness at a radial distance x. 
Consider an element ABCD as before. 
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f; Centrifugal force = P=(f x dx d0 ^)*>* x 
v Resolving the forces radially, we get 

. . dtf i>—(\ 

Takings* substituting the value of P from (1) and 

Electing infinitesimal quantities of higher order, we get 

! let /7x=^y=p (constant) 



ior 

i 



*V z+pz+px ^ 

dx. .g P 

dz_ + A. ^L- x dx=0 
z g P 

f*> 8 ^_ . 1 • ^ 

Integrating, log* 2=- ^ 2 
where log. X is a constant of integration. 
At x-=0, z=Zo 

lOge^^O+lOge^O 

Substituting in (2), we get 
or log < * gp 2 

z 0 

:-:.e-& X ' . "< I8 ' 27 > 
Eq. 18"27 gives the variation of thickness z. 
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18 7. ROTATING CYLINDER 

A cylinder may be defined as a disc of large thickness. Thus 
the thickness /corresponds to the length of the cylinder. Let us 
assume that the length of the axis is great compared to the radius. 
We shall confine oursel ves to the stresses about the region of the 
central circular section perpendicular to the axis of the cylinder. 
It is further assumed that the plane sections of the cylinder, when 
stationary, remain plane even during rotation, Le. the axial strain ex 
is constant and is independent of x. Let the direction of x be along 
a radius, direction of : be along the axis and the direction y be 
perpendicular to the two. Let p x , p* and p z be the normal stresses 
m^^andz directions respectively. If we take an element ABCD 
(Fig. 18*2) of thickness dz, at the centre of the cylinder axis, there 
will be no shear stress due to symmetry. Hence the stresses px, p* 
and pz are the principle stresses. 

As in Eq. 2 of § 18*2 the equation for the forces acting radially 
will be 

*-f**=p*+*ii- ...a) 

Also, as before, <>x=— and 

dx _v 

Hence we have 

Radia. strain, * = J_( px _ P*±P*) (J) 

Circumferential strain, 

-=i=M ... (3) 

, Axial strain-, <*=\{ pz ~^~ ) «-W 

If it is assumed that plane sections remain plane, e z is constant 
respect to *. From (4), 



Pz= 



= —JT L+E ^ -(5) 



<** ml dx + dx J - (6) 
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Now, from (3), 

or o*-*) ( i+D^L-ar- »^ * <** ;J 

Substituting the va.ue 0 f$-«,we g et 

Jfef t-J-V-L-^-l - (7) 

Hence -r dx - g m-1 

Integrating, ^ 

, _ .PHI . -EL- 4- +2/1 

where ^constant of integration.^ ^ ^ ^ 
Also, from (1), px-p* = ~ j <°- x ~ x 
Adding this to (8), we get 



STRESSES DUE TO ROTATION 



661 



2^+*= ^-«2^ 



p oV , r 3m-2 1 
1) J 



£ L 

Integrating, 

* , .2 p <o 2 x 4 / 3m— 2 \ , D 



B pea 1 



Substituting this in (8), we get 



x 2 ( 3m-2 \ 



...(9) 



px 



__ . 5 paV m+2 

x 2 " 8g m-1 



po a a 8 / 3m— 2 
8g \m 



fa 

...(10) 



i To summarize, the values of px, py and pz are given by the 
JfoHowing equations : 



-IS f. 1^ 
* and 



Pz 







r 3m-2 \ 


...(1828) 


8* \ 


, m-1 J 




8? < 


f m+2 \ 
< m-1 I 


...(18-291 


pX+pT 

m 


+£<?z 




...(18'30) 



"I- ' Thus, to find the values of px, pY and pz we have to first 
' determine the constants A, B and £ e Zi depending upon the boundaiy 
conditions. Two cases will be considered : (1) hollow cylinder, 
. ; (21 solid cylinder. 

4' 18*8. HOLLOW CYLINDER 

Let i?x«= internal radius 

J? s — external radius of the hollow cylinder. 

Boundary conditions are : 

px— 0 at x—R\ and also at x—R% 

V-.- Substituting these in Eq. 18*28, we get 

B 



A+ 



Ri 1 



po^x* / 3m-2 \_ 0 
Sg \ m-1 } 



md 



Substituting (2) from (1), 

n f 1 1 -3m- 2 ^ „ 2 „ 5 \ 



...(0 

...a) 
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& . *&ZL R * R * ...[18-31 (a)] 

Substituting this value of i? in (1), we get 

8T ■ *,--t R "- + sg m-i 

,__£^ larif *,«+*,») ...[mi (M] 

°.r. j4_ 8g ' fe-i V 

f Substituting the values of A and B in Eq. 18 28, we get 

•ft ^ 8gL i fL ■ 

S Similarly, substituting the values of j4 and £ in Eq. W32, we 

r . , tfpx. _ ft T u; s myes, from Eq. 18 32, 

% For maximum value of px, -j£ — in s 

>. • ^ t,_ ...(18*34* 

t : /. ( ^ ) -if J[^+^^A-^ J 

-4sC-~" V max o * 

V „ 8g \ {iS J 

# By inspection of Eq. 1W3, /* will be maximum at minimum 

%lue of x, f.c. at x^Rv 

■fc 0m -i) R *+(m-2)Ri 2 1 .-(18-36) 
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After having known the values ofpy and px, let us now compute 
the axial stress pz from Eq. 18*30 in which the constant Eez is still to 
be computed. 




Fig. 18-6 

Consider a hollow cylinder of internal radius H x and external 
radius R z . Take an elementary ring of radius x and thickness dx as 
shown in Fig. 18'6. 

Axial force on elementary ring=2Tcx dx.pt 
.*. Total axial force =Fz= 1 „ 2-nxax.pz. 
Substituting the value of pz from Eq. 18*30, 

Substituting the value of;* and pz from Eqs. 18'28 and 18'29, 
we get 

^ A x* W\m-l )fj 

\*; iXdx [ ^ z+ xj 2 ^_^ f)X( 3 m „ 2+w+2) }] 

• A ^JJ^ te+ i{. M .g^J] ...(18-37) 
In the case of free ends, total axial force is equal to zero. 

Ji?i m )Ri 2g{m—\) 
r 'net P"'** 7» Q 
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••• a-iifer (* ,+ * r * 

Substituting the value of A from Eq. 26 31 (6), 



pea 



Su^titlm^ values of ^q. 18'38),px (Eq. 18'32) and 
pv(Eq. 18-33) in Eq. 18-30, we get 

P*±£L +Eez 
V 7 - m 



m 



2gm 



po> a 



2?m 



J" 3m-2 



po> 2 



'~ J-^-l>' 

= 2g(m-l) L 2 J 
By inspection, pz > maximum at x=*v 

/ N pu!__r«£=^l- ,..(18'40) 

•-• ^ ) m „r2g(m-l)l 2 J 

18 9. SOLID CYLINDER (^=0) ^ 

18-30 respectively. At x-0, these giv 
„ z Since the stresses are finite, W e get B-0 _ 
^ 1 f ^ wea Dolv the condition that at 

To get the value of A, we appiy uw 

(say)- 

Hence from Eq« 18*28, 
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Substituting this in Eq. 18*28 

P<o a R* ( 3m-2_V_ po* / 3ffl-2 ^ 
/7x ~ 8g V m-1 y 8 ? V m-1 / 

^jg^ # Jm^U^ ^ ^ ...(18'42) 
8g m— 1 V / 
This will be evidently maximum at the centre of the cylinder. 
_ 3m -2 



e . r ...(18*43) 



Also, substituting the value of A in Eq. 18'29, we get 
_ Po> 2 g 2 _/'_3m-2 \_ p«V / w+2 \ 
~8i~V m-1 j 8* j 

= 8i^)[ ( ^- 2) ^- (w+2) ^" (18 ' 4 ^ 



8g(m 

This is maximum at x— 0 

_ prfR* 3m— 2 



...(18-45) 



8gr * m-1 
Thus at the centre of the cylinder, py— px. 
To get the value of pz, consider the axial force on an element 
taryring of radius x and thickness dx (Fig. 18*6). We have, similar 

to ^ 2 !sf'.4^ + i(2,-^)>o 

••• -f+^-1^1)- 

P 6> 2 /? 2 2,4 

Substituting the value of A from Eq. 18*41, 

peg'** po> 2 ^ / 3m-2 ~\ 

ez 4fi(m-i) 4gm \ m-l ) 
_ p<o 2 K g T t 3m-2 I 
4g(m-l)L m J 

^-^^l ...(18*46) 
2gm 

Substituting the value of Eez (Eq. 18*46), px (Eq. 18*42) and 
pr (Eq. 18*43) in Eq. 18'30, we get 



2$m 
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f 2m?L4(w -° l 1 -...(1847) 

S This is maximum at *=0 

l- / \ _ p^ 2 r 2(3m-2)* 8 ^ 1 

V " I pz L. 2^1 4(m-l) ^ J 

_ pu,*R 2 6m— 4— 4m-f-4 
r_ 2gm 4(m— 1) 

C ...(18-48) 

4g(m— 1) 

J| . PROBLEMS 

|v 1. Determine the hoop stress developed in the rim of a fly-:, 
vtieel, 600 mm diameter,! otating at 3000 revolutions per minute, 
the unit weight of the^materiai as 7'6 x 10 _s N/mm 3 . 

E 2, Determine the maximum radial and circumferential stresses 
inJa flat steel disc, 600 mml diameter, and uniform thickness, rotating 
atf3000 revolutions per minute. Take p=7^5XlO- s N/mm' and 

|- 3 solve problem 2, if there is a pin hole at the centre of the 
djsc. 

\ ,_ 4. Solve problem 2 if the disc is hollow having internal radius 

ejjial to 150 mm. 

5, A circular hollow disc of externa! radius R and internal 
radius of half the external revolves at a constant speed t> radians/sec. 
Find the expressions for maximum values of radial and circumferen-. 

t^l stresses. 

Answers 

• 1. 687 N/mm 2 

" 2, {px) m a«MpY) maa =29-5 N/mm 2 

< 3. (/*W=29-5 N/mm 2 ; (prW=59 N/mm 2 

4. 0>xW*=7*4 N/mm 2 ; OtyW-622 N/mm s 

fe, 5 (px) -^Om+lW*; 



19 



Vibrations and Critical Speeds 

19* 1. INTRODUCTION 

If a body, held in equilibrium by elastic constraints, is momen- 
tarily disturbed from its equilibrium position* it begins to vibrate. 
The nature of the vibration depends upon several factors such as 
inertia of the system, stiffness, elastic forces and the amount of 
disturbance. When the external forces displaces the body from its 
equilibrium position, work is done against the external elastic forces 
resisting deformation. This work is stored momentarily as the strain 
energy in constraints. When the external force is removed, the 
body tries to regain its original equilibrium position and thus 
changes the strain energy into kinetic energy. The body thus 
vibrates. If the external force does not take part in vibrations 
except for the initial momentary displacement, the vibrations arc 
called free or natural vibrations. The vibrations continue indefinitely. 
However, some fractional forces are always present which gradually 
damp the vibrations. If, however, the external disturbing force is 
periodically acting on the body, vibrations having the same frequency 
as that of the disturbing force will be set up. Such vibrations are 
called forced vibrations. 

The vibrations may further be classified as (i) linear and 
(//) angular or torsional. Linear vibrations are either longitudinal or 
transverse. 

19*2. LINEAR VIBRATIONS : SIMPLE HARMONIC MOTION 

Consider a point P moving along the circumference of a circle, 
with a constant angular velocity o (Fig. 19' 1). Consider a diameter 
XBofthe circle. Let C be the projection of point J* on the line 
AB. As the point P rotates, point C will oscillate or vibrate bet- 
ween A and B The motion of C along AB is called simple harmonic 
motion. 
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Tet r=radius of the circle 

*=OC=distance of the point C from O^D.s- 
placement of C. 

x— r cos ^ 




Fig 19-1. Simple Hannonic Motion. 
If Retime is measured from the instant when P is at B, $~<*t 
x~r cos <*>t 
v=: _^£.=ro> sin 

• • rt ideates that v increases as x decreases) 
(The minus sign indicates in* 

.-. Acceleration ^ ..,(191) 

° r ■ If'Z n t C is proportional to its distance or 

Thus acceleration of point C is pr P 
displacement from the mean position (fixed po 

From Eq. 19*1. , 

accelei^tion_of_C ; — 

^^iS^eWTofC^ 

or displacement \ * . 

* ^lofonecom^te'toandfro-vibrat.ontn 

seconds 

Then 01 



r 



or 



T= -^" =2lT \| acceleration ' 



/ 

...[19-3 tol 
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Number of complete vibrations, n, is given by 

n^jr P^ second ...119'4 (a)] 

If weight of the vibrating body 

Then force— mass X acceleration 

W 

= — x acceleration 
g 

forc e 

Let k=stiffness of the supports = a splaccmcnt 

force W_ acceleration _ W x ^ a 

*~ displacement ~~ g displacement g 



or 



_ f ...09*2} 

Hence T=-—-2*^ k g 

„-l_±J5- ».(19'4) 

If /incomplete vibrations (or revolutions) per minute 

„_. ft 30 HE! ...(19-5) 

19*3. LONGITUDINAL VIBRATIONS 

(a) HELICAL SPRING [Fig. 19"2 la)]. 

Consider a helical spring [Fig. Wt (a)} supporting a weights 
// lAe weight W is patted downwards momentarily by an amount x 
a lt d then released, it wilt Iwe simple harmonic motion. Let S be the 
extension of the spring due to the static of load W. 

W (/) 

Then stiffness 

Substituting this in Eq. 19*4, we get 



y n \ W 2ttV S 



Let k — stiffness in N/mra 

S=static extension in mm 
#=9810 mm/sec/sec. 



6W 
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1 f 9U0 \rm6 ^ J5"8 (per second**^ 



945^2 ^.946. vibrations/minute 



...[197(6)1 





EQUILIBRIUM. 
POSITION j 




(c ) SPRINGS IN PARALLEL 
1 (q> SINGLE SPRtNGi <b) SPRINGS IN SERIES 

Fig.19'2. Longitudinal vibrations of* helical spring. 

If however, the 'stiffiiesa k is expressed in lb/inch, 8 as the' 
extension in inches and^-32*2x 12 inch/sec/sec, we get 



rt r - 



W= _L ^2 2 2X12 =1^1 vibrations per second 



jy«60n= *^ R 8 - vibrations/minute 



...{19-7 (c)] 
...[19 7 GO] 



(6) COMPOUND SPRINGS 

(i) Springs in Series [Fig. 19*2 (&)] 
& Let two springs of stiffiiess Jti and k 2 be arranged in series, and 
Icarry a weight W at its end, as shown in Fig. 1 9 2 (b). Let 5 be the 
? extension of the system, due to the static load W. 
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W W 

Then T t + IT 

If k— resultant stiffness of the whole system, we have 

»-£ ...(«) 

Equating the two, we get 

1^1 1 ^ k x +k % 
k & ki k z ™" fcjAt 

Substituting this in Eq. 27*4, we get 



(ft*) Srrings in Parallel [Fig. 19*2 (c)] 

If the two springs are arranged in parallel, one end of each 
spring being fixed and the other end independently connected to a 
mass of weight W , each spring is deformed by* an amount 5. Hence 

ff^fciS+ftrf^ftCtt+fta) (/) 

where A, 8 is the restoring force for the first spring and £ 2 8 is the 
restoring force for the other spring. 

Also W=k% ...(,*/) 
where k is the stiffness of the composite system. 
Equating the two, we get 

k*=ki+k 2 
Substituting this in Eq. 19*4, we get 

Note. S=static deflection of the system under load W. 

;c=inittai displacement of the system to set it in simple 
harmonic vibrations. The value of n (or N) will be 
independent of the magnitude x. The value S 
(or 8 U Sj) directly depends upon the stiffness A: 
(or k u k t ). 
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( C ) ELASTIC ROD OF NEGLIGIBLE WEIGHT, LOADED 

AT THE ENDS ^ . . 

Consider an elastic rod of length L and uniform cro^ect^ 
area A subjected co the downward load W. Let ti>e we,ght of the 
rod be negligible in comparison to the weight W. _ 
If the weight Misgiven a displacement of x from 
the equilibrium position and then released, vibra- 
tions will be set up in the rod. 

Let p=restoring force 

From Hboke's law, L 



x AE 



or 



AEx 



But i»— mass'x acceleration 

Also, from Eq. 19"3.(a), 
4tc 2 a- 

Acceleration = — jT~ 

W 4t?x 
8 1 
Equating (i) and (if), we get 
AEx _W_ ^-X- 



Wj 



— i — i — 



L > 



Fig. 19*3 



or 



1 

r 2 



EAg 



or 



~ 4W- 2 

_i i IJ5 

If E is in N/mm a ; W is in N ; A is in mm 2 
and L is in mm, we get 



— 1 



■ 15 



...(19'8) 
#=9810 mm/sec 2 

...(199) 



" "2* Y_»X ' "~ 

^946 j#vibrations/min.- M..U910) 

If. however, E is in lb/in* ; IT is in lbs ; A is in- ; L is in inches 
and 12 in inch/sec^_____ 



and 



3T2xl2i4 



WL 



£v4 
WL 



...[19*9 (fl)] 
...[19'10 (a)]. 
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(b) EFFECT OF THE WEIGHT OF THE ROD 

Consider a rod of length U fixed at one end. 
The fixed end forms a node or stationary point. The 
-remainder of the rod has a longitudinal vibratory 
movement. 

Let v= velocity of the free end B. 

Velocity at a distance x from the fixed 

end 

v 

Consider a small length Bx of the rod. The 
kinetic energy of the length Sx will be 

__L P^S* ( V* V 
~2 g \ L ) 

•where p— unit weight of the rod. 

If ff^total weight of the rod, 



J 



Fig. 19-4 



At 



K.E. of %x length 



-L Ei. A * x ( vx V 

2 AL • g \ 



vx\ 



K.E. of the whole rod 

[ L Wjf ^ j 1 / Wtv 1 \ ....... 

Thus, the K.E. due to the weight of the rod is equal to i of the 
K.E. due to its weight considered to be concentrated at its end. Hence 
from Eq. 19*8, 



\__ I EAG 

If a weight W is also acting at the rod, we get 

1 / EAG 
7,1=5 2tc V (W+\WdL 



...(19*12) 



...(1913) 
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(c) NONUNIFORM ROD 



Let the rod consist of several parts of lengfts 
Let the roa cross . se ct.ons ^, A, 

I weigluV large enough' in company to 
t we5t o?X rod. be attached to its piace end^ 

Let % the static def.ect.on on d,s- 

j placement of each lengtl*. such that 

i -rS-i , _k-4— - ^-+ 



ft- 



15 



or 



W ~L 



* 



W 



A 



SufetitutingthJsfcEq/^'^^eget 



i l- f 



Eg 



-per second 



A2 



...(19*14) A 3 



L 2 



...(19-15) Fig. 19-5 



1M TRANSVERSA VIBRATIONS 

* ♦« fcave transverse vibrations when all toe 

v TAin at THE END OF A LIGH1 

(a) CONCENTRATED LOAD AL in 

CANTILEVER 



z 



16 



Fig. 19'6 

Consider a cantilever ^ of length L, subjected to a point load 
r ^system is given an 

!Ltion of W, the system will be subjected to transverse 
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WL* 



Let S=deflection at the free end= 



3EI 

3£78 



or ""iT 

Stiffness k~-Y = ~jr ...(19-16) 
Hence from Eq. 19"4, 



If g=9810 mm/sec 2 and 8 is in mm 

- -sVT^w persecond - (19 ' ,8) 

N= 60 per minute ...(19'19) 
In F.P.S. units, 

a«-^|- per second ...[19*18 (a)] 

N^~~~ per minute ...[1919 (a)] 

(6) CONCENTRATED LOAD ON A SIMPLY SUPPORTED 
LIGHT BEAM 

w 

A ci ; B 



t ■ 



Fig. 19-7 

Deflection under the concentrated load is given by 



3£/L 



StirTness=fc=-f-^ ...U^O) 
Substituting this in Eq. 19'4, we get 

W 

T Qr = lJ]S ...(19*21) 
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Hence taking g=9810 mm/sec 2 and y in mm 

i" per second Ml 

*V o 

( C ) CONCENTRATED LOAD ON A LIGHT BEAM FIXED 
AT THE ENDS 

w 

cl S| 



— 0 



Fig. 19-8 

Deflection under the load is given by 



8= 



,\ Stiffiaess=*=f -g- a s&3 



or 



'2tt\| 



Hence taking g=9810 mm/sec 2 and y in mm 
15 8 

rt ~ 



-V8 



per second 



and 



per minute 



OF A 



...(19*22) 

...[19'22 (fl)l 

...[19*22(6)1 
UNIFORMLY 



19-5 TRANSVERSE VIBRATIONS ~ « - 

ted t0 averse ■^^.^^u.Ll. ^^ 

w/UNlT LENGTH 



j 1 1 1 u w ^ T i^rT-rrrr-rTTTTTm 
_ — x — hH' , . — q 



Fig. 19*9 
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ei|rgy which the system would have in passing through in undetected 
position when vibrating with an amplitude equal at every point 
tllbe static deflection at that point. 

fe-. Consider an elementary length dx at distance x from one end. 
jjet> be the static deflection there, given by 

§ y = ^ei[ ] 

J| Weight on the elementary length =w dx 

Strain energy of length of dx~\{wdx){y) 



9 *.- .'. Strain energy of the whole beam 



w fx 5 _ 2£s 4 . LV 
8£TL 5 . 4 2 JO 



| 48£/ 
M- 240£f 



...(1) 



% Again, the maximum velocity of the elementary length =2^: yn 
|ere n=frequency of vibrations. 

.*. K.E. of elementary length—-— . {l-nynf 

2 g 



1 B» 

K.E. of the whole beam — — . — J (2jt yn)* dx 



S 



m-~ *W r^ 9 + 4L 9 _ 4£ 8 . Z. 9 , 2£» _. 4Z. 9 ~! 
2$SgE 2 I* L9 T 7 8^36 5 J 

28&X630£ 2 / Z g- -* U -' • 

^ Equating (1) and (2), we get 



240£/ 288X630£ 2 / 2 g 
1--2-47 ^ 

»=1"572 ^ fj^ ...(19*23) 



/i 2 =2-47 ^| 
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5 wL^ 

Substituting S==central deflection- 3&4 El 



...(19-24) 

Taking g=9810 mm/sec 2 and 8 in mm, we get 

- 17 ' 7 -1 „ er sec ...(19 25) 

19-6 TRANSVERSA VIBRATIONS OF A BEAM OR SHAFT 
WITH SEVERAL POINT LOADS 
(I) First Method m 
We have seen that for a point load, the value of W- -y| P« 
min ute, while for uniformly distributed ioad, which is eq.uiva.ent to 
^finite number of point loads, JC- Hence for any intermedi- 

ate system ofloading, consisting of a number of point loads, Nwdl 

t 946 ,,, . 1064 permimitf A practical value of N may 

be between to per mmu 

be taken as 

h ._ 1000 to_1050 pern)inute ...(19 27) 

where 8 _=maximym deflection of the beam of shaft 

under a given system of loading. 

(2) Second Method (Donkerley's Method) 
This method was suggested by Prof. Dunkerky. Let the sh*ft 

be^bjected to a number of point loads ^ Oh e ''se\f *efghtf. 
wittL a uniformly distributed load (consisting of the self weight, 

mfaute) of the shaft when acted upon by ^W^'* 
beTng absent. Then the frequency iVof the shaft subjected to the 

combined loading is given by 

1 _ 1 + J_ ...(19*28) 

..... xr _r«_ a «™nf the shaft when only load Wi is acting 
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#2= frequency of the shaft when only load FF 2 is 
: acting 

N n = frequency of the shaft when only W t . is 
acting 

Mp= frequency of the shaft when only uniformly 
distributed load w/unit length is acting. 



and 



Now 



Hence 



_ ?46_ 

1 "VJi • 



1064 



"7 



946 



946 
VS 2 



iV. 



946 



...(19*29) 



1*26 



where S w — maximum deflection due to uniformly distributed load- 
acting alone on the shaft 
8j= static deflection under load W x when W\ is acting alone 
5\,— static deflection under load W n , when W n is acting alone. 

(3) Third Method 

In this method, it is assumed that the shape of the deflection 
curve of the vibrating shaft is similar to the shape of the static 
deflection carve. 



1 W 

Then K.E. of whole beam =2 — - — (ay? 

*> 8 



2 g 

Strain energy of the whole beam =&\W.y =\JWy 



...(/) 
...(a) 



or 



or 



a> 2 - 


g^Wy 




my 




■iV 






N= 





*ZWy % 



g'ZWy 



...(19*30) 



per minute 



...(1931) 

where y~ whole deflection under each load resulting from the action 
of all the loads. 
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Example 191. Obtain from first principles an expression for 
the fundamental natural frequency of transverse vibration of a canti- 
lever of length L and weight w per unit length, it being assumed that 
the vibration deflection curve is of the same form as the static deflec- 
tion curve. 

Hence find the frequency of transverse vibration of a steel tur- 
bine blade of uniform section, 150 mm long, having a weight of0'02 
Nlmm length and least moment of inertia of 2540 mm*. Ignore the 
effect of centrifugal loading. Take E= 2*10* Nl mm*. 

Solution. 

1 WTUN1T LENGTH : p 

— L " — ^ 

Co ) W 




Fig. 19- 10 

For the sake of simplicity in the computation, we will consider 
he curve of elastic ejection as that caused by the dynamical equi- 
valent of wL-a virtual load W concentrated at the free end of the 
cantilever, as shown in Fig. 1910 (b). 

Let the amplitude of vibration be 8 at B and >> at any section 
X, above and below the static deflection curve. The frequency of 
vibration will, however, be independent of the magmtude of y 
and S. 

Due to the equivalent point load W> 
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. S 2L 3 

• Thus, with the help of a virtual load W 9 we could very easily 
find the ratio of the static deflections at two points. 

Now consider the original U.D.L. on the cantilever. 
Let v^velocity of vibration at X 

K= velocity of vibration at end B 



is- 



Since v oc y, we have — 



Sj> r v=£- V ...(2) 

Consider an element of length dx at X 
KB. of element -i-^ J2*L^ m ^ 

2 g V \~2ZF~\ 
Total K.E. of the cantilever 
wV* fi- 

_wV*T 9L*x* _ « , *' T 

Hence dynamical equivalent of wL concentrated at B 
_ 33 
140 

Now strain energy due to W 



wL^W 



Z " \\:- 



K,E. due to W 

2g 

■ J_ .pa- w 

ot v^—g . s-o 2 . ; 
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w 



where fc^stiffness = 



S ' 



33 

Substituting, W= -j^j- wL, we get 



v In the present case, fc=-g p~ 

I! . fl= _L / JlT=f.[ per second 

...(19*32) 

£ Numerical part 

s L=150 mm ; £=2x 10 6 N/mm 2 

/=2540 "mm 4 ; #=9810 mm/sec 2 
w— 0'02 N/mm 



140 x2xl0 5 X 2540 x 9810 
11X0*02(150) 4 
i . —398 vibrations per second. 

1 Example 19*2. A beam of 6 m length is simply supported at the 
ends and carries a central load of 20 kN. The moment of inertia of 
tip beam is 5250 X 10* mm* units. Calculate the natural frequency of 
vibrations. Neglect the effect of the wight of the beam. Take 
JS^x/0 5 N/mm 2 . 

Solution. 

From Eq. 19*4 (a), 

^ere k=stiffness of the beam 
V Central deflection 4g ^ 
, W 4&EI 
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Substituting the values, we get 



(48 x 2 X 10 s x 8250 X i0 4 X9810 
20000 X(6000) 3 
=6*75 vibrations per second. 



1 h 



Example 19*3. If 'the beam of Example 19 2 weighs 500 Nfm, 
determine the frequency of vibrations, taking into account the effect the 
self weight of the beam. 

Solution. 

Let w==weight of beam per unit length 

L e t FT,— dynamical equivalent of the uniformly 

distributed load wL, concentrated at the 

mid span. 

w, 
i 

c: 



~~ """" n 

U — L/2 +t* L'2- H 



Fig. 19*11 

Let the amplitude of vibration be S at centre point C, and y at 
any section X, above and below the static deflection curve. Due to 
equivalent point load W\* 

: 

^ Since -^*=0atx==0 j 



- ywm0 ..5="^ 



2 It ~t— Tr~&r **- (l) 

At x=0,v=S 
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Hence from (1) and (2), 

{^-^MtI •••«> 

Now consider the original uniformly distributed load. 
Let v— velocity of vibration at X 

K=velocity of vibration at centre C 

Since v oc j>, we have -~t—-t "*( 4 ) 

V o 
v B v 

Consider an element of length dx at X 
K.E. of elemeni=-|-(— )v 2 



K.E. of total beam, 
2wV* 



tri'-iiMtyr 



K.E. of the whole beam due to dynamically equivalent point 
load W-i is equal to W\ . 

w x = xlyvL • 

1 35 

Thus the uniformly distributed load can be replaced by an equiva- 
17 

lent load ~^J~ W ^ ploced at the centre of the span. 

If W is the other point load acting at the centre in addition to 
the self weight of the beam, the total point load at the centre of 
17 

span^W-f-^-H-L. Substituting this in Eq. 19*4 (a), 



7 -X ...09-33) 



where k— stiffness of beam. 
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Now due to point load W, 



48 EI 
. W___ttEl 

48x2xlQ 5 x8250XlQ 4 
(6000) 3 
=3667 N/mm 
wL— 500 x 6—3000 N 
Substituting this in Eq. 1 9*33, 



j , 3667X9810 



2- \J 20000+-—X 3000 

— 5"52 vibrations per second. 

Examplr 194. A uniform steel beam, 2 m long, is simply sup- 
ported at its ends and carries loads 1000 N at distance of 500 mm 
from such support. Determine the lowest natural frequency for the 
system if the mass of the beam itself may be neglected. The moment 
of inertia of the beam section^ 2 X 10* mm*. Take E=2X 10* N/mm 1 . 

Solution. 

|W=lOOON |W=MOO0N 

o* c k B 



500 —4- — 500 *[■> 500 >|' 500 
"~ 2000mm 



Fig. 19-12 

Due to symmetrical loading, the deflections under each load 
will be equal. Also, slope at the centre will be zero. 
*a=/?b=1000N 



^'^r—lOOO* 



+ 1000(.v-500) 



JOOO.^+^j +1000-^00)1 

At 1000 mm, -#-=0 

^ dx 

0=-500 x(1000) 2 -M-'r500aOOO-500) 2 
^=3*75 X10 8 



CT-^-=-500jc s +3'75x10 8 



+5OO(j:-50O)- 
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Ely = -500 y%+3 75x 10 8 x+5: 

%M x=0, y=0 .V 5=0 

i^Hence x^=-500 mra - 



t EIy=- C500) 3 +3'75X10 8 (500)=1667X10 8 

nr ? „ 16 1 7X . 10 " 5 -4-17 mm under each load. 

01 - 2xl0 5 x2xl0 5 

J^Now from Eq. 27' 30, T_ 



I Since loads are equal, t£is reduces to 



1 i'g 1 r_£yo 

— = ~V 4'1 



n " 2tc V J - 2tc V 417 
I = 7* 33 vibrations per second . 

I Example 19 5. Find the frequency of the beam of Example 194 
usm&first and second methods&f § 19' 6. 
Solution. ^ 
r (*> First method 

|; From Fig. 19'12,>w|or B maK ) occurs at the mid-span 
| ; (x-1000 mn|) 

1" - £ />w --^(l500W 
r. =2292 xiO 8 

I V. ^ _ 2922X10 8 . 73mm 

<■ J 7 "*"* . moie 2.Xl0 5 X2Xl0 5 

f Hence from Eq. 19*27, 

i „= 9 il (when only point loads are acting) 

. . 15"8 15 8 

of 



Vs miia V5-73 
=6*6 vibrations per second, 
(ii) Second method 
From Eq. 19"29, 

946 



158' 15'jL 



n VMl 2 V4-17+4-17 
= 5' 47 vibrations per second. 
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Example 19*6. A helical spring has both ends securely fixed, one 
vertically above the other, and a mass is attached to the spring at some 
intermediate point. Show that the frequency of the vibrations is a 
minimum when the load point is midway between the fixed ends. 

A helical spring has a stiffness of 4N/mm when one end is fixed and 
the load is applied to the free end. Determine the minimum value of the 
frequency when both ends are fixed and a mass weighing 200 N is applied 
to the spring. 

Solution. 



Let the load W be applied at a distance 



Li from the fixed end A, or at distance L 2 from 
the other fixed end B, such that 

Due to load W t let W x be the tension in the 
upper portion, and • W% be the compression in 
the lower portion of the spring such that 

Now, in general, 



where stiffness. 

Hence, for the first length, 




„ 1= =-i- Im= J- lav S_ 

ni 2*V w, 2* V 8t • w x 



Fig. 1913 



where 8 1 =extension of the length 
C=a constant 



Similarly,..., ln y, c ^ 
For equal minimum values, rt 1 =rt a . 

W W 
Now, if Wv>-y. W * < ~Y' 

Also, if Li>^, Lz<~2 
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Hence for equal (£JP)m M aml minimum n values, 

Li=l8=»-j- (proved) 

Now k—4 N/mm 

For the First Spring, 

k= El _F*72 _ 200/2 _ 100 
S L Si Si Si 

, 100 ioo_„ mm 

Similarly, if S t is the compression of second spring, we get 
, W % _W\% 200/2 _ 100 

x ^=1^.^-12? =25 mm (as expected) 

fc ^ 



P98I0 
25 

=315 vibrations per second. 
19*7. CRITICAL OR WHIRLING SPEED OF SHAFT 



When a shaft is rotating in bearing?, the initial crookedness, the 
dead weight of the shaft, and vibrations, etc. cause some deflection 
with the result that the centre line of the shaft do not coincide with 
the mathematically straight axis of rotation. Due to this, centrifugal 
forces will be developed producing a bending moment on the shaft 
tending to deflect it further, until they are balanced by the restoring 
forces arising from the stiffness of the shaft. As the speed of rotation 
increases, a limit will be reached when the centifugal force will exceed 
the limit of elastic forces. At this stage, instability will follow and 
the deflection and stress, unless prevented, will increase until fracture 
occurs. The speed which just gives balance between the two sets of 
forces is called the critical speed or whirfag speed of the shaft. The 
centrifugal "forces may be regarded as having as neutralising 
effect upon the elastic forces which tend to return the shaft to its 
natural shape so that when whirling occurs the effective stiffness of 
the shaft is reduced to zero. If, however, the speed of the shaft is 
increased from a value below the critical to a value higher than the 
critical, in a short time so that the deflections do not get opportunity 
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to increase indefinitely, the shaft restores the stability. Many shafts 
are designed to run above the whirling speed. 

Consider a shaft simply supported at the cads and carrying a 
central point load W. Let the weight of the shaft be negligible. 

Let e— initial difference between the geometrical pais and the 
axis of rotation 
>>— increase in the displacement due to rotation. 

The centrifugal force of the rotating mass 

o 

where to^angular speed of the shaft, in radians/sec 

Restoring forced . y ...(2) 
where fc=stiffness of the shaft 

Equating the two, we get 

(e+y^^ky 

o . - 



/ , . W ,\ W 3 

or v \ k |= — eor 

v S / g 



We s 
— - to 



or y= ^r=5^r - (I9 ' 34) 

The above equation gives the deflection due to rotation, at any 
angular speed w. At the whirling speed o>— wv, tlie deflection^ 
becomes infinitely great. This gives 



or ...(19-35) 



W 

But ~r —static deflection =S 

k 



or w 



or 



= ^/f -(19-36) 

i /7" 

" c ~~ 2iz y revo ' ut * ODS P er second 

...(19"37) 

30 / T 

or "c^ — ij |- per minute ...[19 37 (a)\ 
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Thus we find the critical speed n c is equal to the natural frequency 
ofeibration of the system. Similarly it can be shown that the critical 
s^cd of an unloaded shaft, taking into account its self wejght, or 
critical speed of a shaft carrying uniformly distributed load is also 
e<j^al to the natural frequency of vibration. Hence if a shaft carries 
apiraiber of point loads, the method or expression for finding out 
the natural frequency N r also apply for the present case of finding the 
critical speed (i.e. Eqs. 1977, 19*28 and 19*29 apply for the 
critical speed also). 

.Jv • Taking g=9810 mm/sec 2 , and 8 in mm, Eq. 19 27 reduces to 
f »c=-^ .-.(19'38) 

affr y «~v>T RPM ' ...119*38 («)] 

j&- Again, substituting -|~ — »/ in Eq. 19 34, we get 

f. y-^~=-A ...(19-39) 

{ <■>* ~ 

V It is evident from Eq. 19 37 that y becomes negative if the 
sjgjpd.of rotation wis greater than., the critical speed ««. In other 
words, the shaft tries to straighten out. At very high speed, y^—e, 
aid the geometrical axis and the axis of rotation' will coincide. This 
iSthe principle of the flexible shaft of the De Laval steam tubine. 

J- . Example 19 7. A shaft 20 mm diameter and 500 mm between the 
l$ng [bearing at its ends, carries a wheel weighing I0(f N midway between 
tfye bearings. Neglecting the increase of the stiffness due to attachment 
of, the wheel to the shaft> find the critical speed of rotation, and the 
maximum bending stress when the shaft is rotating at 4} 5 of this speed, 
if the centre of gravity of the wheel is 0' 4 mm from the. centre of the 
shaft. Take £=2X10* NfmmK 

J: Solution. 

5 ' When shaft is supported on long bearings, it has an effect of 
jikUftty at the end. Hence the shaft may be considered to a fixed 
beam with a central point load. The central deflection 8 for such a 
ca[s* is given by 

fc WL 3 
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■ Clin-™ >- w - 19 2£/ 
. . Stiffness, k= t— - — - — -3 — 

o JLf 
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"...(1) 



/« (20) 4 =0'785X 10" mm 1 



Again, 



«3<L f \92Efg 



= J0 / , 1 92 X 2 x 10 5 x 0785 x 1Q 4 x 9810 

* V 100 (500)* 

=»4645 revolutions per minute. 

Again, from Eq. 19'39, 
e«? 



V—' 



Putting 



o>«=4/5o> € =0'8w c and e— 0*4 mm, we get 
0 4 (0 8 tQ* _ Q-4XQ-64 



6> c *-(0-86> e ) 2 1-0*64 



=071 mm 



Central centrifugal bending force 
~*.y=071 k 

BM.**A£=-j (071 k) L 
0 71 L y 1 92 El , 



Q71X24£7 



Af 
Z 



L 3 L s 
0 7lX24£XiO 



_ 71X24X2X10 5 



500 X 500 
=136 3N/mm a . 

Note : If the bearings are of short length, or if they have 
spherical seatings, it is taken as simply supported at the ends. 

19 8. TORSIONAL VIBRATIONS 

(a) SHAFT OR ROD CARRYING A LOAD W AT ITS 
END 

— x 



3 

-1 



Fig. 19-14 
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Consider a shaft fixed at one end carrying a load W at the 
other end. The fixed end prevents any twisting strain at that end and 
hence form a fixed or stationary node. If the shaft is twisted by the 
rotation of the weight W, it will have vibratory movement in w hich 
every part at a given instant moves in a circle about the axis in the 
same sense as the applied twist. The torsional rigidity of the shaft 
will resist this twisting and the resisting couple will try to restore the 
body to its mean position. If the externa! torque is removed after 
giving an initial twist by amount 6> every point on the shaft will have 
simple harmonic torsional oscillations or vibrations. 

Let c=torsional rigidity of the shaft 

= torque per unit twist 

or c=-j ...(I) 

where T~ torque 

9=twist in radius=amplitude of torsional vibrations. 

.'. Restoring couple=c.0 

Work done =4 {cB)B=\c^ -® 
Let u= angular velocity in radians/sec=2Tm0 

where n= vibrations/second 

.'. Kinetic energy =4/« 2 
where 7=mass moment of inertia of the weight W 

= — K 2 (where X=radms of gyration of the weight W) 
8 

Equating (2) and (3), 

<*=9 ^-L ,..(19'40) 
But a —2nn8 

»4Vt - (19;4l) 
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If L is the length of the shaft, we have 

T NO 
J ~~ L 

But T=c,6 

c,0 _ NO 
J L 

NJ 

or cr= "T ...(4) 

where /=polar moment of inertia of the shafts= 



32 

Substituting this in Eq. 19*41, we get 



- ■ P 



% ...U9-42) 



If the shaft consists of two or more parts of lengths L u L Zi etc. 
and polar moments of inertia J u J t) etc., we have 

l.-±( Li . Jk + 

c N\Ji / 2 



+ i + .-[19 42 (a)] 



1 / N 
n== 2T\~~rj 7 \ ...[19*42 

\ J l J 2 J 



In the above analysis, it has been assumed that the (mass) 
moment of inertia of the weight is so great that the (mass) moment of 
inertia of the shaft is negligible. 

{b) EFFECT OF THE WEIGHT OF THE SHAFT 

Let us now take the case of an unloaded shaft, having a self 
weight of w per unit length. Let the mass moment of inertia of the 
shaft be h. ifwisthe angular frequency of vibration at the free 
end, the angular frequency of vibration at point distant x from the 

fixed end (Fig. 19*14) will be - 

dx 

Mass moment of inertia of length dx— — J v 



6j4 
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I" /. K.E. of length &-"y($. h )( f-J 
| V. Total K.E. of shafts JJ f ^ A (f^ 

"2 I 1 L 3 J 

'• Thus the effect of the weight of the shaft is accounted for by 
adding \h to the / of the weight securely fixed at the end. 

I Thus, if a shaft having mass moment of inertia I x carries a 
l|ad W having mass moment of inertia /, the frequency of vibrations 
\% given by * 

• -i-Vr^-~ - (19 ' 44) 



f 



' 2* M (/H-KJZ. 
(b) TWO LOADS ACTING ON THE SHAFT 



■L,- 



<2 



W 2 



{ Fig. 19*15 

J If a freely supported shaft carries two weights W x and W% at its 
£nds, the node will be somewhere between them. At the node point 
B, at a distance £i from one end and L 2 from the other, the torsional 
vibration due to either load will be equal. The shaft may thus be 
treated as fixed at the node point. 

If h and h are the mass moments of inertia of the two weights, 
S*e have 



_J_ . / NJ 1 



■v — 



^or 



Lx " h 

Also, Li+Z-a— L 

Hence L\ and I 2 can be found. 



...(19-45) 
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From Eq. 19*45, we observe that the node divides the length L 
inversely as the moments of inertia of the loads. 

Again, from Eq. 19*45, 

/.i+£ t /,+/, 
U h 

t Lh 



1 -*/ NJ 1 xl NJ (T 1 J\ 

" - n== *T V -7^7= 2n" V (Ai " /a) 

_____ ...(19*46) 

—iV-f (x+x) - [I9 ' 46(a,] 

Squaring, we get 

. I . / AVi , 1 / AOs 

where ^ — and y _ . 

Example 19*8. A flywheel weighing 20 kN has a radius of 
gyration I m, and is fixed at one end of a shaft 100 mm in diameter 
and 1 metre long. A pulley weighing 12 kN and of radius of gyration of 
600 mm is fixed at the other end of the shaft. Calculate the natural 
frequency of torsional vibrations. Take N=0'82X 10 s N/mm* for the 
material of the shaft. Neglect the mass moment of inertia of the shaft. 
Find also the position of node. 

Solution. (Fig. 1915) 

=20000 N ; K x =i m=l000mm 

A=-2j- *i 2 =^£r (iooo) 3 -204x io 6 

g 9810 
#4=12000 N ; # 2 -600 mm 

h=— * 2 Z = (600) 2 -0'44X10 6 

g ysio 

Now hLx—hLz 

,\ 2 , 04X10 G XL I =0"44X10 6 u ...0*) 

£H-l 2 =£=iooo ...(«) 

From (f) and (»'), £j — 177*4 mm and =822*6 mm. 
Hence distance of node=177'4 mm from the flywheel. 
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/ NJ 



where /-^| d 4 = ~ (I00) 4 =9'8i7x 10 mm 3 



1_ / 0'82x 



1Q 5 X9'8I7X1Q 8 



:'04Xl0 6 xl77'4 
=7'51 per second. 

Alternatively, from Fig. 1916, 

—7*51 per second. 

Example 19 9. The flywheel of cn engine driving a dynamo 
weighs 3001b and has a radius of gyration of 10 in ; the armature 
weighs 220 lb and has a radius of gyration of 8 in. The driving shaft 
has an effective length of 18 in. and is 2 in. diameter, and a spring 
coupling is incorporated at ore end, having a stiffness ofO 25* lOPlblin 
per radian Neglecting the inertia of the coupling and shaft, calculate 
the natural frequency of torsional vibration of the system. What would 
be the natural frequency if the spring coupling were omitted f 1 " Take 
N-IMX HP lb/In*. S UXm) 

Solution. 



© 



SHAFT 2" DIA 



COUPLING 



-18" 



3- 



FLYWHEEL 
W, = 3001b. 
k, =lOin. 



ARMATURE 
W 2 =220 lb. 
k 2 « Bin. 



Fig. 19*16 
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In general assuming that no nodal point occurs between 1 and 



*f£, and have 



J_^/_! 

, where c —Torsional stiffness of shaft 



V: ■' 



/l 



AT/ 11'9X10 6 Xt:(2)' 
B L ~ 32X18 
=1035X10* lb. in./radian 
s Ilj^= 300 



# — 32*2X12 

= El y_ 200 
g As 32*2X12 



(10) 2 
(8) 2 



3r2 i xl2 [ 300(10) 4 +220(8) 2 ]- 

1 I 1 •035X10* _ , 

7i= — jj4^ — =15 15 per second. 



(6) Coupling included 



Let 



c=combined stiffness of the shaft and coupling 

in series 
c l e =stiffness of shaft 
<r s =stiffness of coupling 

L 1.1 1 ,4 4'966 

10* 



ci ^ c a 1*035 X10 5 



10 B 



10 8 



966X114*5 



=6'69 per second. 



Example 19' 10. An engine shaft is directly coupled to the- shaft 
^of a dynamo. The engine shaft has a diameter of 60 mm and an 
Effective length of 300 mm, while the dyn%no shaft has a diameter of 
pJO mm and an effective length of 200 mm. The flywheel weighs 2500 V 
l and has a radius of gyration of 350 mm and the armature weighs 150Q N 
[ and its radius of gyration is 250 mm. Neglecting the inertia of the 
^ coupling and of the shafts, determine the position of the node an/ the 
' natural frequency of torsional oscillations. For both the shafts, take 
~N=a'8XlQ s N/mm*. 
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^Solution. 

|?>The shaft has a diameter di—60 mm for a length Li— 300 mm, 
anc£a diameter d z =50 mm for a length L 3 =200 mm. Let us first find 
an Equivalent length for the length L 2 to have a uniform diameter 
dj.. -Fig. -19*17(«) shows the actual shaft while Fig. 19*17(6) shows the 
equivalent shaft of uniform diameter d l *=60 mm. 

ARMATURE 
C 




lb) EQUIVALENT SHAFT 



Fig. 19-17 

If c is the stiffness, we have 

JV7 JViwf 1 



C = — =- = 



32L ° ICX T 



or 



Let the equivalent length of diameter d x ~6 cm be l! z . Then 

M^) 4 M-i) 4x20C = 415mm 

.\ Total length L'-Li+i'^ 300+415=715 mm. 
fLet the node be at a distance x from W x . 

Then ^ Ki x=^- (715— jc) 

■ g . 8 

2500(350)* *=1500(250) 3 (715-x) 
x=0 , 306(7l5— x) 
From which x— 167' 5 mm. 
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Nv: d t l g 



- J_ / 0'8xlQ 5 X7t(60) 4 x9810 
".2*V 32 x 2500(350) 3 (167-5) 

=22' 1 per second. 



Example 19' 11. A Ugftt elastic siiaft AB of uniform diameter, 
supported freely in bearings, carries wheel at each end and it is found 
that the natural frequency of torsional vibrations is 40 per second. A 
third wheel is mounted on the shaft at a point C y such that AC=l AB. 
If all the wheels have the same (mass) moment of inertia, determine the 
natural frequency of torsional vibrations. (U.L.) 

Solution. 



A 


NODE 

— «Hx 


C 




B 










h- — — 





Fig. 19*18 

If the shaft carries only one weight, having mass moments of 
inertia V, we have 

~ "W 



1 f c = J_ / NJ 



1 



NJ _ K 



4ft 2 * /./ /■/ 

where K=-iH- and /—distance between the mass and the node. 
4k 



Again, if a shaft carries two weights of equal mass moments of 
• inertia, the node will be at the middle point of the shaft. 



Then 



n 2* v T/T 



NJ 



1 



or 



" ~ 4ti 2 ■ /a/2) 

where / 1 =distance of node from the mass— L/2 
NJ _„ 
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2 IK 
n =— 



IL 

But n=40 (given) 

(40)'=-§ 



or 



A==800L/ ...(2) 



Again, when there are three weights acting, let the distance of 
the node point X be x from A. Then for the portion AX, 

(3) from (1) 

Also, for the portion XCB 

where Ji=distance of mass C from node X=\h—x 
/ 2 «distance of mass B from node X—L—x 

" {(ii-^)+a-x)}/ 

Equating (3) and (1), we get 

x=iL— x+L—x=*—- L—2x 
4 

1 T 

or x =l2 L 

nZ== ^xI but "J^ 8001 - (from 2) 

,,2^.8001 _„ 800x12 _ 9600 



...(4) 



n=I0 ^ -?£=37'4 per second. 
PROBLEMS 

1. A horizontal cantilever of length L is clamped at one end 
and carries a load W at the other. Derive an expression for the time 
period of vibration of the cantilever t when the load is given a small 
vertical displacement. Neglect the weight of the cantilever. 

A horizontal flat steel strip 12 mm wide: and 6 mm thick is 
clamped at one end with 12 mm side horizontal, and carries a weight 
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of 5 N at the free end. Find the distance of the weight from the 
fixed end if the frequency of natural vibrations of the strip is 50/sec, 
Take £-2*1 xlO 5 N/mm 2 . 

2. A 2 in. diameter steel AB, 8 ft. 3 in. long, is supported in 
two short bearings 6 ft. apart, one being at the end A of the shaft. 
The shaft carries three concentrated loads as under : 

Load in lb. 180 360 60 

Distance from A in ft. 2 4 8 

Obtain a first approximation to the fundamental frequency of 
transverse vibration of the loaded shaft. Neglect the weight of the 
shaft. Take E=30X 10 s lb/in 2 . (U.L.) 

3. A uniform vertical bar of steel of length L and cross- sectional 
area A, is fixed at the upper end and is extended a distance x by a 
load W at the lower end. If the rod is subjected to longitudinal vibra- 
tions, show that at any instant, when the additional extension h x, the 
change of potential energy, measured from the rest position of the 

load is — ^y- — and. from the energy equation, deduce the natural 
period of vibration. 

Find the length of the bar to give a frequency of 100 vibrations 
per second when ,4=100 sq. mm and W=\00N. Take £=2xl0 5 
N/mnr. 

4. Solve problem 3 if the weight of the bar is 600 N. 

5. A beam of length L is fixed at the ends and weighs w per 
unit length. Obtain an expression for the natural frequency of 
vibration if it carries a central point load W. 

6. A close-coiled helical spring is fixed at its upper end and 

hangs vertically. A circular metal disc is fixed axially to the lower 

end of the spring. The times of vertical oscillations and for angular 

oscillations about the vertical axis are found to be equal. 

E ( Diameter of disc V . , , r 

Show that -rz — ( — — — t- c — ^ 1 » where E and N are 

N \ Mean diameter of cod / 

elastic constants. 

If the spring is made of wire 3 mm diameter and has 50 turns 
of 50 mm mean diameter, find the weight of the time of oscillations 
being 1 sec. Neglect the weight of the spring. Take A^O'SXIO* 
N/mm 2 . 
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ANSWERS 

1. Vi=l39 mm. 

2. J#=8*36 vibrations per second. 

f~WL 

3. T=2n Y jTj^- seconds ; L=498 mm. 

4. 415 mm. 




6. ||-32'2N. 
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Flat Circular Plates 

20' 1 . INTRODUCTION 

Flat plates art usually supported at its edges and are subjected 
to loads normal to their flat faces. The bending ofsuchapiate 
differs from that of a beam in that the plate bend in all planes 
normal to the flat surface whereas the beam may be assumed to bend 
in one plane only. In addition to this, the bending of the plate in one 
plane is greatly influenced by the bending in all other planes ; hence 
the general theory of bending of plates is quite complicated. How- 
ever, we shall consider here only an approximate theory analogous 
to the simple Bernoulli-Euler theory of flexure in beams. The cases 

which are covered by this theory include most of those that are of 
practical interest. 

20 2. SYMMETRICALLY LOADED CIRCULAR PLATE 

We shall start with the simplest case : a circular plate loaded 
symmetrically with respect to the central axis. The treatment that 
follows has been given by Grashof based on early investigations by 
Poisson. Grashof took the maximum strain as the measure of elastic 
strength. 

Assumptions. The theory is based on the following assump- 
tions : 

1 . The plate is of uniform thickness, and ths thickness is small 
m comparison with the diameter. 

2. The central deflection is small, and does not exceed say 
about one-fifth of the thickness of the plate. 

3. Loading is symmetrical, so that stress and strain are sym- 
metrical about an axis perpendicular to the plate and througMu 
centre. 
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4. The plane midway between the faces of the plate is unstres- 
sed or unextended i,e. t the middle plane is the neutral plane. 

5. The elements of the plate originally straight and perpendi- 
cular to the middle plane remain straight and become perpendicular 
to ths middle surface when strained. 

6. Only longitudinal and lateral stresses are considered. The 
normal stresses across planes parallel to the middle surface are 
neglected. 

7. The material is homogeneous and isotropic, and follows 
Hooke's law. 

Fig. 20' 1 (a) shows the section of a thin plate after being 
strained. The concave side of the plate will be in compression while 
the convex side will be in tension. The middle plane, shown by dotted 
line, will be unstrained and will be a neutral plane. Let -x and z 
directions be the radial vand circumferential directions while y be the 
direction normal to the neutral plane. 

Consider a point P, distant x radially from the vertical central 
axis, before straining. The line AB . through i> originally vertical, 
is inclined at 6 to the vertical axis OV. Let y be the distance of the 
point P from the middle plane of the plate. After straining, the 
radius at P will increase to x-\~8y. 

Hence circumferential strain ez at a depth y from the neutral 
plane is 

ez== " Ikx x 
Let ?== 7T ^ S tne ra ^' us °f curvaturc at P 

Let ft =^ 

P 

u ^ Similarly, if we consider a ' section at (x+hx) radially from O, 
originally vertical but become inclined at 9+W after being strained, 
the distance Sx at a depth y is increased to (Sx+y.30). Hence the 
radial strain ex is 

y.ne do y ( ^ 

3x ■ dx p 

, dO 
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Fig. 20- 1 . Flat circular plate symmetrically loaded. 
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If pg-and pz are radial and circumferential stresses, we have 

and : eK =y$--±(pK-&-) ...(4) 

ax b y m f 

where /?7=Poisson*s ratio. 

From Eqs. (3) and (4), we get 

p*=1Z=t{ m 7+*T> • • (201) 

; p*= iz?=i\T +m *r» • (202) 

Frc*m Eqs. 20'1 and 20*2, it is clear that both circumferential 
stress as well as radial stress vary linearly with y. Thus the stress 
distribution across a plane is similar to the bending stress distribution 
in a bearil. 

Let us now compute resultant circumferential stress and resul- 
tant radial stress on an element included between radii x and x+8x f 
and between two vertical meridian planes inclined at a very small 
angle W to each other. Fig. 20*1 (b) shows a pictorial view of such 
an element while Fig. 20' 1 \c) shows the plane of a horizontal plane 
ABCD taken at a distance y below the neutral plane A'B'C'D' 
[Fig. 20' I (£>)]. Since the plane ABCD is below the neutral plane, both 
circumferential as well as radial stresses have been shown tensile in 
Fig. 20' 1 ic). The distance y is taken positive when measured below 
the neutral surface (N.S.) and the tensile stress is taken as positive. 
Similarly, y measured above the N.S. is taken negative and the com- 
pressive stress is taken as negative. 

In Fig. 20' 1 (c)> the stresses pz on faces AB and CD are inclined 

at J? — -M t0 middle radius EHO. Hence the resultant elemen- 
2 2 

tary force in the direction EHO is equal to 

2pz '. Sa sin 4^-=i?z . 8a . 8^ ...(1) 

where 8a=elementary area of face AB or CD shown hatched in 
Fig. 201 (b). 

Since pz is of opposite sign on the opposite faces of the neutral 
surface, the total force parallel to EHO resulting from pz is zero. 
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The elementary force given by (1) is tensile below the neutral 
surface and compressive above the neutral surface. Hence total 
moment M t of th : couple formed by the above elementary forces, 
about an axis in the neutral plane and perpendicular to EHO is 

Afi=S^X^./7z . Sat ...(ID 

Substituting the value of pz from Eq, 28' 1 . wc get 

Let t= thickness of the plate 

Then 2y* 8a— moment of inertia of rectangular face AB or CD 

=4 

■ U -HA mE < 0 l de \ 1 «• ,t 

or Ml -±*xM.tg T <m±+%\. ...<*») 

or M^RzY-lt ...[20 3 (a)) 

where #z=8^.2/>z.Sa==total force is direction EHO on one side of the 
neutral plane, Fig. 20*1 ^0. 
§/=lever arm at which the equal and opposite forces Rz act, 
Fig. 20 1 (d), [ 

Sign convention If the vertex V is formed above tht plate, 0 is 

taken in positive. Hence is positive, making the plate convex 

downwards. Thus if the clement [Fig. 20' 1 (6)] is viewed fron the 
DxCiCzD-z, the moment A/\ due to the circumferential forces is 
counter-clockwise. 

Let us now consider faces BC and AD on which radial stresses 
pz act. If an elementary area Sa is considered on face BC, the ele- 
mentary force on this area, resolved in the direction EHO is approxi- 
mately equal to p* &i. Tlus force is tensile if 8a is considered belo\l* 
the neutral plane. Thus, the total force on the face BC due to radial 
stress is zero. However, the couple formed by equal and opposite 
elementary force on opposite sides of the neutral plane is given by, 
M="2px.y-$a 

Substituting the value of p z from Eq. 20'2, we get 
mE ( 6 , d0\ „ - . 
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For the face BC of width xM and height r, we have 

If* and -f are positive, the moment M will be la the counter- 
clockwise direction as marked in Fig. 2<n W). 

Now consider the face on which act outwards. Let 
Uf+SM) be the moment due to the stress actmg on £ Tta 
■went Uf+Mfl can be expressed . terms of (x+Sx) and 
(.0+80). However, 

Hence differentiating Eq. 20'4, we get 

"* ...(20-5) 

If 0 and -f are positive, making the plate convex down- 
wards, the moment (Af+MO dne to , x for face AD will be cloche. 

H^Tice the net moment SM (gvven oytq v ..... 

"sses ac Lro" ac" BCand ^ will be clockwise and ..U be 

following expressions : 

1 ^ , L, i- ■ » -0) ...(20*3) 

*-T2 M W ^ " * ' (c ou n ter-cloc1cwise) 

A/ a =sM=-.V *xM.t ^zr x { £T+'" «fr +m * </*- ; . 

12 x (clockwise) 
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The resultant of the two moments Mi and Af* is balanced by 
the external forces, included of reactions, acting on the plate. We 
shall now consider the following cases of circular plates with uniform 
pressure in its face : 

(1) circular plate freely supported at its circurr. fere nee, 

(2) circular plate freely supported at its circumference, with a 
central circular hole, 

(3) circular plate clamped at its circumference. 

203. CIRCULAR PLATE FREELY SUPPORTED AT ITS 
CIRCUMFERENCE 



to) 



F+dF 




Fig. 202. Circular plate freely supported at its circumference. 
Let p=uniformly distributed load or pressure normal to the 
face of the plate 
p— total load on the plate ; p.nr 

P =S ...d) 

Consider a concentric plate with a radius x. The external 
vertical force on it is equal to pnx 2 . Hence the shear force F on the 
face BC is 

2tt 



F—p-xx 2 



...(2) 
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Similarly, the shear force FH-SFon face AD is 
ir+8/r=^( x +s^) 2 ^ -0) 

These forces F and F rSF have been marked on Fig. 20"2 (c). 

Neglecting small quantities of second order, the moment ot 
external forces about an axis in the neutral plane and perpendicular 
to EH is given by 

M=F.*x~ipx*M.nx ...(20'6) 

This moment is in th* clockwise direction. 

Thus, there are three moments acting on the element : M* 
and M. For the equilibrium, the algebraic sum of the three must 
be equal io .*ro. Since M x is in the anticlockwise direction, while 
Af 2 and Af are in the clockwise direction, we have 

Substituting the values from Eqs. 20*4, 20'5 and 20*6, we get 



Dividing by -y— ZxM- 7£SC~p we get 
0 



x 



i do i do _ de _ x ^^ii^i ^ p 

+^7 IT" mix "dx X dx* 



d 2 $ , d& 0 6(m^!l. s 

or X ~dx^~dx- T~ ~EnW X ' P 



Putting = - 



3(m 3 -npr ...(20* 7) 



^ d0_ ?_ == _2t 
we get, x dx 2 dx x r z 

The complete solution of the above differential equation is 
given by Eqs. 20"8 and 20'9 as under : 





L 

X 




I 

4 




...(20-8) 


and 


de 

'dx 




3 
4 




...(20'9) 



where 4 and B are constants of integration, to be determined by the 

boundary conditions. 
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At a=0, 0=0. Hence from Eq. 20*8, 5=0. 

From Eq. 20*2, we have 

mE ( 6 , de \ 
P x== ~mZ^l \x m ~dx ) y 

Substituting the values of and from Eqs. 20"8 and 20*9, 
mEy ( , 1 . x % ,_ . 3m , x* \ 



At x—r, px—0 

px=0=A — !-- k +mA— ^p- k - a - 
r 4 r s 4 r- 



or ^»J»!+L * ... (2010 ) 

m+1 4 

Substituting the values of B and ,4 in Eqs. 208 and 20*9, 

Substituting these values in Eqs. 20' 1 and 20'2, we get 

pz^j Om+iy-im+Vx*] ...(20-11) 

and p^l-JVL^n + x )( r'-jc* ) ...(2012) 

By inspection, both px and pz decrease as x increases. Hence 
maximum values ofpz and px occur at the centre of the plate, where 
*=0, on either side of the plate where y~±ht. 

The radial and circumferential strains are found as under 

These are maximum at x=0 and >>=:fc-j- 

( \ i \ ,3 (m— l)(3m+l) 2 

V^W-" l*Z> Hi(I0! .= : ±'-g- — £toV ' P " 
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Shear stress distribution 

The <hear stress distribution across the thickness of the slab can 

straight beams. The expression for the shear stress i*> 
from the neutral plane may be expressed as 

FA? 

where F-shear force on the element- 1 px*M 
b=x 

(^H 7 ^ ) 

_ W <L_,A -< 20 ' l7) 

9 — F~ V 4 y I 
Maximum shear occurs at the neutral plane, y=0 

= _3. PJL ...(20-18) 

(jtmax* 4 ^ 

9"-" "xSfT" 2 t 



<7 = 



or 



At X~f", gmo* 



4 r 



It shoutd be noted that we have neglected the hear 
(Eq . 2 0M8) while nnding out expressions for P x an P , 
to this, we have also neglected the ver ca! * ^ omp ^ ^ 
stress varying from p at the upper face to zero at 

plate. 

Deflection of the plate 

Let ^deflection of the neutral surface, at a radius x. 



« 713 

FLAT CIRCULAR PLATES 

Since 0 is usually small, tan 0-9 

dx 

Substituting the value of 0 from Eq. 20 8 (a), we get 
dv ki 3j«+i,_4 ) 

Integrating, 

Jk / 3m±i_ jt _ _*l +c \ ...(2) 
v== — 4V"w + l 2 4r / 

where c is a constant of integration. 

At x=r, v«0=— 4 ^ ,„4-i 2 4r 2 / 

r^_5m±\_ 

c ~ 4 m+1 
Substituting this and the value of * in (2), we get 

T-SFi^V m + l 2 «+l 2J^ 

This is maximum at a— 0 

3 (n^j VS^ + lV . _ X20' 20) 

.*. v„ !fliB .- --jg- £m** s 
20 8 CIRCULAR PLATE WITH CENTAL HOLE FREELY 
SUPPORTED AT ITS CIRCUMFERENCE 
. Let the plate of radius t hav, a central hole of radms r„. Let 
p be the intensity of uniformly distributed load. 
The radial stress px is given by Eq. 20-2, 

„ _ »>- • U 
^'m'-l • * ^ ' 

Substituting the value of \ and -f from Eq.. 2CT8 and 209, 

t _^!=i!ei ( Eq . 20-7) 

where k= VE + 

The boundary conditions for the present case are 
p x =0 at \-=»r 0 
and px-Oatx-r. 
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Applying boundary conditions in Eq. 1,1), we get 



and 



A(m+m-^- |- .*L- (i-f 3w )=0 ...(2) 

A(m+l)+-^~ (i_ m )_A (14 _ 3m)=0 



Solving (2) and (3), we get 



and 



4(m+l) 
3w+l 



(■+*) 



-.(3) 
...(4) 

Substituting these values of .4 and 5, and of A:, we get the 
following expressions for px and /»z. 

"^-^[.^^-^fl -.(2021) 

... (20*22) 

At x=r 0 , pz is given by 

:: PZ= T ■$r[ (3m+i) '*{ 2+-$-)-0»+3> V ] 
Iffo is extremely small, so as to have only a pin hole at the 

centre of the slab, the maximum circumferential stress at y=±% t is 
given by 



4 r OT 

Thus the intensity of stress at the centre is twice that for the 
plate with no hole (Eq. 28' 13). 

205. CIRCULAR PLATE CLAMPED AT ITS CIRCUIT 
FERENCE 



/ 

i 



Fig. 20-3 
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The boundary conditions for this case are : 
0=0 at x=0 
and 0=0 at x=r 

Substituting these in Eq. 20*8, we get 

and A =-^- 

Substituting these values in Eqs. 20*8 and 20 9, we get 

...(2028) 

x 4\ r 2 ) 

JfL=JL{ ...(20-25) 
dx 4 v r / 

where fc=-^^±^ (Eq. 207) 

Substituting the values of ~> ~^r~ and k in Eqs. 20*1 and 
20'2, we get 

px ^± ^{( m +iy-Om + \)x*} ...(20-26) 

and p^-{- ^{{m+\y-(m+3)x*} ...(20'27) 

At the centre of the plate x=0, the radial and circumferential 
stresses at y=^c\t are given by 

At the circumference x=r, the stresses are 

px— | ^".v -420-29 (a)] 
T^* -.[20-30 (a)] 
From Eqs. 20*29 (a) and 2Q"30 (a), it is evident that the circum- 
ferential stress pz reaches — ' of the radial stress px at x=r. The 
maximum values are given at y=£z— . 

3 



px^l-.jrp ...[2030(a)) 



4 

and P*=*\ {TP .-.[20-30(6)1 
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The greatest intensity of beading stress in the plate is thus the 
radial stress px at x=r [Eq. 20' 30 (a)]. 

Similarly, the maximum strain is the radial strain at x=r and 

y=±~, given by 
or alternatively, 



, dO _ 3 m 2 -l r 2 wxu 



E^mE E m ' m E 
T= P± . ...[20*31 (<*)] 

__3_ jr 2 _ />_ m 2 -l _ q= _L »r~l d_ 
~^4 /' ' £ ' m* ~ + 4 fljr V ,J? 

Deflection of the plate 

As in article 20'3, 

Integrating, 

v 4 fl»"r» V 2 4 +C j " AU 
where C is the constant of integration. 
At x—r, v=0 

.-. ' ^Wf^« ) 

Substituting in (U, we get 

v ~" Em*t* \~2"- 4 ~ 4 J '■■ (2032, 
The maximum deflection occurs at x=0. 

3 (m'-Dp r 4 3 (m*-l) 4 
'• v «^ = "4 ' EmV ' 4 " 16" 

Example 201- A cylinder 500 mm internal diameter has a flat 
end 30 mm thick. Find the greatest intensity of stress in the end if the 
pressure in the cylinder is 1 Njmm 2 . The end may be taken as freely 
supported. 

Also, find what intensity of simple direct stress would produce 
(i) the same maximum strain, (ii) the same maximum strain energy and 
{Hi) the same maximum shear strain energy. Take m=3. 
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Solution. 

The greatest intensity of stress is given by Eq. 20*13, 

3Xl(250)V 3X3+L\ 
" 8(30)* \ 3 / 
=86*8 N/mm*. 
(0 Simple stress to produce the same maximum strain 
Let /^simple stress 

e= maximum strain 

Since px=j>z=86'8 

P =86'8(l-l)*-5T9N/mni s . 

(ft*) Simple stress to produce same shear strain energy 
2E 2£V ^ F m ' 



«86W2U-i) ass l«r2 N/ram 2 . 

(,70 Simple stress to produce the same shear strain energy 

m±±*J»!±±l ( pj+pz*-px.pz) 
3mE F 3m£ V / 

p=*/ pf+pf-pm^P* (since 

Example 20*2. Solve Example 20'1 if the flat end is assumed to 
be fixed at the edges. 

rafm^imum radial stress is given by Eq. 20*29 (6), 

»-H Xl*0=52N/mm 8 

n=J^=17-4N/mm 2 . 
• • " m 3 

fo) Sim/>fe to pnw*«* *** same maximwn strain 
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{^Simple sfress to produce same maximum strain energy 



•V 



m 



But p z =&- 



2_ 

9 

■:;?-,/ =49 N/mm 2 . - 
(c^ Simple stress to produce&ame shear strain energy 



0iz 



4; =52 <\J j=45*9N/mm 2 . 
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Unsymmetrical Bending 



211. INTRODUCTION 

In the simple theory of bending using the well known flexure 




Fig. 21* 1. Ucsymmctrical beading. 

section of the beam is perpendicular to the plane of loading. This 
condition implies that the plane of loading, or the plane of 
bending, is coincident with, or parallel to, plain containing 
a principal centroidal axis of inertia of the cross-section of the 
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beam. If, however, the plane of loading or that of bending, does not 
lie in (or parallel to) a plane that contains the principal centroidal 
axes of the cross-section, the bending is called unsymmetrical bending. 
Fig. 21*1 shows some cases of unsymmetrical bending in which the 
plane of load W is vertical and do not coincide with the principal 
centroidal axes UU and VV. In the case of unsymmetrical bending, 
the direction of the neutral axis will not be perpendicular to the 
plane of bending. 

21*2. CENTROIDAL PRINCIPAL AXES OF A SECTION 

The centroidal principal axes of a section are defined as a pair 
of rectangular axes through the centre of gravity of a plane area such 
that the product of inertia is zero. 

Let U-U, K-K^Principal centroidal axes 

X-X, Y-Y== Any pair of centroidal rectangular axes 

a=angle between U-U and X-X axes (Fig. 21 7). s 




Fig. 21*2. Principal axes. 
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- If U-U t V-V are the principal axes, the product of inertia 
% u.v.Sa=0, where So is an elementary area with co-ordinates u and 
-S: ' referred to the principal axes. If a plane area has an axis of 
i^ymmetry^ it is obviously a principal axis, since the axis of symmetry 
has to satisfy the condition 2uv8a~0 about it. In general, 
however, a plane area may not have any axis of symmetry, In that 
-^ease the principal axes may be located provided its properties about 
pay pair of rectangular axes X-X, Y-Y are known. 

{ Let x, y be the co-ordinates of an elementary area 8a, with res- 
|pect to the X-Y axes, and w, v be the corresponding co-ordinates 
Mth respect to the principal axes U-V. 
t By definition, /xx^S/ 8* ; /yy^Sx 3 ^ ; /xy=2 xy 8a 

c ^ 

J; : Similarly, /uu^E v" 8a ; Jvv=2 m* 8a ; /ov^X uv 8a 

The relationships between x, y and it, v co-ordinates are 
t u—x cos QL-i-y sin a 

land v=y cos a — x sin a. 

£f Hence Iw=2 ^.$0=2 (y cos a— x sin a) 2 8a 
h =cos 2 a 2/ &i-f sin 2 a 2* 2 8a 

£ —2 sin a cos a 2xy 8a 

y . =/xx cos 1 a-f/yv sin 3 a— /xy sin 2a ...(21*1) 

',' /w^Su 2 8a— 2(x cos a+y sin a) 2 8a 

> =sin 3 a 2^ Stf+cos 2 a 2x s 8x 

3 +2 sin a cos a 2xy 8a 

v =/xxsin 8 a+/YYCOS 2 a+/xYsin2a ...(2L*2) 

,and /uv— Suv 8a=2(x cos <x+y sin ct)(y cos a— x sin a) 8a 

"=cos* a 2xy Sfl— sin* a 2xy &i 
,• H-sin a cos a {Zf 8a— 2x* 8a) 

*=COS* a./xy— sin 2 a./xy+sin a COS a {Ixx—fyy} 

/xx ~ /yy j sin 2a+7xY cos 2a ...(213) 
. - = Since CW and K-K are the principal axes 

/uv«0=( /xx ~ /yy ) sin 2a+/xv cos 2a 

or 1311 2 »— - (2l ' 4) 

Knowing Ixx, /yy and /xy, the angle a can be calculated from 
£q. 21'4. 

Substituting a in Eqs. 21*1 and 21*2, the moment of inertia 
about the principal axes can be determined. 
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£ Analytical Solution 

I Analytical expressions for Ivv and /vv can be derived by 
rewriting Eqs. 21*1 and 21*2 in the following alternative forms : 

I : Im =A9d^ + **^ cos2a-fesin2« ...[211 t»] 

and / vv = /xx + /YY — /jnr ^- far cos 2«+/xv sin 2a ...[2r2 (a)] 
i Also, from Eq. 21*4, we have 

Lin 2*=- ^ /xY , ».[2f4 (a)] 

and cos 2x= . /xx ~^ ...[21*4 (b)) 

f Substituting the values of sin 2a and cos 2a in Eqs. 21*1 (a) and 
2ff2 (6), we get.the following final expression for Juu and /w 

I foo-= ^E±ftv + ^ /xx-/w j' +/x 7 . (2r5) 

j M « *SLtfe _^-*SE=A» J'+X? ...(21-6) 

| Thus knowing /xx, /yy and /xy, the principal moments of 
inertia Ajo and /w can be calculated from the above analytical 
expressions. It should be noted that the moments of inertia of a 
section about its principal axes have maximum and minimum values 
respectively. 

21*3. GRAPHICAL METHOD FOR LOCATING PRINCIPAL 
\ AXES 

Eqs. 21*5 and 21*6 can also be solved by the following graphical 
methods : 

'* (l).Mohr-circle 

I (2) Circle of inertia. 

1. MOHR CIRCLE 
J. A close inspection of Eqs. 21*5 and 21*6 would reveal that the 
expressions for /uu and /w are similar (or analogous) to the follow- 
ing well known expressions for the principal stresses : 



<tx+5y . . I { gx~q y a 
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tan 0= -^— . 

CX <TY 

Hence /uo and /w, represented by Eqs. 2VS and 21'6 can be 
determined by a Mohr-circle of construction — similar to the Mohr 
stress circle employed for the determination of the principal stresses. 

Fig. 21 '3 shows the Mohr-circle construction for principal axes 
and principal moment of inertia, wherein : 
OA=Ixx ; OB=/Vy 
AD= — /xy or BD' = +/xy. 




Fig. 21*3. Mohr-circle construction for principal axes. 
Bisect AB at C. With C as centre and CD (or CD') as radius, 
draw the circle cutting the horizontal axis OC at E and F, Then 
/_ACD—2«. and OE and OF represent the minimum and maximum 
principal moment of inertia 1 : 

Proof. From Fig. 21*3, we have 
OC— j (/xx+/vy) 

OE=Tvv=OC-EC=OC-D'C 
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Similarly, 

0F=/ou=0C+ CF= OC+CD 

= i.( xx+/Yy ) +v /(^y +fe «. 

These are the same as Eqs. 21*5 and IV 6 respectively. It should 
be noted that|/xY is plotted below the line OA if it is negative (such 
as line AD), and plotted above the line OA if. it is positive. If /xy is 
negative, the X-X axis makes an angle 2a= LACD with U-U axis in 
the clockwise direction (or U-U axis is inclined at 2a with X-X axis in 
anticlockwise direction). Similarly, if 7xy is positive, LBCD'^ls. is 
the angle with the U-U axis makes with the X-X axis in the clockwise 
direction. In general, therefore, the direction of the principal axis 
is given by the angle measured from the inclined radial line (such 
as CD or CD') towards the horizontal line CF or CB t as the case 

maybe. 

2. CIRCLE OF INERTIA 

An alternative graphical method to determine Aju and /w is 
to construct what is commonly known as 'circle of inertia\ 'dyadic 
circle* or 'Mohr-Land construction* (Fig. 21*4). 




Fig. 21-4. Circle of Inertia (Dyadic Circle). 



un^Kmmbtrical bending 

jglet O be the centroid of the section and X-X, Y-Y be any set of 
recppjgular axes passing through it. Make OA=Ixx and AB=In. 
Dra|fea circle with BO as the diameter. Hence *C=C0=K/xx+/yv) 
Wn fi C is &e centre °f toe circle. At A, erect perpendicular 
AD%0xy to the right if Ixy is positive, or to the left if J XY is negative. 
Joiigpand D and prolong it to meet the circle in i/and V. Join OU 
and tQV. Then Wis the *7-axis andOFistlie K-axis. Also, UD=Iw 
andj|^=/vv. 



ft 



froof. CA=CB-AB=±-{ /xx+/yy ) -/xy=j (/xx-/yy) 



AD=I XY 



or 
or 



|A.so, ,an 2 a=^ =il ^^ = _J^_ (numerically) . 

21 4 MOMENTS OF INERTIA REFERRED TO ANY SET OF 
f RECTANGULAR AXES 
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The discussions of § 21 '2 and §213 can now be generalised to 
find the moments of inertia referred to any set of rectangular axes 
X'-Y' inclhted at p to the principal ceritroidal axes. Refer Fig. 21 '5. 
Consider aft elementary area 8a. Let its co-ordinates be u, v with 
respect to &V axes and x'-y' with respect to X'-Y' axes. 

Then- x'=u cos p+v sin p 
y =v cos p— w sin p 

Now /xY~2/ a Sa=2(v cos p~w sin p) 2 S<j 

j,. =cos s p S^Sa+sin 5 p 2u 2 B<?— 2 sin p cos p 2«r Ba 
I =/uucos a p-f /w sin 2 p ...(21*7) 

(Sine? 7uv=2wv 8a=0) 
Similarly, h'V^lx' 2 Sa=2(«;cos p+v sin p) 2 Sa 

=cos* p 2u 2 Sfl-f sin 1 p Sv 1 8<x+2 sin p cos p uv 8<z 
=/uu sin 8 p-Kvv.cos 2 p ...(2r8) 

Add&g Eqs. 21 "7 and 21*8, we get 
J Jx'x'+/YV= f /uu+/w 

Also, from adding Eqs. 21*1 and 21'2, we get 

7uu+/w=/xx+ /w 
Hence Jxx+/YY=/xVH-/YV=*/uu-f/vv ...(2i'9) 

Thus the sum of moments of inertia about any set of rectangular 
axes is constant. 

Example 21*1. Determine the principal moments of inertia for 
an unequal angle section 60x40X6 mm shown in Fig. 2V6. 

Solution. 

Let Q be the centroid of the section. Let the X-axis be at a 
distance dx from face PQ, and r-axis be at a distance C Y from face 
PR. 

Area A=Ai+A t =(40X6)+(54X6) 
=240+324=564 mm a 
r Cxsg j40 X 6 x 3W54 x 6 x 33)^ 2Q . 2 mm 

CY= (40X6x20)+(54x6x3)^ 10 . 2mm 

7pq=(1x 6 X 60 3 )+(J x 34 x 6 3 ) =43*44 X 10* mm* 
/xx=/pq-^.Cx s =43-44 x t0*-564(20'2) 3 
=20*34X10* mm* 
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60 mm 



U 



•-6 

mm 



^0^^ = 23° 40 _ 



6 mm 
Jt 



■ 40mm 



and 



1 Iy \ v 

Fig. 21-6 

/PR= (i X'54 X 6 s ) + (i X 6 X 40 3 ) = 1?^* '% :i r- -mrr* 

Jyy^/fr-^.Cy 2 - 13*19 X 10*— 5; 
=»7*33xl0 4 mm 4 



where j>i) are the co-ordinates of C.G. of area ^ 
and (* 2 , y^ are the co-ordinates of C.G. of are* 

/xY={240(20-10-2)(3 -20*2» 

Tf {32^.?-? — I»f TO— 

= -4'05xl0 4 -2*99xl0*«— — r«^- ir-^- 

From Fig. 21*4, the positions of principal 

2/xy 



tan 2a = 



/xx— /yy 
2X7*04X10* 



«r055 



or 



= (20*34-7'33)10 4 
2a=47° 20' 

a=23 d 40' (anticlockwise) 
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7xx+/yy (26'34+7'33)10 4 



2 ~ 2 
/xx-Zvy (20'34-"7'33)10 4 



= 13"84X10 4 
=6"5xl0 4 



(6-5Xl0 4 ) f +(-T04XlO*) 2 
=9*58X10* 



Hence from Eqs. 21"5 and 21'6, 

/ UU =13- 8 4X 10 4 +9'58x 10 4 =23'42X 10* mm* ' 

/w= 13*84 X10 4 ™9 , 58X10 4 =4*26X 10 4 ram 4 . 

Check 

/xx + /yy = Iw + /w 

(20*34 x 10 4 +7*33X 10 4 )=(23*42.X 10 4 +4*26X 10 4 ) 
2767XH> 4 ~27*68X10 4 . 
Example 21*2. Find Iw and /w graphically by Mohr-circle 
method, for the data of previous problem. 
Solution. 

/xx-20*34x 10* mm 1 ; /yy-7*33X 10 4 mm 4 ; fc^-7 04X 10* 
mm 4 as calculated in the previous problem. 




Fig. 21-7 
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Make 05=/yy=7'33 X 10 4 mm 4 ; O4=/xx=20-34x 10 4 mm*. 
Plot AD=— 7"04X 10 4 downward. Find C midway between 
jfepnAB. Join CD. With C as centre and CD at radius, draw a 
circle cutting the abscissa at E and F. 
2 Then OF^7uu=23*4X10 4 mm 4 
0£=/w=4*3 X 10 4 mm 4 
2a=47° 

^ a= i 23 0 30' (anticlockwise). 

I '- Example 21' 3. Determine luu and /w graphically using the 
dyadic circle method. 
, - Solution. (Fig. 21*8) 
r Let O be the centroid of the section. 

I: Make O*=/xx=20*34 X 10 4 and ^(5=/yy=7'33 X 10 4 mm 4 . 
M A, erect perpendicular AD=fjct^T04 x 10 4 to the left side. From 
goint C as centre and CB as radius, draw the dyadic circle. Join 
CD and prolong it to both the sides, cutting the circle in U and K. 
Then, by measurement, 

% r/£>=/uu=23*4X 10 4 mm 4 ; Z>F=Jvv=4'3 X 10 4 mm 4 

, and a«/TOZ7-23 o 40'. 




Fig. 21-5 
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21*5. BETIDING STRESS IN BEAM SUBJECTED TO UNSYM- 
METRICAL BENDING 

In t||p case of simple bending, where the plane of loading (or 
bending) ^incides with one of the principal plane, the neutral axis 
is perpenWeular to the principal plane and passes through the 
centroid ^ the section. In the case of un symmetrical bending, 
neutral axis is not perpendicular to the plane of bending. The bend- 
ing stress^t any point in the beam subjected to unsym metrical bend- 
ing can bf determined by following methods : 

1. Jfpesolution of bending moment into two components along 
principal ^es. 

2. 'Resolution of bending moment into two components along 
any rectangular axes through the cgntroid. 

3. ^Locating neutral axis of the section, 

; - ■ 

216. RifeoLUTION OF BENpiNG MOMENT INTO TWO 

COMPONENTS ALONG PRINCIPAL AXES 

* -■ 

Let fee plane of bending (M) be inclined at an angle & with 
one of thd pincipai planes. The bending moment M can be resolved 
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Fig. 21*9. Resolution of bending moment into two 
components along principal axes. 

into components : M cos 6 along plane V-V and M sin . 9 along the 
plane U-U, paving resolved the bending moments in the two com- 
ponents the^simple theory of bending can then be applied to bend- 
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in occurring in the principal planes. The intensity of bending stress 
■ at any point P(u f v) will be the algebraic sum of the stress due to the 
component bending moments. 

For the component M cos 0, bending takes place about V-V for 
which U-U becomes the neutral axis. For the component M sin 0, 
bending takes place about U-U for which V-V becomes the neutral 
axis. Hence the final bending stress at P is 

, M cos 8 . M sin 9 

f > 7mT • V+_ /w~ ...(21-10) 

The co-ordinates u and v will be positive in that quadrant oi 
V-V planes in which bending moment is applied. Thus, u is positive 
in quadrants I and II, while v is positive in quadrants I and IV. 
Since the co-ordinates of any extreme point of section are known, the 
bending stress can be calculated. It should be noted that the com- 
ponent M cos # causes compression for all points above U-U axis and 
tension at points below U-U axis. Similarly, Af sin B causes compres- 
sion for points to the left of V-V axis and tension for the points to the 
right of V-V axis. Hence the points of quadrant I are subjected to a 
resultant bending stress which is wholly compressive,, while those in 
quadrant III to wholly tensile stress. Angle 6 is taken to be positive 
when measured in an anticlockwise direction with the +veF-axis. 
The method is suitable to those sections which have at least one axis 
of symmetry which is also of the principal axes. In such a case, the 
points at extreme distances from the principal axis can be located by 
visual inspection, 

21*7. RESOLUTION OF B.M. INTO ANY TWO RECTANGULAR 
AXES THROUGH THE CENTROID 

The most general 'method of finding the bending stress at any 
point is to resolve it along any two rectangular axes passing through 
the centroid of the section. Let X~X and Y-Y be the centroidal axes 
(Fig. 21*10). 



The resolved component of M along the Y-Y axis (also called 
as the moment about X-A'axis) is designed as Mxx and is equal to 
McosO. Similarly, the resolved component of M along X-X axis 
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(also called the moment about y-y axis) is designated as A/wand is 
equal to M sin 0. 



M | 



■\ * 



Iy 



Fig. 21-10. Resolution of M into any two rectangular 
axes through the ccntroid. 

The bending stress /& at any point P(x, y) can be expressed as 



f b — aix+bjy 
Since the variation of bending stress is linear. 
a x and b x are constants, to be determined. 
Now, Mxx= bending moment about X-axis 

^J/bSa^^j (a x x+biy)yla 

— ai| xy 8a+6i J/ 8a 

=*=fli /xy+6i Ixx 
AfxY=bending moment about v-axis 

= j f b Sa.x=j (axX+b^x Sa 

Solving (1) and (2), we get 

ATyy./xx— Afxx./xY 



...(21-11) 



...(1) 



and 



01= 

bx- 



/xX./yY — IxY* 

Afxx./yY — Myy./xy 
/xx-Zyy—Zxy 1 



-..(2) 

...(3) 
...(4) 
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Substituting the values of a x and b x in Eq. 21*11, we get 

& /XXA'Y~-/XY S ' /xx/yY— /XY 2 " ^ 

...(2M2) 

Thus the bending stress f b can be calculated at any point whose 
co-ordinates (x.y) are known. The method is specially suitable for 
sections in which the web and flanges are parallel to x-x and y-y 
axes. 

21*8. LOCATION OF NEUTRAL AXIS 

As stated earlier in the case of unsysmmetrical bending, the 
neutral axis is neither perpendicular to the plane of bending, nor 
perpendicular to any of the principal planes. 

Let 0=lnclination of the plane of bending to the V-V axis. 

Inclination of the neutral axis, with the U-U axis. 
The neutral axis can be located by two methods : 

1. Analytical method 

2. Graphical method : Momental ellipse. 

Analytical Method 

Fig. 21'9 shows the neutral axis N-N, inclined at an angle £ with 
the U-U axis. At any point (such as Pi on it, the bending stress is 
equal to zero. Hence equating Eq. 21*10 to zero, we get 

. . M cos 6 . M sin 6 
fb—0= — , vH — - u 

WJJ Ivv 

v=~u tan 6 ...(2ri3) 

hv 

Eq. 21*13 is the equation of the neutral axis iV-N which is a 
straight line. It is clear that when v— 0, «=0 ; hence the neutral 
axis passes through the centroid of the section. 

From Fig. 21 '9, tan (3=-^ A 

But - — = ^-tan 9, from Eq. 21*13. 

M Ivy 

Hence tan tan $ ...(21*14) 

/vv 

Thus the N.A. can be located from Eq. 21 "14. 
Let /nn— moment of inertia of the beam about 

the neutral axis. 
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yiros, from Eq. 21*7, Seating x'-x' axis as the neutral axis, 
we have 

J> /nn=/uu cos 3 sin 2 [i ...(21*15) 

■*fhe neutral axis is inclined at p with the £/-axis, while the plane 
of loading is inclined at 0 wjth the K-axis. Hence, the plane of 
loading is inclined at angle (.90—0+ fi) with the neutral axis. If a 
line indrawn perpendicular to jthe neutral axis, the plane of bending 
will bfr%clined at (3—0) to th%iine. Hence the component of bend- 
ing moment M along the axis ypjt.be given by 

|U Mxx=M cos (£^01 ...(21*16) 

where"5/ N N— component of bending moment along a line perpendicular 
f to the neutral axis 

= bending moment afcjtf the neutral axis. 

perpendicular dilance Of any point from the neutral 
axis, we have 

, Mcos (fi-0> 

/* = j+ .y N ...(21 17) 

|he bending stress/, will be positive or negative depending 
upon |he position of the poi^t relative to the neutral axis and the 
directpn of bending. ; 

21 9.f GRAPHICAL METHOD : MOMENTAL ELLIPSE 

From Eq. 21*9, we have * 

>-.,- /x'x'+/y y ' = /uu-£7vv 

t i - 

"This may be written in terms of the radii of gyration as under : 
K: £xY 2 +*YY 2 =*i!r+£vv 2 ...(21*18) 

If &uuandA'vv are known, fcx'x' and & Y V can be determined 
graphically by the construction of moment al ellipse or ellipse of inertia. 
ReferiFig. 21*11. ~ *V _ ■ 

get Off the principal axes UU and VV through the centroid O of 
the section. Draw the inner circle with radius OA =kw (assuming 
kw<kvu) and outer circle with radius OB—kvv. Set off axes OX' 
and aY' at inclination 0 with OU and OV respectively. OX' cuts 
the circles at C and D. Through C and D, draw lines CP and DP 
parallel to O^and OU respectively, meeting in a point P which is 
a point^of an ellipse. Change the value of 0 (bv rotation of axis X' 
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and D and get a number of such points P. Join them to get 
ellipse. From Fig: 21' II (a), 

OF*=OE*+EP*. 



735 
an 



But 



and 




*B, 

Fig. 21*11. Momcntal ellipse. 

OE=OD sin 6=kvu sin 0 
EP=CF=OC cos 0=*w cos 0 
OP l ^kvu. sin 2 0+& V v 2 cos 2 0 



-..(1) 



or 
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But, from Eq. 217, 

/yV = Aju sin? 9-\-Iw cos 2 9 

AvV—Auu 2 sin 2 0+*w* cos 2 B ...(2) ..:(21'19) 

Comparing (O and (2), we find 

0?—k\\' 
Again, the co-ordinates of points P are 
u>=EP=kw cose 

v=0£=*uusin 0 — ^ 

From (3) and (4), we get 

-i^+^^cos^W^l ...(21-20) 
A'vv A'uu 

This is the equation of an ellipse having Aruu and kw as its 
semi-major and semi-minor axes. 

Fig. 21*1 \{b) shows the complete ellipse. In order to~ find 
graphically the value of fcvV corresponding to any value 0, the axis 
OY' is set off at 6 with the OF axis. A tangent GH is then drawnto 
the ellipse, parallel to the OY' axis; A line OH is drawn perpendir 
cular to the tangent. It can be shown that OH is equal to fcvV. 

Proof. Let m— slope of line OY with OU 
=tan(90+^)=-cote 

If the equation of an ellipse is ™r+-j5T = 1 » then the e< * uation 

to its tangent, with a slope m, is given by 

For the present case, w =— cot 0 ; 6=fcuu and fl=fcw 

v=-« cot i9± V W+*vv s cot 2 6 - ...(2r2t) 
The perpendicular distance OH from O to this tangent is given 



by 



OH^Mp^. 
VI 



8=1 Vl+co?^ 
coscc- 0 

But W sin 1 0-Kw* cos 2 0=*yY 2 .»(2fl9) 
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Hence, we draw a very, important conclusion : 7b jS/h/ the 
radius of gyration about any axis* draw a tangent to the momental 
Upse, in a direction parallel to that axis. Then the perpendicular 
rtce between the tangent and the origin gives the required radius 
^gyration. 

The above conclusion will now be utilized to find the radius 
^ gyration A'nn about the neutral axis N-N. To do this, we must 
%$st locate the position of the neutral axis. 

!; Fig. 21*12 shows the momental ellipse. Let OM represent the 
fitenc of loading inclined at an angle 6 to the OV axis. Let ON be 



4- 




U 



\ Fig. 21*12. Determination of ksm- 

tile direction of the neutral axis, inclined at p to the OU axis. It is 
first required to determine the position of the neutral axis ON graphic 



-r' . From Eq. 21*14, we have 



tanp= J ~ tang 
/vv 

tan 3 = - — -p tan v 



of- 



ten {i cot 0~~ 



fcuu 2 



...(21*22) 
...[21-22 (a)] 



738^ STRENGTH OF MATERIALS AND THEORY OF STRUCTURES 

.: « ' - .-'I 

.. Now the slope m of the line CW=tan p. 
7 Slope m of ihe line OM=tan (90+0) — —cot $ 
- v; .". mm'=~tan p cot 0 

But tan ^ cot 5=^r i from Eq. 21*22 (a). 

- A'VV 

-Hence mtri=-^* ...(21*23) 

vEq, 2 1 '23 suggests that the lines OM and CW are the two 
conjugate diameters of the ellipse. If an ellipse has the equation 

-^-^.-^- = 1, then, from the property of the ellipse, the product mm 

of tie slopes of any two conjugate diameters is given by 

I- ' b- W 

| 'Thus it is concluded that the neutral axis is in a direction of a 
diageter which is conjugate to. the diameter in the direction loading, 

*^Again, if the direction of any diameter OM of the ellipse is 
Imcfwn, the d irection of any diameter conjugate to it can be drawn 
by ^rawing any diameter M'W parallel to OM. bisecting it at and 
joining O and /. Thus OJ prolonged gives the direction ON of the 
neujtral axis. 

? Having located the neutral axis ON, a line N'N' is drawn 
tangential ly to the ellipse and parallel to the neutral axis ON. The 
perpendicular OA then gives the radius of gyration Atnn about the 
neqtral axis. 

V Knowing the radius of gyration &nn, the moment of inertia /nn 
about the neutral axis is calculated from the relation 

I /nn=XW ...(21*24) 

wh|Sre ,4— area of cross-section of the section. 

=? - 

r The bending stress A at any point is tben calculated from 

Eq| 21*17, 

l : . , Mcos(ft-g) iK 

J Example 2V4, A beam of rectangular section, 80 mm wide and 
120 mm deep is subjected to a bending moment of 12 kN-m. The trace 
of 1he_planj of loading is inclined at 45* to the Y-Y axis of the section. 
Locate the neutral axis of the section and calculate the maximum bending 
stress induced in the section. 
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Solution. 




|Y=V \ Hi 
Fig. 2I J3 

Let the puae of loading (bending) be inclined at an angle 0 
with a r-Vuxis and the neutral axis *>'-be inclined at » IZ Je 

0^45° (Given) 

tf=12000x 1000 = !2x W N/mm. - 
/xx * /uu "TT W 3 — , 2 X 80x I20^1l-52 x 1C mm* 
/YY-/w-- i LrfA««^ x !20>C80^5';i2X10* mm* 

From Eq. 29'14, the inclmation « of the N. A , is given by 

tan 3= AjM. t3n ~ M- 52X1Q 6 

tan d M tan Xtan 45^2 25. 

This gives the location of the neutral axis. 

^ By inspection, maximum stress will occur either at B or at n 
whichever ,s more distant from the N.A. 
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The stress is given by Eq. 21 "10 

M cos 9 , _Af sin 6 



M cos 0 A/sin 0 



M ,- and , are *e coo^ates of ^^J^tS^ 
and .v wiU be positive ,o both the 

negat T e hus,forpoint,,^-40and,=-60 
For point D,x= r40 and y=+60 

- (i.e. tensile) 

(/.)»=+ n-52xl0- 513Xl ° =+ „o- S N/m»' 

(i.e. compressive) 

Alternative Solution . 

fcN^/i* cos s p+/w sm- {J ^■ 2 \^ ) : n _ 
==lir52 xl0 6 cos 2 66° + 5.'l2X 10 s sin- 66 
= l-9lxl0 fi +4-28Xl0 fl -6-l9xl0 6 mm 

Also, {yn^xnin P+J-cos P „ 0 __ 61 mm 
= -40 sin 66°-60 cos 66 --61 mm. 

Hence from Eq. 21' 17, 

Mcos_t?^l vk 

* >N 

j^XJ^osJ^6^45J x61 " 
5=1 — 6*19X10' 

-110*4 N/mm a {i.e. tensile). 
w ^ 21 S >t (50 mmX^O »unX6 mm unequal angle is placed 

in ffts section. 
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Solution. 

i 

We have found the properties of this section in example 21*1. 
For the position of the angle as shown in Fig. 2114 {a), the various 
parameters are as follows : 




Fig. 21-14 
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Cx==20'2 -mm ; Cy= 10*2 mm f t 

ii— 564 mm 3 v 
7&-20'34x 10 4 mm 4 ; 7yy=7*33x10 4 mm 4 ; 

."- /xY= + 7 04xI0 4 mm 4 

7^23*42 X10 4 mm 4 ; 7vv=4"26Xl0 1 mm 4 ; a =23° 40' 
lie plane of loading is vertical. Hence Y' axis and Y axis 
coincide. 

,f /?^ a =23° 40'. 
(|) Analytical Solution 

T^e inclination (3 of the neutral axis iV-TV with the CM/ axis is 
given : 

~* q Aiu . „ 2342X10 6 ■ ..«, , n , ... 

.|- §=67° 24' 

■J." 7nn— 7uu cos 2 |J+7vv sin 2 $ 

r ; =23*42 x 10 4 cos 2 67° 24'+4'26x 10 4 sin 2 67° 24' 
4 -3"46X l0*-f 3'64X 10^7'IX 10* mm 4 

Since point »*» is farthest from the N.A., it will be stressed 
maximfm. The. distance v*? from N.A. is given by 

J0*n)s~m. sin {3+v cos 3 
where » and v are the coordinates of point S referred to U-V axes, 
are the coordinates of S referred to x-y axes, we have 

* u~y sin a— x cos a 

and J. ■ v—y cos a4 a sin a 

where i .y— — 10*2— 6 — — 4'2 mm 

and 1 -60-20*2- — 39'8 mm. 

(jtothxandv are negative since 5 is in the second quadrant 
with refpect to the X-Y axes, the plane of loading being reckoned as 
situated in the first quadrant). 

M-~ ■ u={-39*8 sin 23° 40'+4'2 cos 23° 40'}=-12*2 mm 
-j^ vH-39'8 cos 23° 40' -4*2 sin 23° 40'}= -38*2 mm 

•V 0*)s-=« sin p-f v cos ,S--12*2 sin 67° 24'-38'2 cos 67° 24 
~ =—25*9 mm. 

Hence from Eq. 2 P 17. 

: ] M cos (3-0) 

;■ \ Ms— ~ — — — vn 
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_ 12X10^ cos (67° 24-23* 40') 

7'IXIO* " *25'9 

=-31*7 N/mm 2 

31*7 N/mm 2 (tensile). 

Alternatively, 

From Eq. 21*10, 

f r \ — jtfeos g , Afsintf 
(/&)$ 7 .vH . w 

12XKy C os23°24' 12X10* sin 23° 24' t 

2VA2 X10 4 X382 ^xlO 5 XI2 ' 2 

= -31*7 N/mm 2 . 

Graphical Solution [Fig. 21' 14 (6)] 

. _ f~/uu~_ / 23*42 X10 4 

. _ f /w^ / 4-26 x 1Q 4 ni 
* VV ~V "T V 564 " 88inm 

Draw the C/-t7 axis inclined at 23° 40' with X-JTaxis in clock- 
wise direction. Similarly, set off V-V axis. Draw the momental 
ellipse, making OB=Aruu=20*4 mm and AO=ksy=%'% mm. 

To find the direction of neutral axis, draw any vertical line 
MM\ and find its middle point /. Then OJ gives the direction of 
neutral axis AW. By measurement, p=67°. 

Draw tangent N'N' parallel to the neutral axis. Draw OH 
perpendicular to N'N'. 

Then OH^hw—W^ mm (by measurement). 

/nn=^.W=564 (1 1-'3) 2 = 7'2X 10* mm 4 

From Fig. 21*14 (a), 0> D )s=26 mm (by measurement) 

/ ^ _ Afco s f,3— $) { ^ «, ; 

(fbh^ jr^ 0>n)s ^ 

12xl0 4 cos(67 o -23°40') 

7-2XI0 4 X26 
=3*15 N/mm? (tensile). 

2110. THE Z-POLYGON 

In the case of simple bending, the strength of a beam depends 
upon its section modulus Z. In the case of unsymmetrical bendin*?. 
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Z- Line 
for A 




Fig. 21*15. TheZ-linc. 

the section modulus Z for any point in the section depends alscncfll 
theposition ofthe plane of loading. It is interesting to study the 
variation of Z for any point as the direction of the plane of loadmg 
varies It will be proved below that the variation of Z, for a point, 
is linear with the varying value of 0, and if such varia tions are plot- 
ted for some key points of the section, a polygon is obtained. Such a 
polygon is known as Z-potygon. and is very useful in finding out the 
minimum value of Z for the section and the corresponding position 
of the plane of loading. 

From Eq. 2110, the bending stress at any point A having 
co-ordinates «a and va with reference to the principal axes, is given 
by 



_ M cos 6 , M/i^JL 
ft > Ivu VAn 'w 



...0) 



(where 0 is the angle of plane of loading OM with QV axis) 



-a cos $ _^ wa sin J? |__ 



sin 0 "|_- M 
rw J Z 



. , ...(21*25) 

Itjv 

where Z-section modulus of the sections for the point A, given by 

J_ = J»'a_cos^ + j<a anj^ ...(21*26) 
Z /uv 'vy 
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Zcos0 , Zsin0 - r^i-i-f/ w 

or va— j—~ +i/A— -j— =1. ...[2127(a)] 

Putting X cos 0=v and Z sin 0— w, we get 

v.-^+k.-^-I ...(21-27) 

/{JU 'vv 

This is the equation of straight line which gives the variation 
of Z with 0. The straight line A x A t (Fig. 21*15) is called the Z-Hne 
for the point A. The intercepts of this straight line UU and W 

axes are — - and respectively. Hence in order to draw the 
Z-line for A, set off OAi— on UU axis, and OA%= -~ on the 

tlk "A 

J*Taxis., Join A u A % , which is the Z-line for the point A. The mini 
mum value of Z is given by the perpendicular OA+, inclined at an 
angle # with the OF axis. 

"Zmin — OA\. 

M 

Maximum bending stress at A will be when the plane of 

bending is inclined at 6 to the principal axis OV. 

It will be useful to plot such Z-lines for some key points of a 
given section, getting what is known as the Z-polygon. We shall take 
the case of a rectangular section A BCD of width b and depth d, to 
plot the Z-polygon. (Fig. 21*16). 

The principal axes U-U and V-V of a rectangular section coin- 
cide with the usual XX and rr-axes passing through its centroid^ 

For the Z-line for A, the distance OP= and OQ^~-- 

But /v v = Fr y = - jy db z ; wa = -|- 

1 , , 3 _ d 

OQ^-L-btpX- 6^==usuai Zxx 

Similarly, the Z-lines for 5, C and D are respectively obtained 
as the line QR, RS and SP. Then Pg-ffS is the required Z-polygon, 
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for the rectangular section, the Z-polygon provides, at a glance, 
the potion of the plane of bencTing for the maximum and minimum 
strength.. 




Fig. 21-16. Z-poiygoQ for rectangular section. 



Fos the rectangular section, the position of plane ofloading 
for magnum strength is along YY axis since the value of Z along 
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this axis is -|- W*-and is the maximum. Similarly, the position of 

plane of loading for minimum strength is along A'C (or B'D') t 
inclined at # with the YY axis, given by, 

or tan^=-~ "... (21*28) 

Now Z t „fn=OA'*=OQ cos ^ 
=Zxx cos (f> 



b*d 2 



...(21*29) 



21 U. DEFLECTION OF BEAM UNDER UNSYMMETJRICAL 
BENDING 

Fig. 21*17 shows the plane of loading OM inclined atfltotue 
OV axis. Let the neutral axis be inclined at p with the OU axis. The 
resolved component of bending moment in the W direction is M 
cos 6, while in the U direction it is equal to M sin 0. 




Plane of Resultant 
tion 



^ Fig. 21-17 
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The deflection of the beam in any direction, due to a bending 
moment M x is given by 

[ L M\tn x 



dx 



EI 

where mi— moment due to unit load acting at the point in the direc-r 
tion of the desired deflection 

(£x— elementary length of beam, measured along the span 
of the beam. 

Hence the deflection of the beam in the direction of axis VV is 
given by 

Sv =\o ■ mv dx - [21 ' 30 {a)] 

The deflection in the direction of axis UU is given by 

8u~J* .mvdx ...(2) „.[2i'30(6)l 

The resultant deflection 5 is then given by 

[-11/2 
Su^+SvM ...(21-31) 

In Eqs. (1) and (2) above, mu=ntv t =m. 

Let pi wangle which the resultant deflection in the direction 
N'N' makes with the UV axis. 

Then, tan pi^ — 

I L Mm sin 9 » 
_o Ei~ dx 

i L Mm cos 0 , 
0 Ehu~ 

/. tan Pi=-^- tan 0 «.(3) 
/w 

From Eq. 21*14, 

tanp-£^-tan0 ...(4) 
/w 

Comparing (3) and (4), we get 

tan Pi=— tan p=lan (90+ p) 
fr-90+p. 

Hence the resultant deflection occurs in a direction N'N\ which 
is perpendicular to the neutral axis NN for any given direction of 
loading. 
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Let us take the case of a simply supported beam subjected to 
uniformly distributed load. 

5 wsin0.L* 

Then, S «=3M" £/w' ~™ 

5 w cos Q.L X (tc . 
384 EIw 

r ~ J/2 



S=[ Su 2 +Sv 2 j" 

~ 384 £ L /w a [ w* J 

_ J__ uilcosj r + / ^ tan 0 )*1 

~ 384 £7uu L Ww J J 

384 £/uu L J 
(since ~ - tan 0=tan p, from Eq. 21*14 ) 

5 wL!L cos^ cos < p~0) 



384 EIw * cos p " cos (0—0) 

5 wlS cos 3 cos (p— 9) 

384 £fuu * "cos 3 p [cos 0+sin 6 sin 9] 

5 lvZ;t ___gos ( 3—0) cos 0 



~" 384 £/lu * cos* P cos 0 (T+tan p tan 0) 
Substituting the value of tan 0--^.ta:i p, we get 

_ 5 u'L 1 cos (3-0) 

0 — 



384 £fru 



cos*e[i+^^pJ 



_5__ cos(P-0)_ 
384 £/uu 



' , f /uu cos 2 p-Kwsin 2 PH 
cos P L Am cos 2 p J 



5_ wlS cos (p-0) 

— 384 E [Ivv cos 2 "p-f/vv sin 2 pj 

But [Ivv cos 2 P+/w sin 2 PWnn (Eq. 2115) 

• 5_ vv.cos (P-0).L* (2r32) 

384 EIsu 
In the above expression, w.cos (p-0) is the component of the 
resultant uniformly distributed load along the direction N'N' perpen- 
dicular to the neutral axis. 
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Example 21'6. A 60 mm X 40 mm x 6 mm unequal angle is placed 
with the linger leg vertical and is used as abeam simply supported at 
the ends.over a span of 2 m. _ If it carries a uniformly distributed load 
of such magnitude as to produce the maximum bending moment of 0' 12 
kN^m det&mine the maximum deflection of the beam. 

Take £W/x /0 3 N/mm s . 

Solution. 

The properties of the section are known from example 21*6. 

Thus, /nn=7'1 x lo 4 mm 2 ; £=67° 24' ; 0= a =--23 = 40' 

Nov|, for a simply supported beam, maximum B.M. at the centre 
of the span, is gived by 
wL 2 



8 



. v 8iVf 8X0'f2X 10 s 

■' \ w =T*-= — (2oo5)^ 0 ' 24 N/mra -<» 

From Bq- 21 "32, the maximum resultant deflection is given by 
3 = . 5 wcos ({3 — 0) [J 
i 384 £/ NN 

■ = -i— 0'24 cos (67° 24 -23° 4 0' ) (2000)* 
1 384 2X 10 5 (7"1X10 V ) 

=2'54 mm. 

Theinaximum (resultant) deflection -takes place in a direction 
perpendicular to the neutral axis. Tf ft is the inclination of the plane 
of maximum deflection, we have, [Fig. 21*14 (<*)], 

.81=67° 24-23° 40' =43° 44', 

Example 21*7. Draw 2- polygon for a rolled steel joist {RSI) 
having the following properties [Fig. 2V18 (a)] : 
Depth of section {h)=200 mm 
Width of flange (b)=100 mm 
Thickness of * flange =7 '3 mm 
Thickness of web— 5' 4 mm 

Ivv=1696'6XlO i mm i 
- Iw=l/5 4XI0* mm" 

Zvu^m jxlO 3 mm* 

Zvv=23 - lXl(P mm 3 

4 

Hence find the maximum bending stress due to a bending moment 
of 1800 N-.m. What is the inclination of the plane of loading to give 
tne maximum bending stress ? 




Fig. 21-8. Z -polygon for /-joist. 
(Example 21*7) 
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Solution. Fig. 2118 (b). 

Since the key points ABCD form the corners of a rectangle of 
size 100 mm X 200 mm, the Z-polygon for a /-beam will be similar 
in shape to the Z-polygon for a rectangular beam (Fig. 21*16). 

Hence to get the points P 9 .Q 9 X and S of the Z-polygon {Fig. 
2118 (b)l make OG=05=Zuu= i =169 , 7x 10 s mm 3 units, and 
OR=0P=Zw**23*l x 10 3 mm 3 

The maximum strength is obtained along the direction V-V, 
having a section modulus Zuu=169"7x 10 3 . To find the minimum 
strength (or maximum bending stress), drop perpendiculars OA' or 
OB\ Let the inclination of OA' or QB' be ^ with the V-V axis. 

Then, Z min ^OA'=OP sin ^ ..-(0 
Now tan 2y]xlQ > -7 34 

^=82° 15' and$in^=0'991 
Z min -OP sin (*=Zw sin *=23'1 X10*X0'991 
=22 9 X10 3 mm 3 
{n - M 1 800X1000 fl N/m , 

The plane of bending is inclined at ^82° 15' with the V-V 
axis, to give the above maximum bending stress. 

Example 218. For the angle section of example 2V 5, draw the 
Z-polygon. Hence determine (i) maximum bending stress due to a 
bending moment of 0' 12 kN-m acting in the vertical plane through the 
centroid of the section, (it) the absolute maximum bending stress due to 
a bending moment ofO'12 kN-m, and the corresponding position of 
plane of loading. 

Solution. (Fig. 21*19). 

From example 21" 5, wc have cc=23 0 40'. Hence set of U-U axis 
at 23° 40' with the X-axis, in clockwise direction. Make K-axis per- 
pendicular to U-&xis. 

The U ani V coordinates of key-points A, B, C, D and £, 
referred to U-V axes, can cither be calculated, or determined by 
direct measurement. Since the Z-polygon method is essentially a 
graphical method, it is advisable to determine these coordinates by 
graphical measurements from the drawing (Fig. 21*19). Regardmg 
the sign of U and K, it should be noted that a and V are positive m 
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^ that quadrant in which the plane of loading lies. The four quadrants 
Vl, II, IK and IV) have been marked in Fig. 21*19, taking the 
-Quadrant of the plane of loading as the first quadrant. According to 
rrthis, the coordinates of A, B, C, D and E are found to be as follows : 




Fig- 21-19. (Example 21-8). 



754 



STRENGTH OF MATERIALS AND THEORY OF STRUCTURES 



V:' (u) mm . (v) mm 

A +17'4 +14*2 

j?, -196 +310 

C, -222 +25*3 

£ -12*2 -38*2 

1 - 7 0 -41*0 

From example 21*5, 

I. Juu=23'42xl0 4 mm 4 

i . 7w=4*26Xl0 1 mm 4 

the equation of Z-line for A is given by 

>■ v .-7 Km . -= — 1 

/UU 

1 14'2 , j- 17 4 , 

V V * 2342X10 4 " 4-26X10 4 
or f : v+6'74 tr= 16493 

Equation of Z-Hne for 5 is given by 

\< - 310 , : (-19 6) . 

f : v * 23*42 xlO 4 + " ' 4'26 X 10 4 

or "fy " v-3"48m=7555 ^ 

Equation of Z-line for C is given by 
i (4-25-3) , (-22'2) 
I v " 23'42X10 4 4*26 xlO 4 
or I ■ v-4'824 - 9257 ..(3) 
Equation of Z-line for D is given by 

V (-382) (-12-2) 
: v * 23-42X10* " rw 4'26X10 4 

or v-M'764— 6131 -.(4) 

iAnd equation of Z-line for E is given by 

y (-41-0) ■ ( -7-0) . 

v * 23 '42 XlO 4 4*26 X 10 4 
or ; v+0'94 n^-5712. -(5) 

tet Fi, P 8 , P 8 , P 4 and P s be the corner points of the Z-polygon. 

Ifke point Pi, is the point of intersection of Z-lines for points A 
and ft and hence, its co-ordinates are found by simultaneously solving 
equations (1) and (2). Hence co-ordinates of point Pi are : 
u =+873 andv= + 106'l mm. 

Solving equations (2) and (3), the co-ordinates of point P 2 are 

;\ U--12 5 ; v-~32*l 



(-382) (-12-2) 
v * 23-42 x 1 0 4 4*26 X 10 4 



^SYMMETRICAL BENDING' 755 

Solving equations (3) and (41, the co-ordinates of point P 3 are 
u=-234 ; v=-20'2 

Solving equations (4) and (5), the co-ordinates of point P 4 are 

«=-4"8; V--52-7 

Solving equations (5) and (I), the co-ordinates of point P 6 are 
u=6 -f38-2 ; v=-93*0 

Knowing these co-ordinate, the Z-polygon PiPzPiPaPs can be 
plotted, as shown in Fig. 21" 1 9. 

(0 For the loading in the vertical plane, the section modulus 
Zfor^ is given by Oa~ 5*78 X 10 3 mm 3 and that of D is given by 
Od==3'15x 10' 1 mm 3 . Hence the minimum section modulus=3'75 X 
10 s mm 3 . The maximum bending stress is, therefore, given by 

A/fc>wn*— ~3'75x 10*"" "' nnn ' 

(«) For absolute maximum bending stress, we have to find the 
absolute minimum section modulus. Tf perpendiculars are drawn 
from O to the various Z-lines, we find that the minimum Z is equal 
toOC. 

Z m , w =OC=-l"88x 10 3 mm 8 

• f r\ _ 0" 1 2 x 10 a a 

v A'mwitiM — "i'88~?H) 3 "" — i^/n^m . . 

The corresponding direction of loading is at 102° with the 
vertical line YY y as marked in Fig. 2f.'!9. 

PROBLEMS 

1 . Determine the principal moments of inertia for an unequal 
angle section 200 mm X 150 mm x 10 mm. 

2. A 4 in.X4 in. xj in. steel angle is used as a cantilever of 
length 3 ft. and carries an end load. One leg of the angle is horizon- 
tal, and the load at the end is vertical with its line of action passing 
through the centroid of the section. Determine the maximum allow- 
able load if the bending stress is not to exceed 7l tons/in* and find 
also the vertical deflection at the end due to this load. Assume all 
corners of the angle to be left square. £=13500 tons/in. 2 . (U.L.) 

3. A cantilever consists of 3 in. x 3 in. X \ in. angle with the 
top face W B horizontal (Fig. 21' 20). It carries a load of 400 lb. at a 
distance of 3 ft. from the fix^d end, the line of action of the load 
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passing through the centroid of the section and inclined at 30° to the 

vertical. Determine the stress at the corners A, B and C at the fixed 

end and also the position of the neutral axis. Given the following : 

^=2'753 in. 2 ; /xx=/yy~2*18 in. 4 ; /uu-3'44 in. 4 ; /vv=0'92 in*. 

{U.L.) 



* \ r /v 



V 



:m. 1— : 



/ 



/ 



i \. 



Fig. 21-20 

ANSWERS 

1 /uo=l7Xl0 € mm 4 ; /w=0*5l x W« mm 4 . 
2* *P mofl ,=705lb;8 v =0'0993 in. 
3. (/„)a= 19,650 lb/in. s 
(/»)»=- 10,140 lb/in. 3 
(/,)c= 14,740 lb/in. 2 . 

Neutral axis inclined at 40° 34' to the A^-axis in the anticlock- 
wise direction. 
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I Elementary Theory of Elasticity 

2tl, STATE OF STRESS AT A POINT : STRESS TENSOR 

*; Force systems acting on an elastic body in equilibrium are of 
tw:o kinds : body forces and surface forces. Forces distributed over 
th^ surface of the body, such as the pressure of one body on another 
b£hydrostatic pressure are called surface forces. Such forces are 
applied externally at the boundaries of the body, and dimensionally, 
a surface force is defined as force per unit area. Forces distributed 
over the volume of a body, such as gravitational forces, magnetic 
fojrces, seepage forces, or in the case of a body in motion, inertia 
forces, are called body forces. Dimensionally, a body force is taken 
as^a force per unit volume. 

\ The total stress field on any three dimensional element is 
determined by the following stresses : 

(trxx txy txz\ /ox txy txz\ 

TYX CTy Y " YZ j Or I TXY <JY TZY 1 

tzx tzy <rzz' \txz tyz ffZ / 

These nine stress components, as given by this group of square 
matrix of stresses, are the components of a mathematical entity 
called the stress tensor, with a symmetrical matrix relative to its 
rn'am diagonal (upper left to lower right). The main diagonal 
elements of the stress tensor are the normal stress components and 
the off-diagonal elements are shear stresses. 

i Each stress component in it is represented by its magnitude, 
direction as well as the position of the plane on which it is acting. 
For example, <rxx (or simply <rx) signifies the normal stress acting on 
the face of the element that is perpendicular to x-axis, and the stress 
is- aeting in the x-direction. Similarly, the shearing stress txy denotes 
a ; stress acting on the face of an element that is perpendicular to 
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-x-axis. the stress acting in the direction ofy-axis. The stress tyz 
denotes a stress acting~on the face of an element that is perpendi- 
cular to>-axis, the stress acting in the direction of z-axis. Thus, at a 
point, there are . three_ norma! stresses ; ax (or cxx), <*yy (or <tyy) and 
az (or «T2z) and six shearing stresses : txy, t V x ; tyz, tzy ; tzx and txz 
as shown in Fig. 22' 1 (a). 




tc) VIEW IN x-z PLANE Id) VIEW IN x-y PLANE 



Fig. 22' i. Three dimensional stress field. 

Fig. 22' 1 (a) shows the stresses acting at the centre of an ele- 
mental volume of size dx,dy and dz . Figs. 22*1 (b), (c) and (d) 
show the views in z-y, x-z and x-y planes respectively. Considering 
the equilibrium of the elemental volume, and applying equation 
SA/z^O (where Mz represents the moment about z-axis), we get from 
F ig. 221 (d), 

(-Yx.dx dz)dy=(TxY.dy.dz)dx 
or TYX=TXY ...(22 l) 
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Similarly, from Figs. 22*1 {b) and (c), we get 

TYZ="ZY 

and tzx=txz 



...[22 2 (a)} 
...[22 2 (6)] 



Thus, out of six shearing stresses there are only three indepen- 
dent shearing stresses and total independent stresses are therefore 
six only {i.e three normal stresses and three shearing stresses). 

22 2. EQUILIBRIUM EQUATIONS 

Fig. 22'2 shows an elemental volume of size dx, dy and dz, with 

the nine stress components acting at the centre of the element. The 

stress on each face will be equalto the stress at the centre increased 

or reduced by the distance from the centre to the face times the 

spatial derivative of the stress. For example, normal stress compo- 

/ , tax dx\ 
nent ctx acting at the centre will be increased to \ oxt' 

at the face ABB t Ai and decreased to ^ ax— 



Bex 
dx 



dx_\ 
2 ) 



tax ax \ 

dx ' 2 ) 
at the face 



/ 'Ox 



■dy 



B, 



Di 



Fig. 22-2 



If X, Y and Z denote the components of body forces per unit 
volume, in the three corresponding directions, then the equation of 
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equilibrium obtained by summing all the forces acting on the ele- 
ment in the x-direction is : 

+X.dx.dyJz=0 
Dividing all the terms by dx.dy.dz and simplifying, we get 

J2* + -0) ».[22-3 (a)] 

Similarly, in the y- direction, the balance of forces requires that 

+{(™+^-f)**-(--^-T)*4 

which on simplification reduce to : 

+ ilSC + §txy +r==Q _ ..(ii) . . .[22- 3 (6)] 

Sj; dx 

Lastly, in the z-direction, we have 

+ Z.dx.dy.dz<=0 
which on simplification reduces to 

+ ax ^ ?v 
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Eqs. 22"3 (fl), (6) and (c) are the three equilibrium equations 
which arc also sometimes written in the following order : 



8ax 


Styx 


, d-czx 


f*=0 


dx ' 


dy 


+ Sz 


&TXY 

dx 


. day 
' By 


. dtZY 




()rx7, 
dx 


. dryz 

1 dy 


daz 

+ dz 





...(22"4) 
...(22*5) 
.-(22-6) 



v < However, we have seen in § 221 that there are six independent 
str^s components acting at a point and the complete solution of the 
pr<Mem requires the determination of these six stress components. 
Tr|fts, there are six unknowns, and only three equations of equilibrium 
are "available. Thus the problem of elasticity is strictly of indeter- 
minate nature. These equations of static equilibrium must be sup- 
plemented with equations of compatibility of deformations (§ 22'4) to 
ge|>he complete solution. In addition to this, the final solution 
should satisfy the boundary conditions (§ 22*5). 

22§t STRAIN COMPONENTS : STRAIN TENSOR 

f: -Let u, v and w be the displacements in x, y and z directions 
respectively. For a three dimensional case, there are six strain 
components : 

: ex, £y, ez, yxy, *{yz and yzx. 

: The three linear strain components are defined by : 

?: _ du 

) e *~ d ~ ...[227(a)] 

dv 

'{/ SY ~dy~ ...[22-7(6)] 

< : . ' . dw 

: M : sz= jt -122*7 to] 

: In order to find the other strain components (called the shear- 
ings/rain components), consider a plane lamina of size dx, dy in the 
x-y plane. The lines OA and OB, originally orthogonal to each 
other, are displaced to positions O A' and O B' respectively. The 
shearing strain is equal to the change in the angle at O. 

; Displacement of A in Jt-direction^w-f-- — dx 

dx 



Displacement of B in y-direc!ion= 



dy 
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?- Displacement of &m ^-direction— v+-J~ . <£y„ 

.? / .. . , &u j 

> Displacement of B m x-direction— «+— . ay 



Total change in the angle at O 




Fig. 22*3. Shear Strains. 
It can be shown that linear strain of a diagonal is equal to 
half the shearing strain. Thus, if exy, eyz and ezx represent the 
linear strains of the diagonals of a plane lamina, we have 

£xy~£yxy ; syz— iyyz ; ezx=£yzx ...(22 9) 

Therefore, the strain tensor, consisting of nine strain compo- 
nents, can be represented as under : 

(exx exy exz \ / ex Jyxy lyxz \ 

CYX EYY CYZ I Or I IrYX EY llfYZ J 

ezx ezY gzz / V btzx iyzY ez / 

224. COMPATIBILITY EQUATIONS 

The equations resulting from the application of strain equa- 
tions are known as the compatibility equations, or Saint-Venanf* 
equations. 
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Dififerentiating Eq. 22'7 (a) twice with respect to y, Eq. 22*7 Q 
twice with respect to x and Eq. 22*8 (a) once with respect to x an 
then with respect to y t we get 

Jfa &u 

8/" 



Bx.df 

0*£y _ e 3 v 



By? dy.dx* 
g g TXY — . S 3 * _ 



S 8 v 



a*a,y 3*3/ 5^0^ 
By inspection from (f), (ff) and we get 



Similarly, 



and 



a*ex 




_ a'yyz 


a/ 


a* 8 


dx.dy 




^ez 








a_)\#z 




, a*ex 





a* 1 



az* 



Sz.a* 



Again, from Eq. 22*7 (a), 

e*sx &u 
dydz , dxdydz 

a 2 rxv _ a 3 v , 



From Eq. 22*8 (a), 
From Eq. 22*8 (b), 



dz.dx 8x*dz 

8 8 Yyz _ a*W; ^ 



aj#zax 
a"v 



ax 2 e^ay ax'az 



and from Eq . 22 - 8 ( c) ,^ = || +1 ^ 
From (jV), (v), (w) and (vi/), we have 

^ex _ a'VxY ^yyz _|_ a*rzx 



or 



a>>az 
a a ex 



BzdX 

a 



...( 

...a 
...(// 

...[22*10 (a 

...[22*10 (b 
...{2210 (c! 

.M 
...0 

...<* 



ay3z dx ] 



dx* ' dydx 



0X 



Similarly, 



a 2 ey _ a _/ gyvz _ 8yzx i a-yxY 



azax a.yV ax 



a 7 



az 



) 



...[22*10 (e! 
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„ 8 > ez_ == _8/' iGE. + *££L-£*!L.\ ...[22-10 (/)] 
and 2 ~d*3y Sz \ Bx 8y Sz I 

Eqs. 22-10 are the six compatibility equations. 
22 5 BOUNDARY CONDITION EQUATIONS 

The solution of an elasticity problem is obtained by the solution 
of J£S land compatibiHty eolations, 

1**22 4 (a)] with /, m and n as the direction cosmes of the external 
irig. . m y -nA Z be the components 

normal to its surface at ^ *J ^„ area ABC. 
of surface forces per unit area on the element y 
n. M-4ft) shows the nine stress components on the face O^c 
2c J*ZTl** elemental volume is considered to be shrun* 
I X*. these nine stress components are assumed to act at the 
point. 




Fig. 22*4. Boundary conditions. 

Let area ABC=ds 

Area OBC=ds.cos (iV, x)=ds.l 
OAB=ds.co$ {N, y)=ds.m 
OAC—ds.cos {N, z)=ds n 
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- Resolving alt the forces in x-direction, and equating them to 
zero, we get 

W 2X=Q=X ds— cx.ds.l— Tyx.dk m— xzx.ds.n 

/+TYx.'»+Tzx.n ...[22*11 (a)] 

Similarly, "7 = ^ n ,+ TZYi „-j- TxY ./ ...[22'U {b)j 

ann Z== <rz: n + txz ./+ tyz.ot . . .[22' 1 1 (c)] 

■% These are the boundary condition equations which are also 
Sometimes written in the matrix form : 



- X " 




~ Ox 


TYX 


TzX 






TXY 


CY 


TZY 


- Z - 




- TXZ 


TYZ 


az 



...(2211) 



AND 



2*S. GENERALISED HOOKE'S LAW : HOMOGENEITY 
^ ISOTROPY 

r n its simplest form, Hooke's law states that within the elastic 
ifmt, stress is proportional to strain. Following are the generalised 
Hpoke's law equations (due to Navier-Stokes), connecting the strain 
components to stress components : 

ex=Cu«ix+Cuev+Ci»cz+CuTXY+CuTvz+CrtTzx ...[22*12 (a)} 

SY= : =C2l<TX + C a 2CY + C23«7--t-C2a' : XY + C25TYZ + C M TZX...[22'12 (&)] 

J ez-Caiffx+CazffY-rCssTz+CaiTxY+Cs&Tvz+CMTzx... [22'12 (c)J 

J: YxY = C llffK + C 42 aY + C 43 OZ+C«TXY + C^ S TYZ+C^«TZX...Uri2 (d)] 

yyz = C w cx 4- C«oy -r Cure + C m txy + C w tyz + C m tzx ...[22 12 (*)] 

VZX = Cfliffx4-C« 2 aY + C«(TZ + C 6 4TXY-f C«sTYZ + C«flTZX ...[2212 (/)] 

These equations contain 36 elastic constants. These elastic 
constants are independent of the stress components at a point. An 
elastic body is said to be homogeneous if there are only 36 clastic 
constants, and they are the same at all points within a region. A 
point in a material is called isotropic if its elastic constants are the 
satne in all directions at the point. By a series of rotations of axes, it 
can be shown that the number of independent elastic constants for 
a homogeneous, isotropic body are only 2. The considerations of 
homogeneity restrict the total elastic constants within a region to a 
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finite value of 36, while the considerations of isotropy further 
reduce tlSse constants to only 2. The generalised Hooke's law 
equations £Eqs. 22" 12) then reduce to 

sz — Ou<rz+ Ciziax + oy) 

. Yxy — 2iCn— Cl2J,X1 
■ y yz =2(Cii — Ci 2 )tyz 
and ^ yzx~2(Cii— Ci 2 )'zx 

In otder to evaluate the values of the two constants C n and C L2 
let us takf the. case of uniaxial stress in the x-direction, with 

'• . sx 1 

From which C n — — — "F" 
*- . erx 

where ^—Young's modulus of elasticity. 

AlSO, 3 V = — Ci2<7X =f wExx 

; C "" £ • sx ~ * 

. .1 
where ^— Poisson's ratio— ~* 

Substituting these in Eq. 22" 13, we get the final equations as 
under : 

xx== i[ o X -fr(o ¥ +az> ] ...[2214(a)] 

.^^[ov-liloz-hax) ] ...[22-14(6)] 

., z -4-r «-*W+«) 1 ...[2214 (c)] 



Yxv = .?U±fi) TXY ...[2214 W)] 

__2li±ttL- zx ...[2214 (/)] 
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22 7. TWO DIMENSIONAL PROBLEMS 

(a) Plane Stress. If a /ft&i plate is uniformly loaded by forces 
applied at the boundary, parallel to the plane (say xy plane) of the 
plate, the stress components ffY=Txv=7Yz^=0 on both the faces of the 
plate. Such a state of stress is called the plane stress. The components 
of stress are ax, <sz and txz- These components are independent of y 
(i.e. they do not vary with y). The Hooke's law equations for plane 
stress case arc : 



ex— -^ox— (icrz^ 

1 ( \ 

^z——\cz-~WJ\ j 

<jy=-~ iL^ CTX+CTZ ^ 



YXZ— ~ TXZ 

and YXY — YYZ = 0 ('.' TXY~TYZ=0) 

(b) Plane Strain. There are many problems in which one 
dimension (say, ^-direction) is very large in comparison to the other 
two. If such bodies are loaded by forces which are perpendicular to 
the longitudinal elements (in the long direction y) and do not vary 
along the length, all cross-sections will be in the same condition. 
The state of affairs existing in the xz plane through a point holds for 
all planes parallel to it. Such a case is known as plane strain case. 
The strain components ay, yxy and yzy will each be zero. The 
other strain components ex, ez and vxz are given by the following 
Hooke's law equations : 

EY — 0="^ £ <7y — tl(<Jz + <Fx) J 

OY=p.(ff Z +ffx) ...(2216) 
sx=-^ £ ox— [iffy— ftffz J 

i r 1 

cx=-^- 3 [ tfx-j^ cz ] -..[22 17 {aA 



or 
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Snarly, « ] 

, -.2(1+1*) ...[22-17 "(c)] 

and Txz— E - 

vxy— Tvz— 0 (Hence txy=tyz)= : 0 
Equilibrium Equations. For both plane stress as well as- 
plane strain case, the equilibrium equations are : 

"rx + 8z 

il^, ^ +z=0 ...(22'18) 

ex 

22 8. COMPATIBILITY EQUATION IN TWO DIMENSIONAL 
CASE 

For the two dimensional case, the six compatibility equations 
(Eq. 22' 10) evidently reduce to one single equation : 

a 2 sx dhz g*yxz (22 19) 

az 2 + a* 2 a*az * 

Compatibility equation in terms of Stress 

The above compatibility equation in terms of strains can be 
converted into the compatibility equation in terms of stress. We shall 
consider both the cases : plane stress case and plane strain case. 

(1) Plane Stress Case 

Substinnjng the value of ex, sz and yxz from the Hooke's law 
quations (.Eq. 22*15 to Eq. 22"19), we get 

£r (<*-^z)+|s (^-^2(1+,*) gg- ...(0 

Again, differentiating first of the equilibrium equatidns [Eq. 
22" 1 8 {a)] with respect to x, and the second [Eq. 22" 18 (6)] with 
respect to z and adding them together, we get 

Substituting the value of - 5 r~ 5 »« (0, we get 



dxdz 

& f x,^ / i i ft \ m\ ( aVx -i ^ 
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or 



i g&4 - 



This, on simplification, gives 

"_ggx , _a 3 g z aVx ay az \ 

. (1 + ^) (|f + f ) ...(22-20) 

If body forces are absent, or constant, we have 

(a^ a^ \ 
~a? + a^j (°x+az)-=o ...(22-20 

whfih is the required compatibility equation in terms of stress, for 
th^Iane stress case. 

(2) Plane Strain Case 

| Substituting the values of e x , z 2 and yxz (Eq. 22*1 7), we eet 
frofi Eq. 2219, * 

! = 2(i+ ^ ...(«) 

?f-- 

J Substituting the value of --f^as found in («), we get 

which, on simplification, reduces to, 

V&vl.&oz , av , aV i fdx l ez\ 
, a* .1- g z 2 ax 2 + a^ — T=iA aF + aT j 

C If the body forces are absent, or constant, we have 

~. / a 2 a* \ *v 

I d^ + l?~) ((Tx+<7 ^ ==0 ...(22 28) 

which is the same as Eq. 22"2 1 found for the plane stress case. Thus 
in case of constant body forces (or no body forces), same compati- 
bility equation holds both for the case of plane stress and for case of 
plane" strain. Hence the stress distribution is the same in both the 
cases, provided the shape of the boundary and the external forces are 
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the same Also, the stress distribution is the same for all the isotro- 
thesame aiso. i not contain any elastic 

p c materials, since Eq. 22 21 or ll - j , 
consent. The photo-elastic method of determmat.on of stress 
distribution is based on this conclusion. 

22 9. STRESS FUNCTION 

The solution of a two dimensional problem of elasticity reduces 
,o the integration of the differential equations of equ.hbnum 
together with the compatibility equation and the boundary condition 

equations. The equations are : 

i i^=0 ...[22*24 (a)] 

dx &z 

fa**. j_ IS^-^z^O ...[22*24 (6)] 

dx + dz 

(where Z is the body force per unit volume in the Zf™*°£ 
It % assumed that the weight of the body is directed towards Z-axis, 

so that X is zero.) 

It is usual to reduce the above three equations into one single 
equation- in terms of the so-called ' stress function' 4 defined by 

a 2 <D ...[22*25 (a)] 

ffx — a?* 



and 



az- dx 2 



...[22*25 (/>)] 



a-<*> ^ r ...[22 25(c)] 

and txz— 0Jcfe 

The above function <& is called the ^ Stress and was 

introduced by OA Airy in 1862. It can be easily seen tot the 
iniroautcu uy vj^ j qa tfcfies the equilibrium 

stress function O denned by Eq- 22 25 satisfies^ eq 
equations [Eq. 22*24 «, (6)]. Performing differentiation on Eq. 22 25, 
we get 
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cox <kxz a 3 <J> a ;, a> 

* ' "dx " + dz : ~ d X W~l*d?'~ Q (satisfied) 

a* + dz dx T bz~~ Z ^ (satisfied) 

Again, substituting the proper derivatives of stress components 
as function of Airy's stress function in the compatibility equation 
fEq. 22'24 0)], we get 



^-2 


S 4 <D 














L a.v 2 4 











...(22-26) 



or V 4 O=o 

This is a biharmonic differential equation of fourth order, and 
is known as the compatibility equation in terms of stress function 
The solution of Eq. 22*26 must also satisfy the boundary conditions. 

In most of the problems, it is usual to find the stresses due to 
body forces and those due to boundary forces separately. In that 
case, Eq. 22'25 (c) is modified to 

The solution of two dimensional problems is thus reduced to the 
integration of the differential equation 22*26 having regard to the 
boundary conditions. In case of long rectangular strips, the solution 
of the biharmonic equation is done in the form of polynomials of 
various degrees. 

2210. EQUILIBRIUM EQUATIONS IN POLAR COORDI- 
NATES 

In most of the problems, it is more convenient to use polar 
coordinates. An infinitesimal element in the polar coordinate s>stem 
is shown in Fig. 22'5. 

Let "^normal stress component in radial direction. 

CT e=normal stress component in circumferential 
direction. 



T r6— shear stress component acting tangentially to 
the four surfaces. 
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Let the stresses on the four faees be farther definedbysuffl.es 

1 2 3 and 4 respectively. 

Resolving the forces in 9 direction and notmg that 

= 1 



. 0 ii=-^ and cos 
sin 2 2 2 



an d assuming body forces in * direction to be zero, we get^ 
K^-^W-osf-r^+^^.sin^ 

o. 




e-Axis 



and 



Fig. 22-5 . Stresses in polar co-ordinates. 
Dividing by we get 

" ^ 2 . 

Assuming the eiement to be shrunk to a point, we have 

55 # 



...(0 
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Substituting in (i), we get 
which gives 

which is the equilibrium equation in 9 direction. 
i Similarly, resolving in /--direction, we get 

| {M-M r tW~{(^) 2 +(^) t )} dr. sin ~ 

V +{(**),-(-,«) J <*r . cos -f- =0 

Dividing by </r.*f0, we get 
: * 2 d8 

or; ,^ + ^ + <g^ 0 

whibh may be rewritten as 

i ^r + -^ i+ Tl^ =0 •••(») -[22-27 1. W] 

which is the second equilibrium equation. If, however, R is the 
body force per unit volume in the r-directicn, one more term 
R.rdd.dr will be added to the right hand side, and Eq. (II) will be 
modified as 

It" T IT+^-O -t22 27 (cfl 

22 11, COMPATIBILITY EQUATION AND STRESS FUNCTION 
IN POLAR CO-ORDINATES 

; It can be shown that the compatibility equation in terms of 
stress components, in polar co-ordinates, is given by 

(F+yF+T-l-)^^ 0 - (22 ' 28 > 
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The stress function <I> is defined in terms of stress components 
m polar co-ordinates as follows : 
!'- ' "1 _£5L , J_ ^ ...[22-29 {a)) 



sT^r 2 d& 

- j 2<& ...[22*29 (6)] 

6 ~ fir 2 

and "gg r a r£ # dr\r d9 I 

To yield a possible stress distribution, this stress function must 
ensure that the condition of compatibility (Eq- 22"28) is satisfied 
In cartesian co-ordinates, this condition is V 4 $-0 (Eq. 22 26). 
A corresponding condition in polar co-ordinates can be obtained 

bythe substitutions r^-^+r 2 and ^tan" 1 -^ . Thus, the com- 
patibility equation, in terms of*, in polar co-ordinates becomes : 

or V, B (V,- ? -l»)-0 ...(22-30) 

Example 22*1. Given the following stress function 

. H _ x * 
— z tan ■ — 

determine the stress components ax, tfz and txz- 

SoSuiion. 

By successive differentiation of the stress function, we get 

- +tan -. f T ...(/> 

dz - L xr-\-r- z J 

. . ^ 2iL *! . ..;..(«) 

c?<& _H_ 8x 3 r ...((70 
3z 3 " * 

a 4 0> _// 8x 5 — 40xV ...(/v) 
f:- az 4 ~ 7T z s )* 

6 3 Q 2/f jxV-x* ( v ) 
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3 4 *t* H 64xV-24xz 4 - 



-8x 5 



a^ax 2 

Similarly, 

ao 

dx 

a*<& 

ax 3 ~ 

ax 3 ~ 
a 4 <D 



(x 2 -^ 2 ) 4 



2tf 



xz 



It C^ + Z 2 ) 2 

2// o 3 x a -z 2 

71 2 • <X 2 +Z 2 ) 3 

H 24xz 4 -24xV 



ax 4 



Now 



7= ' (^-f-Z 3 ) 4 

a 2 * 
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...W) 

...(vff) 

..(v/tf)'" 

...(fit) 

...U) 



az 2 



(TZ = 



2tf x 3 

it (x 2 -fz 2 ) 2 

2ff 



and 



a 2 <& 
a* 2 

a 2 ^ 



7t (xHz 2 ) 2 

2ff A 



(Answer) 

(Answer) 



xz 



TXZ = 



(Answer) 



dxdz " it <x»+r')* 
Check for equilibrium equations 

The above solution will be acceptable only if the stress com- 
ponents satisfy the equilibrium equations. The equilibrium equation 
are 



dx 

Scrx 



dz 

Stzx 



*0 



Now 



a<7z 



dz 1 dx 
H 2x 4 -6xV 



...(I) 
...(H) 



ax 



TZ (X- + Z 3 ) 3 

H 2x i ~6x 2 z 2 



dz - (x 2 +z 2 ) ;l 

atrz 7/ 4xz 3 — 4x 3 z 



az 
ax 



7t (X 2 + Z S ) 3 

// 4xz 3 -4x 3 z 



(x^+z 2 ) 3 
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Substituting the above values in the equilibrium equations, we 

see that they are satisfied. 

Check for compatibility equation 

+ at* 

Substituting the values, we get 

JL -5-Wrr 24xz 4 -24.xV+64.xV-24xz* 

-8x r '-f8x 5 -40x 3 z s JM) 

Thus the compatibility equation is also satisfied. 

Hence the values of ox, az and -rxz found above s acceptable. 

Example 22 2. Given the following stress function 

<D=~~ rBxosQ 
it 

determine the stress components : c r> co fliwf 
Solution. 

.The stress components, by definition of *, are given as 
follows : 

1 SO ,_1 3?L ...(0 

Crr= 7" 0r + r 8 ae a 

a 2 o> ..,(«) 

~ s ^~~¥r~\T ee r ^ ee r drde 

The various derivatives are as follows : 

J* -^.'fl-cosfl 

Br t: 



3=0 

= r(-0sin 0+cos 0) 
00 w 



ee 2 * 



(0cos0-r-2sin 9\ 



(-0 sin 0+cos d). 

brdO 7c 
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Substituting the values in (i), (fi) and (m), we get 

^ JL o cos 0 — r — r W cos 0+2 sin 0) 

= _L .L $ cos 0 — - ^~ 0 cos 0 — — — 2 sin 9 

— X s i n $ (Answer) 
r - 



o e =^-=-0 (Answer) 



Zra=s -L L r (_ 0sin0-t-cos0) — — ~(-0sin0+cos0) 
7c r 77 

=0 (Answer) 

It can be shown that the above values satisfy both equilibrium 
equations as well as compatibility equation. 

2212. SOLUTION OF- TWO DIMENSIONAL PROBLEMS BY 
POLYNOMIALS 

In the case of two dimensional problems, the solution of 
problem (when the body forces are absent or are constant) consists 
of the integration of the differential equation 

The solution so obtained must satisfy the boundary conditions. 
Eq. 2276 can be solved by means of polynomials of various degrees 
by suitably adjusting their coefficients. We shall consider here second 
and third degree polynomials. 

(0 Second degree polynomial 

Let the solution of Eq. 22 26 be represented by the following 
polynomial of second degree 

O _-|-^ + ^z+f z 2 ...(22-31) 

where suffix 2 denotes the second degree of the polynomial, and a t b 
and c are constants. It can be een that given above satisfies 
Eq. 22*26. The corresponding stress components (Eq.. 22'25) are 
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dz* 

a 2 i> 2 



and 



a 2 o 2 



TX? = 



dxdz 



-b«. 



+ x 



T 



;o 2 



+ z 



Fig. 22-6 



This shows that the above stress components do not depend 
upon «e co-ordinates x and z, ,\*. they are constant throughout the 
body. * Thus, the stress function represented by Eq. 22*31 represents 
a stated uniform tensions (or compressions) in two perpendicular 
directions accompained with uniform shear, as shown in Fig. 22'6. 

(#) Third degree polynomial 

ket the solution of Eq. 22 26 be represented by the following 
polynomial of third degree : 



3 3.2 



3 .2 



...122 32) 



It can be shown that <I> 8 given above satisfies Eq. 22 26. The 
corresponding stress components are : 

e 2 ^ 



CTX = 



and 



~X7. — - 



dz* 

ax 2 ~ 
^ _ 



= C 3 X-f-£/ 3 2 

—Q$x-rb& 

b 3 x — az. 



...(«) 
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It should be noted that we are completely free in choosing the 
magnitudes of the coefficients a s , b z , c z and d 3 since Eq. 22'26 is 
satisfied whatever values these coefficients have. . Choosing all coeffi- 
cients except d 3 equal to zero, we get from (<z), 



*rz~0 and -xz=0. 



...(22*33) 



Eq. 22'33 evidently represents a case of pure bending, as shown 
in Fig. 22"7. At z=—h, ax=—d 3 .h and at z= + h, cx^+daft. The 
variation of ax with z is linear. 



-d 3 h 




+ d 3 h* 



Fig. 22-7 



Similarly, if all the coefficients except bs are zero, we get 
from (a), 



ox=0 
az=b*z 

txz~—bnX. 



.-.(22-34) 



The stresses represented by Eq. 22'34 vary as shown in 
Fig. 22-8. u , . 

The az stress is constant with x (i.e. constant along the span L 
of the beam), but varies with z at a particular section. At z=+k t 
ox=W U-e. tensile), while at z«=— A> az=—bji {le. compressive), 
ax is zero everywhere. Shear stress rxz is zero at x=0 and is equal 
to — b*L at x=L. At any other section, the shear stress is propor- 
tional to x. 
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htrnrnt r\ 



i 



Fig. 22*8 



Example 22*3. Given the following stress function : 

Determine the stress components and sketch their variations in a 
region included in z—0 9 -z—d, x~0, on the side x positive. 

Solution 

The given stress function may be rewritten as 



2F 



d* 1 ~d z 
6Fx , 12F 



xz* 



...(/) 



dz 



d 2 



d 3 



xz 



dx 



and 



dxdz ~ d* 1 d 3 ]* 



Hence 



&<S> _ 6Fz , 6F . 

&<t> 



d* IP 



X.Z 



and 



*rxz = 



a** 



S 2 * __ 6Fz 6F 



dxdz 



d* 



z* 



...07) 

...070 
...0» 
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; Eqs, 07), (wi) and (iv) give the values for the three stress com- 
ponents. Let us find their values at certain boundary points. 

(0 Variation of °x 

From Ui), it is clear that varies linearly with x t and at a 
given section it varies linearly with z. 



At 


0 and z— id, ax^O 










At 


x=L and z=0, ax— — 










At 


x—L and z— <*x~ 


6FZ, j 


12F 

d 3 


Ld- 


6FL 

~ d 2 


At 


x=JCand z=—d, ax* 8 * — 


6FL 
d £ 


12F 
d* 


Ld- 


IZFL 



The variation of ax is shown in Fig. 22*9. 




Fig. 22-9 



(U) Variation of az 

<tz is zero for all values of x. 

(Hi) Variation of txz 

From O'v), it is clear that variation of txz is parabolic with z. 
However, txz is independent of*, and is thus constant along the 
length, corresponding to a given value of z. . 
.._ At z=0, txz=0 

6F . 6F 

At z=— <f, txz---^T.«— j3 I «»- d 
The variation of txz is shown in Fig. 22'9. 
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Example 22 4 Investigate what problem of plane stress is 
satisfied by the stress function 

,'. 4d\_ xz 3d* V 2 * 

applied* to the region included in z~0, z=d, x~0 on the side x positive. 

Solution. 

The given stress function may be written as 

3F I_ Fxz 3 . P 

4d XZ 4 d 



* J/- i txz" , r - 

-cj xz — — + —Z 2 ...(/) 



and 



3X2 Fxz ,2P p _ v , 

dz* ' Ad d* 2 * 

aM) _3F__3 Fz % 

dxdz 4 4 & 



" Hence the stress components are : 



^-- d ^r=P- \ 5 ~ dl xz ...(») 
- g2<& - 3 ^ 3 f ... 

TXZ r-^ — ^-T* J3 "J V 



(0 Variation of ax 

F 

ax—P—1'5 xz 

When*— 0 and z=0 or ±rf, crx=P (i.e. constant across the 

section) 

When ,\=L and z—0> ax—P 
SVhenx=I and z=-fj, <r x =P— 1'5 

When x=L and z=-~d, gx—P+I'S —j 2 

Thus, at x—L, the variation of ox is linear with z. 
vThe variation of ax is shown in Fig. 22*10. 
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Variation ofcz 

Thus Hz is zero for all values of jc and z. 

(it) Variation of txz 

3Fz 2 _ 3 _F 
4rf» 4 ' 
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TXZ = 



Thus txz varies parabolically with z. However, it is indepen- 
dent of x, i.e. its value is the same for all values of jc. 

3_ F_ 
4 d 



At z=0,_ 
At . z=±d, 



TXZ- 



TXZ = 



4 rf 3 



4 




d 2 (x=L) 




Fig. 22-10 

22 13. BENDING OF A CANTILEVER LOADED AT THE. 
END 




Fig. 22-1 1 Cantilever loaded at the end. 
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Consider a cantilever of span L, subjected to a point load P, 
which may be considered to be the resultant of the shearing forces 
across the section at ,v c 0. Let the depth of the section of the canti- 
lever be 2/t and width unity. 

The normal stress ax at any point in the cantilever may be 
taken to be proportional to .v and z. 

Hence erx=^ = : Ci*z . . -U ) 

where Ci is a constant, to be determined. 

Integrating the above equation twice with respect to z y we get 

and — - +z./»x+/ix --(2) 

where f t x and / 2 x are the functions of x. 

Eq. (2) gives the stress function O. It should satisfy the com* 
patibility equation V 4< &=0. 

From (2), =z I- ^ 



Substituting these in (3), we get 

s ^ + 4ft*-<> ...(4) 

This must be satisfied for all values of x and z. If z is not to 
be zero, we get from (4\ 

4¥ =0 or/iX-cvHc^+^x+Ce ».(5) 
ax 

and ~^" X=0 ° r /2*=^+c 7 x 2 +c 8 x+<: 9 ...(6) 
Thus, we have to determine nine constants c u c tr , c 9 . 
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Substituting the values of f lX and / 2X in (2), we get 

3 

1 °^"f^ +2 ^Hc a xHc4X+r 6 )+(c 8 x 3 -fc 7 xHc 8 x+c 9 ) ...(7) 
Hence ct z — -Q^-~6(c t z-\-c t )x+2{c a z+c 1 ) _(t) 

and t XZ — = — ^ 3r 2 x— 2c 8 x-c 4 ...(II) 

: ."• Boundary conditions 

I Let us now apply boundary conditions : 

i (fl) JZraf condition 

_4 ■ <rz=0 at z=±A, for all values of x. 

t Hence from (I), we get 

f 0=6(c2A+Ce)x+2(c3/i+c,) ...(/) 

"and 0=6(-M-fc (t )x+2C-r s A+r 7 ) ...(«) 

From (f) and (/i), it is evio-nt that the constants c 2i c t , c 6 . and 
jo? are each zero for non-zero value of x. 

J Substituting these values in Eq. 7 and (II), we get 

J - xz 3 +2(c 4 x4-c 5 H-(c 8 x+c 9 ) ...(7 a ) 

^and txz = — -y- 2 2 ~ c 4 ... (I I o) 

|c (A) Second condition 

r txz is zero at the free boundary of top and bottom of the can- 
Jtilever, i.e. at z=±A 

i' TXZ — 0= y* (±/l) 2 — C 4 

^ •• C .— ^ ' .-(ITT) 

£. Substituting this in II (a), we get 

<tf txz— |W-^=-f- (A a -z 2 ) " ...(II *) 

(c) Third condition 

■ The end load P is the resultant of the shearing forces acros 
^the section at x=0. 

i H-^I-If 

or /^fc^/i 3 
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. _ p P_ ...(8) 

V. From which — j/p " J YY 

Final stresses 
; Thus, the final stresses are as follows : 

i _ Pxz __ M-z ...(IV) 

This is the same as used in the simple theory of bending. 
§ («) ^ =s ° 



t. <«o- Txz ~ 2\ ' 2/YY v 



f /«A. txz«=-J*^ *r * / 2/yy \ / 

f»//j> on the external face. 

t 
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Welded Joints 

231. GENERAL 

Welding is a process of jointing two similar pieces of metal by 
fusion or pressure. A metallic bond is established between the two 
pieces. This bond has the same mechanical and physical properties 
as the parent metal. A number of methods are used for the process 
of fusion. The oxyacetylene or gas welding and electric arc welding 
are the most important of these methods. The metal at the joint is 
melted by the heat generated from either an electric are or an oxy- 
acetylene flame and fuses with metal from a welding rod. After 
cooling, the parent metal (base metal) and the weld metal form a 
continuous and homogeneous joint. The welded connections have 
become so reliable that they are replacing 'riveted joints, both in 
structural as well as machine design. Before proceeding further, we 
shall discuss here, in short, the advantages and disadvantages of 
welded connections. 
Advantages 

1. Welded joints, are economical, from the points of view of 
cost of labour and materials, both. The filler plates, gusset plates, 
connecting angles, etc. are eliminated in welded joints. The smaller 
sizes of members, compared to those which may be used in riveted 
connections from the practical point of view, may be used here. 

2. The efficiency of the welded joint is 100% as compared to 
an efficiency of 75 to 100% in case of riveted joints. 

3. The fabrication of a complicated structure is easier by 
connection as in case of a circular steel pipe. The alterations or 
additions in existing structure are facilitated by it. 

4. The welding provides very rigid joints. This is in keeping 
with the modern trend of providing rigid frames. 
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The noise associated with the riveting work is a source of a 
great nuisance. This is avoided in welding operation. 

'•6: When riveting is done in populated localities, safety pre- 
cautions to protect the public from the flying rivets has to be taken. 
No such precautions are necessary in case of welding operation. 

7. The welded structures look more pleasing in comparison to 
the riveted ones. 

: Disadvantages 

J Not withstanding the advantages narrated above, the welded 
connections have a number of disadvantages in comparison to the 
riveted connections. The same have been narrated below : 

-1. No provision for expansion and contraction is kept in 
welded connection and, therefore, there is possibility of cracks deve- 
loping in such structures. 

2. Due to uneven heating and cooling of the members during 
welding the members may distort resulting in additional stresses. 

• 3. The inspection of welding work is more difficult and costlier 
than the riveting work. The welding work requires a skilled person, 
while* a semi-skilled person can do the riveting work. 

4. On account of extreme heat, fatigue may take place. 

23'2. TYPES OF WELDS 

In structural practice, the following types of welds are used : 

1. Butt weld or groove weld. 

2. Fillet weld. 

3. Plug or slot weld. 

1. Butt Weld or Groove Weld 

When the joining members are to be jointed in such a way that 
they form a T or butt against each other, butt weld is used. 

The butt weld is usually made convex on either sides. This 
extra; area is called reinforcement. The reinforcement varies from 
1 to 5 mm. 

: The common types of butt welds have been shown in Fig. 23*1. 
The square butt joints shown in Fig. 23*1 (a) and (b) are used for 
thickness less than 8 mm. The effective thickness of the weld, called 
throdx thickness, is less than the thickness T of the plates jointed. It is 
taken, as f T. In single V-butt joint [Fig. 23*1 t»], the throat thick- 
ness is taken at i T. The butt welds of Fig. 23* 1 (rf) and («) are fully 
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effective In Fig. 231 "(e), a backing strip has been used. As a rule, 
insingte-K.single-U, single-/ butt welds, with backing strips, and m 
which the welding has been done from one side, full penetrates 
Sssible, and the effective throat thickness is taken equal to f T. 



Min. 



(a)OPEN SQUARE -BUTT 
WELDED ONE SIDE 



(c) SINGLE V-BUTT 

Kt) SINGLE V-BUTT WEL- 
-DED ONE SIDE ON 
BACKING STRIP 



r 

tg ) DOUBLE 



3 tt 



(b)OPEN SOUARE-BUTT 
WELDED BOTH SIDE 

(d ) DOUBLE V-BUTT 

ryr-tt *• 

1 — -h u-OT0 3mm 
(f) SINGLE U- BUTT 



3 



U-BUTT Ih'i SINGLE-BEVEL TEE-JOINT 




(i ) DOUBLE BEVEL 
TEE-JOINT 



3 £x 



(j ) SINGLE J -TEE JOINT 



Fig. 23*1 • Butt welds, 
to all the above mentioned welds with backing strips and in case of 
double-K, doublet/ and double-/ butt welds, full penetration is 
possible and the effective thickness of the throat is taken equal to 
the thickness of the plates joined. Whenever two plates of different 
thickness are joined, the thickness of the thinner plates must be taken 
into account 

-2. Fillet Welds 

When the lapped plates are to be joined, fillet welds are used. 
These are generally of right-angled triangle shape. The outer surface 
is generally made convex. 
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The sides containing the right angles are called legs. The -size 
of a fillet weld is specified by the minimum leg length. The throat 
or throat distance of the fillet weld is equal to the perpendicular 
distance of the corner from the hypotenuse, the reinforcement being 
neglected [Fig 23 2(a)]. The throat thickness f is, therefore, equal 
min. leg length. 



to 



V2 



=0707 X minimum leg length. 



LEG 
45* \i r- i 

LEG r 



sit 



i ' 


-l;5mm 















J. 

3/4t 



V 

.THROAT 

la) (b) lc) 

Fig. 23-2. Fillet welds- 
For angles other than 90% throat thickness is given by 
Maximum throat thickness^ k}< minimum leg length. 
The value oi k is given in the table below : 




Angle 


60° to 90° 


91° to 100° 


101° to 106° 


107° toUV 


114° to 120° 


k 


07 


0-65 


06 


0-55 


0*50 



[Fig. 23 2 (b)] is 15 mm less than the plate thickness and in case of 
a weld at the rounded edges of flanges or the toe of an angle is kept 
three-fourths the thickness of the edge [Fig. 23'2 (c)]. 

When the fillet weld is placed parallel to the direction of the 
force, on both sides of the member, it is called side fillet weld. When 
the weld is placed at the end of the member, such that it is perpendi- 
cular to the direction of the force, it is called end fillet weld 
(Fig. 23'3). 




Fig. 23 3 
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The effective length of the fillet weld is taken as the overall 
length minus twice the weld size. The effective length should not be 
less than four times the size of the weld, otherwise the weld size 
must be taken as one-fourth of its effective length. If only the side 
welds are used, the length of each side fillet weld must not be less 
than the perpendicular distance between the two. 

3. Plug or Slot Weld 

Whenever sufficient space is not available for providing the 
necessary length of the fillet weld, the plug or slot weld is provided 
to strengthen the connection. The slot or plug weld is also used for 
equalising the stress in plates and to prevent buckling in case of wide 
plates. 

A circular or a slotted hole is made into one of the members 
to be jointed. The weld metalis then filled in the hole. Otherwise 
a fillet weld h provided along the edge of the hole [Fig. 23'4 (a)]. 
























— 1 












I 





ta) FILLET WELD (b) PLUG WELD tcJSLOT WELD 

Fig. 23*4 

The minimum diameter and the width of the hole should not 
be less than the thickness of the part containing the hole plus 8 mm, 
the maximum diameter and width being limited to 2*25 times the 
thickness of the plate punched. 
23 3. STRENGTH OF WELDS 

1. BUTT WELDS 

For full penetration butt welds [Fig. 231 (c), (<*), (e), (g)] the 
strength of the welds is equal to that of the parent metal. In such 
cases, no calculations are needed. Even then if the strength is to be 
found, it can be found by the following formula : 

where /^strength of weld. 

/^effective thickness, including reinforcement. 
L— length of the weld. 

/«,— working stres« in tension or compression. 
For full penetration welds, the effective thickness is equal to the 
thickness of the thinner plate. If the full penetration weld has not 
been used the effective thickness must be determined. 
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-; , It must be noted here that a butt weld is generally subjected to 
either tensile or compressive stress. 

|; The allowable stress in butt weld is taken as that for the parent 
me^al Thus for mild steel conforming to IS: 226-1962 as parent 
metal and with electrodes conforming to IS : 814-1963, the allowable 
stresses in the welds, as recommended in IS : 816-1956 are as 
under : 

f>..\ Kind of stress Max. permissible value 

"/<'■■ 1. Tension on section through 

€ ~ throat of butt weld 142 N/mm 2 (1 420 kg/cm*) 

2. Compression on section 
; : through throat of butt weld 142 N/mm e (1420 kg/cm*) 
I 3. Fibre stress in bending 

i (a) Tension 157*5 N/mnr (1575 kg/cm') 

(b) Compression 157 5 N/mm 2 (1575 kg/cm 1 ) 

4. Shear on section through 
throat of butt and fillet 
•\ welds 102'5 N/mm 2 (1025 kg/cm*) 

'" ; ">- Maximum permissible value of stresses for shear and tension 
are reduced to 80% of those given above if the welding is done at 
site (field). When effeets of wind and/or earth-quake forces are 
considered, maximum permissible values of stress are increased by 
20%. 

: 2. FILLET WELDS 

(a) Side fillets 

When a side fillet weld is subjected to a load P, it is subjected 
to shear stresses only. The maximum stress will develop at the 
throat and failure will occur by shear along the throat. If we assume 
a uniform distribution of shear stress, 
/^Stress x Area 
Area— Throat thickness x Length 
• =0707 XAXZ, 

' .'. P=Q'lQ7xhXLXf 

° T - . StoS ^07of^-' 

(b) End fillets 

If a load Pis applied to an end fillet weld as shown in 
Fig.,23'5 it will be subjected to different types of stresses on different 
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planes The plane DB will be subjected to tensile stress and the 
plan AC to shearing stress. In both the cases the stress will be 
numerically; equal to The section AD is subjected to tensile 

^ i P/V2 P 

and sheaf stresses both, each equal to -JJ^ 2 ~ Lh ' 



B 
OA 



»* 4 V 



i Fig. 23-5 

It cafi be proved that the maximum tension on this section is 

112 P 

aril the maximum shear stress is — jt~ . As the material 
Lh . 
is weaker shear we shall consider flic shear stress only. It may be 
noted that the shear stress developed in this case is less than that 
developed^n case of sides fillets. So for convenience in design, no 
distinction 's made between the end fillets. 

The Allowable stress in shear is taken to 10*25 N/mm 2 . 

3. IpLUG OR SLOT WELDS 

Thefstrength of a plug or slot weld is equal to the cross- 
sectional area of the plug or slot, multiplied by the allowable stress. 

If fiJKet weld is provided in the plug or slot, its effective length 
is taken equal to the average length of the throat of the fillet. Gene- 
rally, it is taken equal to the length of a line running parallel to the 
verticallag of the weld at one-fourth the leg dimension ft from it. 

For a hole of diameter rfthe length of the fillet is ^ ^""f")- ^ 
maximum length is limited to 10 times the thickness of the material. 

Es3*inple231. A 100 mmX 10 mm plate is to be welded to 
another plate 150 mmXlO mm by the fillet welding on three sides as 
shown totfig.' 23'6. The size of the weld is 6 mm. Find out the 
necessary > overlap oj the plate if the smaller plate is to develop full 
strength: The allowable stress in plates 142 Njmm*. 

Solution. 

The total load taken by the. smaller plate 

=100 X 10 X 142 = 142000 N= 142 kN 
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Throat foickness=^ -^=474 mm 

Allowable load per lineal mm=4*24 x 102*5=434'6 N 

. - 142000 _.,, 7mm 
.*. Total length of weld required^ 434-5 _J2/ mm 

The length of end fillet^lOO mm 

.*. Length to be provided inside fillet= : 327— 100=227 mm 
227 

.*. Overlap =x=— y = 113'5 m 
Provide an overlap of 120 mm. 




Fig. 23-6 

This is more than the distance between two side fillets. 

ExampIe23-2. A tie bar 120 mmXlO mm is to be connected to 
the other of size 120 mm* 15 mm. If the tie bars are to ^loadedby 
160 kN, find out the size of the end fillets such that the stresses in both 

the end fillets are same. 

Solution. 



i6cr— 



120mrn 



ti 



15 mm 
_Jc 



r 



-160 
kN 



10 mm 
i , 



Fig. 23'7 

The portion of plates between the welds stretch by the same 
amount. Therefore, the strain and hence the stress in both the plates 
are same The force carried by each plate will be proportional to its 
thickness Thus if the 10 mm thick plate carries P, force, the 15 mm 
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thick plate will carry V5Pi. Therefore, to keep the stresses same in 
both the end welds, we must keep the size of the welds in proportion 
to the thickness of the respective plates. 

Let the size of the lower weld=/i 
.*. Size of the upper weld— l'5h 
The length of the welds in each case= 120 mm 
Strength of lower weld=0'707x Ax I20X 102'5=8696A N 
Strength of upper weld=0"707x 1*5 Ax 120X 102'5=13044ft N 
Total load to be carried by the tie bar= 160000 N 
.*. 8696A+13044 A=160000 
/ 160000 

,r= ' 21740 =7 36 mm 
We shall keep A=8 mm. Therefore, the size of the lower weld 
—8 mm and the size of the upper weld — 12 mm. 

The maximum allowable size of lower weld=r— 1*5—10- 1*5 
=8'5<8 mm. 

Similarly, the size of upper weld B is lesser than the maximum 
allowable. 

Example 23*3. A tension member consisting of two channel 
section 200 mm x 75 mm @ 22' 1 kg/m back to back is to be connected 
to gusset plate. Design the welded joint for the condition that the 
section is loaded to its full strength. A—2821 sq. mm, thickness of 
theflange=ll'4 mm and the thickness of the web=6'l mm. 

Solution. 

In case of rolled section, the size of the weld is taken of three- 
fourth of the thickness. 

.*. Size of the weld=— X6'l =4'6 mm 
4 

We shall provide 4 mm weld . 

590mm 

40Q582N- H rr 1 rt ^ 

j_ ] ~~ :=ZZ>-»-BOII64N 

400582N*"— C l^r.n^FT PLATE 



C HANNELS 
*— 200mm 



Fig. 2?-8 



WEIRED JOINTS 

f Strength of weld per lineal cm=0'707X4X 102'5=2Vi.i V 
f The load to be carried by each channel =2821 X 142 

If- =400582 N 

^ Total length of weld required for one channel 

_ 400582 , Hffn 
29q ~ 1380 mm 

Length of the end weld ^200 cm 
• Therefore, lengtli of side welds-=1380— 200=1180 mm 

|;. Overlap— ^==590 mm. 

| Example 23" 4. An I-section is built-up by welding a 250 mm 
Xl^mm web plate to two 150 mm* 15 mm flange plates by 8 mm 
fille^mlds. Find out maximum shearing force which may be permitted 
ifth^ mean shearing stress in web and maximum shear stress in weld 
are tot to exceed 100 Nlmm*. 



Solution. 



1 15mm 



250mm 



J 5 
mm 



i b—150mm— H 

Fig. 23-9 

. The moment of inertia of the section about xx is, 

i<~ • ^iy[ 1 50 x 280 3 -135 x 250 3 !=98'62x 10 c mm 1 

.Shear stress q at the section passing through welds is given by 

F 



(Ay) 



whefi: ^Effective thickness=2 x throat thickness 

r; . -2 X 8X0707-1 T3 mm 
- ^Moment of the flange area about vv 
. =I50X 15(125+ 7'5)-298l25 mm 3 

, 9-AlIowable shear stress=10o N/mm 2 
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From which F-373805 N«373'8 kN 
The maximum shear force limited on the web 
-f- =250x15x100-375000 N-375 kN 
• • The max. allowable shearing force -373' 8 kN. 
23 4 FILLET WELDING OF ASYMMETRICAL SECTIONS, 

AVI ALLY LOADED 
noi l now we have considered 0,.c fillet welding of symmet- 
. , tn case of unsvn.mctric.1 sections like angles and 

r ^lengths are so arranged that *e 

lines coincides with the neutral ax.s. Thts w.ll avoid 

loading U hence the bending moment, & 

ii us consider an angle section subjected to load 
a gussei plate as shown in Fig. 2310. 

! I, 




U— Li — H 
' (a) « b » 

Fig. 23- 10 



4 r H 7 be the required lengths of welds on the two 
^ 1 h P be the resisting forces exerted by the respective 

^i^— ^nttheUneofactionof^eobtatn, ^ 

(„+«* Pi-W- - fl 0+6 

Similarly, talcing moments about the line of ac^n of ft. ^ 

<«-H»XIV-l*. «+* 
Sr. is ,e strength of the weld per unit le^tltc weld, 

/-,=-£- -^j-r' and U- s(a +b) 

* S( - Mr to accommodate the required 
Sometimes it is not posstbl ° ~ In such cases , the 

,ength of the weld on for anaIys ing such a 

^ fillets are also prov.ded. The proce 
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Example 23'5. An equal angle 65 tnmX65 mm @ 9'4 kgfm of 
thickness 10 mm carries a load of 160 kN, applied along its centroidal 
axis. The angle is to be welded to a gusset plate. Find out the 
lengths of the side fillet welds required at the heel and the toe of angle. 
Its C.G. is at 19 7 mm from its heel. 

Solution. 

Taking moments about the line of action of P% 

65^=160x45-3 - Pi-IH'5kN 

P 2 «/ > -Pi=l60-lll*5 = 48*49 kN. 
The maximum size of the weld for a rounded edge at the toe 
of the angle is three-fourths of the thickness, i.e.ixl0=7'5 mm. 

* t 

[453 mm 
160kN 
19-7 mm 

Fig. 2311 

Strength of weld per lineal mm=0-707x7*5x 102*5=543'5 N 




and 



48 49X1000 



=89'2 mm 



543*5 ~ 543'5 
These values are effective and must be increased by twice the 
weld size, i.e., 2 x 7'5 - 1 5 mm to get the actual lengths of the welds. 

Example 236. A tie bar consisting of a single angle 60 mm X 
60 mm X 10 mm is to be welded to a gusset plate. The tie bar carries a 
load of 150 k'N along its centroidal axis. Design the joint if both the side 
fillets and end fillets are to be provided. The centroidal axis lies at 
18' 5 mm from the heel of the angle. 
Solution. 

L|»73S 
Pi*" 

20 II 
kN R 

L2 * 165-5 




Fig. 23- 12 
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The maximum size of the fillet weld at the end, along the 
square edge of the angle will be 1*5 mm less than the thickness of 
the angle. Therefore, the maximum size of the end fillet =10— 1*5 
=8 5 mm. 

The maximum size of the side fillets, along the rounded edge 

=-~XlO=7'5mm 
4 

We shall provide 7*5 mm weld throughout. 
Strength of the weld per cm length 

^0*707 X 7'5X102*5=543"5 N 

The end weld will be placed symmetrical about the line of 
action of the load in order to avoid eccentricity. The maximum 
length of the end weld is, therefore, equal to 2 X 1 8'5 =37 mm. 

The strength of the end weld 

—543*5 X 37=20110 N 
=2011 kN 

Taking moments about the line of action of force P u we get 
60P t = 1 50 X 41*5 —20* 11 x 4 1*5 

From which P 2 =89 "94 kN 

P l =150-89'94-20 11=39'95 kN 
, r P t 39 95X lOOQ _^. g 

p„ 89'9 4X1000 
and Length £ t = = 543 - 5 = 165 5 mm " 

Twice the size of the weld, i.e., 2x7"5=15 mm must be added 
to above lengths to get the actual lengths of the side fillets. 

235. WELDED JOINT SUBJECTED Ho BENDING 
MOMENT 

If the load P acting on a welded joint does not pass through 
the centroidofweld lines, it will subject the welded joint to bending 
moment in addition to the direct load. Consider I-beam welded to 
the flange of a column and subjected to a load P at eccentricity c, 
shown in Fig. 231 3. 
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C Let L be the length of the weld and t be the throat thickness. 
The joint is subjected to a load P and a momet P x e. 




X ■ Fig. 23-13 

f .: ;_ The area resisting direct stress=2 XLXf. 

f /. Direct throat stress f<i=~^j- It will act in the direction 



3L- 



-^1 



I the load, i.e vertically in this case. 



Section modulus of both the weld lines = 



3P.e 



2X/xZ, a Hi 

6 3 

The stress acts in 



v n A . r M P.e X 3 

% Bending stress, f h — ~^r— — lFt~~ 

|torizontal direction. 

I ; Therefore, the direct and bending stresses act at right angles to 
lach other. The resultant is given by 

I f=477TJF- 

4; Example 23 7. A bracket consisting of an I-section is connected 
4o the flaage of a vertical column by means of two side fillets 250 mm 
\deep and 8 mm thick, as shown in Bg. 23 13. The bracket carries a 
'had of 160 kN at an eccentricity of 60 mm. Calculate the throat stress 
jn the weld. 
" ' Solution. 



Throat thickness— y2 = 5'67 mm 
160000 



=56*4 N/mm a 



Direct stress 2^2 50 x 5*67 
Bending moment=166000 x 60 = 96X 10 s N-mm 

Z„ of the weld lines=2x -i- X5'67(250) 2 



-118125 mm 3 
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Ending stress = iff^f =813 N/mm 3 

Resultant stress /= <tfS+f b *= <f (56'4) s 4-(81'3) 2 
=98 9 N/mm 2 . 

Example 23'8. >4 ftracfotf carrying a load of 120 kN ' is con- 
nected rid a column by means of two horizontal fillet welds , each 
150 mnt long and 10 vim thick. The load acts at 80 mm from the face 
of the column. Find the throat stress. 

Solution. 

FJg. 23*14 shows the arrangement of the bracket, 
throat thickness -=7 07 mm 

Direct force =120 kN 

tercet stress/,- 2x I50x f %7 =56 ' 6 ^ mm *> m vertical 
direction. 

l20kN 



T 

120 
mm 

i 



.80 . 



2G0mmX10mm 
WELDS 



Fig. 2314 

Moment— 120000 x 80==96x I0 3 N-mm 

The forces due to bending in the two welds will form a resistin 
couplej=150X7'07x/ 6 xl20-r27xl0' 1 f b 
r27xt0 5 /6==96xl0 5 

From which/,— 75*4 N/mm* acting in vertical direction. 
• .\ Resultant stress- V"(75-4) a -K56'5) 2 =-94-3 N/mm*. 

23 6. iVELDED JOINT- SUBJECTED TO TORSION 

If aljracket carrying a eccentrically applied load ( P* is connec- 
ted to the column as shown in Fig. 23*15 the welds will be subjected 
to torsion. The difference between this sort of bracket connection 
and that shown in Fig. 23*13 must be noted. In this case the moment 
is acting in a plane containing the welds, while in previous case, the 
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moment was acting in a plane perpendicular to the welds. The 
method of analysis for welded joint subjected to torsion is similar tV 
that for riveted joints. 



A B R ACKET 




Fig. 23*15 

Let the load be transmitted to the stanchion by means of weld 
of throat thickness t on top, bottom and one side of th? bracket. 
Total throat area*=/(rf-f-2A) 

Direct throat stress— .f,^ . 

To find out the torsional stress in the welds, the position of 
centroid of the welds must be determined. Let * be the distance of 
centroid from the face of the stanchion CD. 



2hyt±dXt 2b+d 
Eccentricity e={<i+x) cos 0 
Twisting moment T— PXe 

It will be assumed that the stresses developed due to torsion 
at any point of the weld will be proportional to its distance from the 
centroid and that it will act at right angles to the radius vector. 

If Tis the twisting moment and /, is the stress in weld caused 
due to twisting, 

f - Tr 

where 7 is the polar moment of inertia of the weld sections out the 
centroid 0. 

•I ^zz* == lxce~^~ lyy 

Here /^2xfc/x^-+-^ 
and ^^+»(*--i-) a +^ 



804 



STRENGTH OF MATERIALS AND THEORY OF STRUCTURES 



The maximum stress will occur at C and D. The direct stress 
will act in the direction of the load and the stress due to torsion will 
act at right angles to the direction of the radius vector. The resultant 
of the two will give the total stress at the point. 

Example 23'9. A circular shaft of diameter 120 mm is welded 
to a rigid plate by a fillet weld of size 6 mm. If a torque of 8 kN-m 
applied to the shaft find tfte maximum stress in the Meld. 

Solution. 

We shall first derive relation between the stresses developed and 
the torque applied for such a shaft. Let d be its diameter and h be 
the size of the weld. 

Considering a small area 3a of the weld as shown in Fig. 23*16, 
j^2Ba~^~Y^ (assuming the, size of the weld negligible in com- 
parison to the diameter of the shaft). 




Fig. 2316 
2 



Throat thickness = 



h 



Stress 



V2 

2 8a=ndX^-~^ 

T-dl urf3/t 
■4 X V2~ W2 

TO 



■^~=T ^X 

2\/2T 
~~ nd 2 h 



Substituting the values, we get 

w . 2V2(8X 1000X1000) 

Maximum stress — - 



*(120A6) 



=83' 4 N/mm 2 . 
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i Example 23'10. A bracket is subjected to a load of 100 kN as 
shown in Fig. 23' 17. A bracket is welded to a stanchion by means of 
three lines of weld on three sides as indicated in the figure. Find out size 
of the welds so that the load is carried safely. 

Solution. 

If x is the distance of centroid of weld area from AB, 
- 2x 120/X60 , n 
*"2"xl207+24o7~ 30nini 

[ -.*. Eccentricity of tfie Ioad=100-H20— 30=190 mm 

t{1 ^ Y +2 x 120 / (120) 2 

=460'8xl0* t mm* 
where ^thickness of the weld. 

/„,=240xr(30) 2 -H2 x-^- Kl20) 3 +2x 120 / (30) 1 

= 72xt0 4 fmm 1 

J=T zs =I xx +I vv =4W%x 10 4 r-f-72x 10* t 
=532'8xi0 4 f mm 4 
Area =2 x l20x;-}-240 /=480 t mm 2 




Fig. 23- J 7 

r The maximum stress due to torsion will occur either at C or D. 
; _ Length of radius vector for C or D 

=V(l20) a -H90) 2 =150 mm 
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Maximum stress due to torsion 

h J ~ 532*8 X10 4 / 
534 9 



t 



N/mm 2 



... - 10000 208*3 ... 2 

Direct stress, / d =— =- — - — N/mrrr 

The angle between the stresses is 0, as shown in Fig. 23" 1 7. 

a 90 n . £ 

cos 8=— Y5q"~~ 0 6 

.". Resultant stress 

=y(ipy + (») 2 +2 (^)(-p)xo; 

680' 6 , T , « 
= -—^ — N/mnr 

Allowable shear stress^ 102"5 N/mm 2 

,. ; ,.2-5=^p 

From which r=6"64 mm 

Size of weld =V2 . r^9'39 mm. 

Hence provided 30 mm size weld. 

PROBLEMS 

1. A 150 mmxl5 plate is welded toother plate by two 
side welds 12 cm each and end fillet of 100 mm length. Find the safe 
axial load to which this joint may be subjected if the size of the weld 
is 7 mm. 

2. A 100 mrnXlO plate is welded to other by means of 
two end fillets and two side fillets of 8 mm as shown in Fig. 23' 18. 
If the plate is loaded to its full strength, find out the required overlap 
length. 




Fig. 23' J 8 
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3. An equal angle 75 mm X75 mm @ 1 1*0 kg/m is subjected 
to a load for 1 80 kN, whose line of action passes through the centroid 
of the section, which is 22*2 mm from the heel. This angle is to be 
welded to a gusset plate. If the size of the weld is to be 8 mm. find 
the length of the size fillet welds. 

4. An I-section is made up of a 200 mm X 10 mm thick web 
plate welded to two flange plates 120 mmx 10 mm thick by means 
of fillet welds to size 6 mm. Calculate the maximum shear force 
which this section can resist. 

5. Fig 23*19 shows a 10 mm angle bracket 100 mm wide 
welded to the flange of a steel stanchion. It carries a vertical load 





240KN 












*-(0mm 











Fig. 2319 

of240kN. The connection consists of continuous 10 mm weld 
extending along the top and both sides and returned at the bottom 
of the bracket. Treating the 240 kN load as a vertical shear load 
(i.e., neglecting bending moment), calculate the depth of bracket, 
taking 110 N/mm 2 as the working stress in the transverse weld and 
79 N/mm s in the longitudinal weld. (U.L.) 

6. An I-section bracket carrying 120 kN load, is connected to 
by a column as shown in Fig. 23 "20 means of two side fillet welds 200 
mm deep. The load is eccentric by 70 mm. Calculate the size of the 
fillet weld. 

7. A bracket consisting of a Tee-section 150 mm XI 50 mm 
and 10 mm is connected to a column as shown in Fig. 23'20. The 
bracket carries 150 kN load at 80 mm eccentricity. If the size of the 
weld is 6 mm, find out the maximum throat stress. 
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Fig. 23-20 

8. The bracket shown in Fig. 23 '21 is welded to a stanchion 
by side fillet welds on three sides indicated by heavy lines. Calculate 
the maximum forces per inch of weld metal when tlie bracket carries 
the load of 200 kN acting as shown. 




Fig. 23-21 

9. A bracket is welded to a stanchion by fillet welds, having a 
throat thickness of 9 mm and a load of 180 kN is applied in the 
plane of the bracket as shown in Fig. 23 22. The weld extends round 
three sides and has the given dimensions. Determine the maximum 
tress on the throat of the weld. 




Fig. 23-22 
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I 10. The dimensions of a plate bracket welded to the face of a 
Stanchion arc given in Fig. 23'23. Assuming a maximum weld stress 
of 6 tons/in 2 on the throat of the fillet, determine the maximum 



permissible value of W. 



(LS.E.) 




Answers 

-i' c _ 1. 172*5 kN 



FILLET WELD 
ON THREE 
SIDES 



Fig. 23-23 



2. 72'5 mm 

3. 218 mm and 91*5 mm 
5. 1 60 mm 

'6. 9 5 mm 

8. 1100 N/mm 2 

9. 1800 N/mm 2 

10. 8*03 ton. 
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Method of Tension Coefficients 

241. INTRODUCTION 

m Volume 1, we have studied two methods of analysis of 
plane frames : (0 method of joints, and (fi) method of sections We 
can ato find out the forces in the members of plane frame, by the 
graphical method. We now introduce a more general method, called 
the metlwd of tension coefficients* which is equally applicable to both 
plane frames as well as space frames. The method of tension 
coefficient, first introduced by Prof. R.V. Southwell, is in effect a 
neat and systematic presentation of the 'method of joints'. The 
method is particularly useful to space frames in which other methods 
prove to be cumbersome and tedious. In this chapter, we shall 
introduce the method, and illustrate its applications for plane 

frames. Its application for the space frames has been illustrated in 
chapter 25. 

24*2. TENSION COEFFICIENTS 

i_- 

Thfe tension coefficient for a member of .a frame is defined as the 
pull or tension in that member divided by its length. Thus, 
,_ T 

■ L ...U4'l) 

Vv 

where t is the tension coefficient for the member, T is the pull in the 
member and L is its length. 

Consider a member ■ AB of a pin-jointed perfect frame in 
equilibrium, under a given system of external forces (or reactions) 
acting at the joints. Let Tab be the resulting pull in the member. 
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Let Cxa, ;'a) be the coordinates of A and (* B , y B ) be the coordi- 
nates of joint B, referred to suitable axes of reference. 



Y ■ 








8 2 




B 








A 2 


A 




C 




<*A 


,y A ) 




0 


/3 





Fig. 241 

Component of pull Tab in x-direction is 

7ab . COS tf— Tab ~77T = /ab — T~ 

AB Lab 



=/ab(:vb— *a) 
where /ab^ tension coefficient for AB— 



...U) 



Tab 



Lab 

Similarly, component of Tab in v-directioa is 

r.» . sin 0=r AB .^f =r AB 

=/AB(ys— >"a) 



...(2) 



Thus, we observe that the component of forces in the members 
along the x and y directions can very easily we expressed in terms of 
tension coefficients and the coordinates of the ends of the members 
with reference to the chosen reference axes. 



The length of the member AB is obviously given by 

Z,AB=V (-rB-JfA) a + (VB->'A>* 



...(24-2) 



A member which is in compression will have a negative tension 
coefficient. 
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24*3. ANALYSIS OF PLANE FRAMES 

Let us now apply the method of tension coefficient for the 
analysis of plane frame. Let us consider a joint A, where a number 
of members AB, AC, AD...... etc. are meeting. Let Pa be the 

external force acting at the joint A, and let Xa and Yk be the 
components of this force P, in x and y directions. Since the joint is 
in equilibrium under the external force Pa and the pulls in the 
members meeting at joint A, the algebraic sum of resolved parts 
of these forces in any direction must be equal to zero. 

Resolving the forces in x and y directions, and equating the 
algebraic sum of these forces in each direction to zero, we get 

tAB (xb— x a )+/ac (xc— x a )-H\d (xd— xa) -f Xa=0 

.-.[24-3 (a)] 

and .*ab 0*b— va)+/ac 0'c~j-a)-!-/ad (y D — }>a) -f >a^0 

.-124-3 00] 

The above equations may also be written in compact form as 
under : 

SKxf-xnRXa^O ...[24'4(fl>] 
and 2/ (>' F -rN)+r A =0 ...[24 4 (b)} 

where (xf, >-f) are the coordinates of the far end of each member 
and (xn, ^n) are the coordinates of the near end of each member 
meeting at the joint. The end of the member at the joint under 
consideration is known as the near end. 

Thus, we obtain two equations at each joint, in which tension 
coefficients are the only unknowns. If the frame has j joints, we 
will have 2j such equations, the solution of which will yield tension 
coefficients for each member. If there are n members in a perfect 
frame, we have 

rt=2/-3 

There will be n tension coefficients, for which we require only 
(2/— 3) equations, while available equations are 2/ The three 
surplus equations will be useful either for determining the external 
reactions acting on the frame or for applying the check. 

In order to apply the method, it is assumed that all the members 
are in tension. In the final solution, a member in compression 
will then automatically get negative tension coefficient. However, 
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in setting the equations, utmost care must be taken in assigning 
correct sign to relevant terms. The term will be taken as positive 
qr negative according as they tend to move the joint in the positive 
dr negative directions of the axes of reference. The origin should 
be so selected that the coordinates of various joints can be written 
easily. 

The method will now be illustrated with the help of few 
examples. 

Example 241. A plane frame consists of two members AB and 
GB, hinged at A and C to the wall, as shown in Fig. 24' 2. Determine 
the forces in the two members due a vertical force P applied at joint P. 

Solution. 




*T Fig. 24-2 

Let us take the origin at joint C, and CX and CY be the axes of 
reference. The coordinates of the three joints are 
C(0, 0) ; B(2,0) ; ,4(0, 15). 

There are only two members and therefore, there will be only 
two tension coefficients. Let us therefore take joint B and set two 
equations at that joint, assuming that every member is in a state of 
tension, exerting a pull on the joint, though rathe present case 
member BA will be in tension while member BC will be in compres- 
sion. The tension coefficient for BC will automatically workout to be 
negative. 

; Length £ B A-V(0-2) 2: F(r5-0) 2 =2-5 m 
Lbc=2 m (given) 
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At the joint B t we have the following two equations ^ ^ and; 
directions : 

.," /ba (.VA— -Vb)+/bC U< "Xb)t-0=0 

and rsA s .>'a— ^Bj+fBc O'c— J'b)-^— 0 

(Negative sign has been placed before P since force P acts in 
the negative v-direction) 

Substituting the values, we get 

fBA (0-2) rlw:(0-2)-0 

Or - f B A+/BC=0 *»( l > 

and : > A (r5-0>-l-/Bc^-0)— P^O 

or , I'5/ba=P •••< 2) 

' Solving (0 and (2), we get 
P 

... r B \=-p«r kN/m 

P 

and ibc--= — jy kN/m 

Minus sign suggests that member BC will be in compression. 
Force in member BA 



P 



— x 2*5 r= 1 "6667P (tension). Ans. 



1'5 

and Force in member BC 

p 

= 7bc— /bcX-Lbc = p5~ X ^ 

=—r3333P— 1*3333 P (comp.). 

t Example 24 2. A truss, shorn in Fig. 24'$ is loaded with two point 
Ioakof2P and P kN at joints B and C. Determine the forces in all the 
members. 

Solution. 

- Given : /.ab=8 m ; /,bc=4 m ; Icd=8 m and £ad=I2 m. 

r; iet us keep the origin at A, with positive reference directions as 
shown in Fig- 24*3 

1 Now AE-- AB cos 60° =8 cos 60° =4 m=FD 

- BE=AB sin 60°=8 sin 60° =6 9282 m 
£0=12-4=8 m 

> BD~{BE 2 +Ei?) 1 '*= 10*583 m 
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The coordinates of various points are as under : 

A, (0, 0) ; 5, (4, 6 9282) ; C, (8 m, 6 9282) ; Z>, (12, 0). 

To and the reaction Ra at D, take moments about A. 

[2PX4 VPX8]=1'3333P 

A >A=2P+P-l'3333P-=r5667P 

There arc four joints, and hence eight equations will be 
available, while there are only five unknown tension coefficients. Let 
us set down the equations for each joint assuming that every member 
is in state of tension, exerting a pull at the joint, though actually all 
members except AD are in compression. 

Joint A : 

- ( tAB&XB— xO + ZadOcd— . X A ).=0 

^nd /AB(y B -.VA) + /ADO>D-.yA)+/?A=0 

Substituting the values, we get 

4/ab-H2/ad=0 ...{!) 
•ad 6'928/ab+ 1 *6667P=0 , , .(2) 

Solving, we get /ab=-0'2406P kN/m 
* nd 'ad= fO*O802PkN/m. 
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■ T*-/ AB Lab— 0-2406X8P— T9246P kN 

. . TaB-^AB • i^AB cornprcSS10n ) 

r«-to.^o-+0-0B02Pxl2-+0-9624PkN (tension) 
Joint B: 

fBA(--VA-.VB)+?BDUD-^B) + rBc(XC-.XB)-0 

and ^ A (>-A-rB^(BD(yo-yB)+r B c(rc->-B)-2P=o 
Substituting the values, we get 

..(3) 

— 4/BA+8fBD+4fBC=0 

and _ 6 '9282rBA-6-9282/BD-2i>-0 -< 4 > 

From{4)./BA+to ss -0"2887i , ; . 

But (ba=^b=-0'2406P 
.\ /BD =-0'2887i>+0-2406/>— 0*0481f 

Hence from (3), -'BA+2rBD+/BC-0 

or 0-2406P-2XO-0481P+'BC-0 

From which /bc= -0' 1444P 

Hence rBc=-0-1444Px4=-0'5776P (^.compression) 
and Tb- — 0-0481PX10T583— O-309P (^.compression). 

Joint C : 

/CB(.VB-Vc) + fcD(>'D-yc)-/ > =0 

Substituting the values, we get (5) 
-4/cs-MrcD^O "' 

and -6*9282 fco-P-O 

u.- ■ ; '• ' ' 

Solving, we get /cd-— 0*1444P 
and <CB = fcD =-0-U44P W checks the earlier result). 
. rcD= _o- 1 444Px8=-l-'.552PU>- compression) 

to check the values of To, and To, obtamed earhe, 
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Sometimes, it is preferable to arrange all the computations in a 
tabular form shown below. 

(4-for tension ; —for compression) 



Joint 



A 

(0,0) 



X4, 6-9282) 



(8, 6 9282) 



Equation 



x 

y 



X 

y 



4r AB +12/ AD =0 

6-928/ab 

+ 1' 66671=0 

-4/ B A+8? B u+4/ B c 
=0 

-6-9282/ba 

~6-9282? B d 
~2P=0 

-4f C B +4/co=0 

-6-9282/cd-P 
=0 



Member 

AB 
AD 

BC 

BD 

CD 



-02406P 
-f0-0802P 

— 0-1444P 

-omip 

-0 1444P 



L 

</w) 



8 

12 
4 

10-583 
8 



-1-9246P 
-f 0*9624/* 

-0-5776P 

-0-509P 

-0-1552P 



Example 24*3. Fig. 23' 4 shows a Warren type cantilever truss 
alongwith the imposed loads. Determine the forces in all the members, 
using the method of tension coefficients. 

Solution. 




Fig, 24-4 
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Lef^s take origin at F, and select v-axis and .F-axis along FD 
and irrespectively. The coordinates of various points are as 
under : |; 



- Joint 


X 


y 


F 


. 0 


0 




0 


6*928 


; V B 


4 


6928 


r ^ c . 


12 


6*928 


D 

■ - 


16 


0 


k% e 


8 


0 



ii.. . 
Jcgflt D : The two equat;ons are 

| ?oe(xe— xo)+/dcUc— Xd)+Xd-=0 ■••(*) 

|" • toE(yE-yv)+t DC (yc-yD)+Yi>=0 
Substituting the values, we obtain 

T — 8/de— 4/dc=0 ..-0) 

and 6*928 /dc-2=0 ■■•(2) 

Ffpm(2), /oc -+0-289 ••■(*> 

From (1), /de—I/dc— 0*144 --.(6) 

Joint C : The two equations are 

i /cdOcd— Xc)+/ceUe— Xc)+'cbUb— Xc)+Xc=0 „.(iH) 

/cd(^d— J'c}+/ce(ve— J-c) + /cb(vb — yc)+Yc—0 ...*» 

Substituting the values, we get 

4/cd— 4/ce— 8*cb=0 — (3) 

and ' ; -6'928/cd— 6 928/ce-3=0 —( 4 ) 

lfe)m (4), /cl=-/cd-0-433 = -0-289-0-433 = -O-772 Uc) 
^n (3), /cb-0- , 5/cd-0'5/ce-(0-5xO-289)+(0-5xO-722) 

3f: = +0*5055 -W) 
Joint E : The two equations are 

/ic(xe— x e )+/ed(xd— Xfi)+itB(xB— .ve)+^efUf-Xe)+Xe==0 ...GO 

/f^yC— J*e)+'edI>D — ^) + ^B(jB— ^E) + r£F(^F-jE) + l r E=0 ...W 
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-Substituting- the values, we get 

4/EC + 8/Eq-4fcB-8/EF = 0 ...(5) 

6'928/Ec+6*928fEB-2-0 ...(6) 

From (2), / EB =O*2887-/Rc=0-2887+O*722«= + r01l ...(<?) 
From (5), /ef=0'5/ec+/ed-0*5/eb 



=(-0"5 X0722)+(-0 l44)-(0*5 X T01 1) 
—04323 

Joint B : The two equations are 

/bcCvc— jcb) + /be(jce— Xb)+/bf(*f— .v») + /ba(j:a— *b~>+ .Yb=0 ■ • 
/bc(.Vc— >'b) +/be(>*e— yv) + /bf(j'f— Vb) + /ba(3'a— >'b) +"Kb =0 

Substituting the values, we get 

8/bc + 4/be — 4/bf— 4fe a = 0 . . -(7) 

-6-928/ B E-6"928fBF— 3 =0 . . .(8) 

From (8), /bf=-=-/be-0'433 = - 1*0 H-0'43-3^- 1*444 ...{/) 

From (7V | B A=2rBc+lBE--/BP-(2XO-505S) + 1*011 + 1 "444 
-- + 1-732 



The values of tension coefficients and forces in various members 
are tabulated below. 

(+fpr tension ; —for compression) 



Member 


Length {m) 




T(kN) 


AB 


4 


+3*466 


+ 13*864 


BC 


8 


+0*5055 


4 4044 


CD 


8 


+0289 


+2*312 


DE 
EF 


8 

8 


-0144 

-ion 


-1152 
-8 084 


FB 


8 


— 1*444 


-11*548 


EC 


8 


-0*722 


-5*776 


EB 


8 


+ 1011 


+8*086 
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• PROBLEMS 

1. Using the method of tension coefficients, find forces in the 
members of the triangular type cantilever truss shown in Fig. 20" 10 
(Vol. 1). 

2. Using the method of tension coefficients, determine the 
forces in the members of the crane structure shown in Fig. 2017 
(Vol. 1). 

3. Using the method of tension coefficients, determine the 
forces in the members of the frame shown in Fig. 2018 (Vol. 1). 

4. Using the method of tension coefficients, determine the 
forces in the members of the frame shown in Fig. 20' 19 (Vol. 1). 

5. " Find the forces in all the members of the frame shown in 
Fig. 20*23 (Vol. 1). The frame is supported on a pinned support at 
P and roller support at R. 



Space Frames 

lit. INTRODUCTION 

f" - 

|- A space frame or space truss is a three dimensional assemblage 
ofpne members, each member being joined at its ends to the founda-t 
ti*|n or to other members by frictioniess ball-and-socket joints. The 
simples t space fram ejconsists o£sixjnemhers joi ned to foim a t etra- 
he^ron [Fig. 25' I (a)]. By beginning with six members forming a 
tetrahedron, a stable space frame can be constructed by successive 
addition of three new members and a joint. One such frame is shown 

inlfFig. 25*1 (b)]. 

fc ■ ■ 



f '2 




r (a) Basic tetrahedron* (6) Typical space frame. 

Fig. 25- 1. Simple space frames. 

- In order to form a stable (or rigid) space frame, a sufficient 
number of members have to be arranged in a suitable manner 
explained above, starting with a basic tetrahedron. The original 
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tetrahedron consists of six members and four joints. Since for each 
additional joint there are three additional members, the relationship 
between the number of members (n) and number of joints is 
given by 

' «-6-3(_y-4) 
or \£^MZ& -A25-I) 

The above equation give the minimum number of members requir- 
ed to build a stable truss or frame. If a truss or frame has less than 
this number of members, it cannot be stable. If it has more members, 
then the truss or frame will be termed internally statically indeter- 
minate. 

25 2: METHOD OF TENSION COEFFICIENTS APPLIED TO 
SPACE FRAMES 

The method of tension coefiicients, explained in the previous 
chapter/can be extended to space frames by writing the equation of 
equilibrium of forces at each joint, in each direction. However, in 
space frame, there are three axes of reference : x-ax.s, y-axis and 
z-axis, the first two axes being considered in a horizontal plane and 
z-axis in a vertical plane. . Thus, there will be tkrse equations in place 
of two equations used for plane frames. 



Z 



L , 



J 

N 

/ 














B 








A 






M 


Y 


9x 




/ 



Fig. 25-2 

Let us consider a member AB of a space frame, carrying a 
tensile force Tab- Let (.ya. r,\, r.\> be coordinates of point A, and 
-(.vb, vb. -b) be the coordinates of point B, referred to the three axes 
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X Z of reference. Let the line AB be inclined at angles 0*, 6 V , t 
restively to m^thlgere f e fenc e 1 a xes, - ■. Evidentl y 

1 ^-[(xb-^^^b^+Ub-za)^ .-(25 2 

The direction cosines are : 

& B =cos $ m ; /nab-cos 0 9 and /iab-cos 8* ...(25*: 
As shown in Fig. 25*2, the components of AB along X Y an 
Z txes are : 

AL~(xb-xa) ; AM=iyv-yA * AN={z*-z+) 
Hence, AL={x*-xa)=-AB cos 0x=/ab . Lab 
AM=(yB—yA)=AB cos 0,=m A B - Lab 

AN =( z% -y K )=AB COS 0.=ffAB - Lab 

The resolved component of force Tab along x-direction is 

Ta* cos 0 m -T*M -j«^A) ».(. 

where /ab— tension coefficient for AB. 



Similarly, tixeresolved component of force Tab along y and 
directions are 

rABCosg y =r A B {y *L A l* - =t ™(y*-y ?l - ( 

and Tab cos 0 x ^Tab ^ *^ ^abUbt^a) — * 

Let Pa be the external force at joint A, and let Xa, Ya and ; 
be the resolved component of this force in X t Y and Z directio 

respectively. Let AB, AC, AD t be the members meeting at t 

joints. Since the joint is in equilibrium under the external force, 
and the pulls in the members meeting at the joint A, the algebraic st 
of resolved parts of these forces in any direction must be equal 
zero. 

Hence resolving the forces in X, Y and Z directions and equati 
the algebraic sum of these forces in each direction to zero, we get 1 
following three equations for joint A : 

/ab(xb — -ya) -h f ac(*c — Xa") + f ad(*d — Xa) + + Xa «0 

f ab(>*b— va) + tAciyc—y*) + fAviyo— ^a) + Xa =0 . . .(25 

tAs(zB— yA)+tAc{z C — Z A )-h/AD(7D— ZA^ +Za=0 



824 STRENGTH OF MATERIALS AND THEORY OF STROCTURES 

The above equations may also be written in compact formas 
under : 

2r(>F->-NH>A=0 ...(25*5) 

where U F , v F) r F ) arc the coordinates of the far end of each member 
and u N , .vn, r N ) arc the coordinates of the near end of each member 
meeting at the joint. The end of the member at the joint under 
consideration is known as the near end. 

If there are j joints, there will be 3/ such equations, while the 
number of unknowns (tension coefficients) will be equal to number 
of members », where n-3y-6. Thus, we will have six surplus 
equations which can be utilised either for determining the external 
reactions or for verifying the results. 

The method will now be illustrated witli the help of few 
examples. 

25 3. ILLUSTRATIVE EXAMPLES 

Example 25*1. A pair of shear leg has length of each leg . 
as 5 m, and the distance between their feet is 4 m. The line joining 
the feet of the legs is 7 mfrom ike foot of the guy rope. If the length 
of the guy rope is 10 m, find the thrust in each leg and the pidl in the 
guy rope when a load of 100 kN is suspended from the head. 

Solution. 

2 




Fig. 25-3 
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Let the origin pass through the foot of the guy rope, and let the 
K-a^s pass through the mid-point Cof the line Adjoining the feet 
of t|e two legs, as shown in Fig. 25'3, along with the direction of 
X afigd Z axes. H is the head of the shear leg. Let the guy rope 
make an angle 6 with the y-axis. 

Now CH^AH^^=45^^7A^A-5m m 
& 102+72 - 2 W 91 43 



2X7X10 
0=23"9*;sin 0=0*4051 
: : : . From H, drop a perpendicular HD on K-axis. 

| 0Z)=0Jf cos 0=1OXO*9143=9*143 m 

|j HD=Off$itk 0=1OXO-4O5I=4O51 m 
i£jV CZ>=0Z>-0C==9*143--7-2l43 
J -Hence the co-ordinates of various points are as under 



Point 




Co-ordinates 




X 


y z 


O 


0 


0 o 


H 


0 


9*143 4*051 


A 


-2 


7 0 


B 


+2 


7 0 



|%At the head H, the three equations are as under : 

/ha(*a—*h-) + /hb(.vb— A'h) + too (xo —xh )~0 ... (r) 

fHA<>A— Jh)+ /hb(^b— ya) + t H o(yo— >- H )=0 . . .(ii) 

§T}' tH\(z\— zh)-$- tnn(zn— *h)-f7Ho(r&— zh)4~Zh=0 ...(Hi) 

^Substituting the values, we get 

% .' — 2/ha+2?hb=0 ...(i) 
; 'f-- — 2" 1 43 7ha — 2* !43/hb -9' 1 43/ H o=0 ... (2) 

andp._ — 4"05I(/HA+r H B4-/Ho)— 100=0 ...(3) 
p&Qm (!), to^ffm (as.expected) 
&Frpm{2), -f*>'143+2'!43)rHA*=9'l43/HO 
; From which to\=~ 2'1332'ho 
; From (3), -4'05I(-2'I332— 2'1332-r !) /ho=100 
V From which r H o=7"5573 

/HA=/HB=-2 1332xr5573--l6'12I2 
*|gence pull in guy rope= / H o xI H o= 7"5573 X*10 ^ 75*57 kN 
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Force in each shear Ieg=-1612t2x5=*-80'6l kN 
.\ Thrust in each leg=80'61 kN. 

Example 25'2. A space frame consists of six members: AF, BE, 
VF, FE, EC and FD. The frame is pirmedl to a vertical wall at 
ABCD in such a way that ABCDform a square as shown in Fig. 24 4. 
Also, ABEF is a rectangle in a horizontal plane. ^S^fwdof 
tension coefficients, find forces in each member due to a load of iuu kjs 
applied at E acting towards the joint D. (Based onU.L.) 

Solution. 




Fig. 25-4 

Select the origin at A, Let X-axis be directed along AF, 
y-axvs be directed along AB and Z-axis be directed vertically 
through A. Thus, ABEF is in the X-Y plane which is a horizontal 
plane. 

Here, the load of 100 kN is in an inclined direction which 
■ does not gass thrqugh any of the three axes. Hence it is essential 
to find its components along X, Y and Z directions. 
Ungth F£>-V3 2 +4 2 =5 m. 

Fig. 25 5 (a) shows plane DFEC, in which the load of 100 kN 

3 

acts along ED. Evidently, angle #=tan 1 from which 

e^30"964°, sin #=0'5145 and cos 0=O'8575. 
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Resolved component of the force along EF (i.e. alo; 
K-direction) 

= 100 sin 0=iOOxO-5145=--5r45 kN 
Resolved component of the force along EC 
= 100 cos 0=;OOxO"S575=85 - 75 kN 




Fig. 25*5 

Fig. 25'5 (b} shows plane BEC, ia which BC, is vertical, BE 
horizontal, and force in EC% 85*75 kN. 

BE 4 . BC_y 
^^-Ec'^T 1 Slttx ^~£C~T 
.*. Resolved component of forec in EC, along EB ale 
A~-<firection) 

=85'75xy =6$*6 kN 

ResoFved component of forc&Jn EC, along vertical direction 

==8r75Xy=5r45kN 

Thus, resolved components of force P along the th 
directions are 

i> x =._68-6kN 
P Y =-5145 kN 

/> z =-51'45kN 
The coordinates of various points are as under ; 



Point x y z 

E 4 3 0 

F 4 0 0 

A 0 0 0 

B 0 3 0 

C 0 3-3 

D 0 0 -3 
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Joint E : 

The three equations at the joint E are : 

*EF {Xi— *e)+*EC (XC— JC E ) + fEB (XB~~ Xe)+F 9 =0 ...((') 

/ef (>'f— >*e)t/ec (yc— JyJ+Zeb (jb— VE)+iV=0 „.(«) 

tLF (ZF— Z E ) + /eC (z C ~ Zfc) + / E B (z B - Z E ) +/\=0 

Substituting the values, we get 

— 4/ec— 4r E B— 68*6=0 ...(i) 

-3to-5l "45=0 ...(2) 

— 3/ec— 51'45=0 ...(3) 



From (2), to=— 1715 
From (3), / E c-=-1715 
From (1), /eb=0 

r EF = — I7'15x3=— 51*45 kN 
7Vc= - 1 7" 1 5 X 5 = -85*75 kN 

r EB =o. 

Joint F : The three equations are 

?FA (^A— *F) + /FB (XB— Xf)+/fD (AiD Xf) ~~\~ Ift. (Xe~ *f)=0 

tTA {yx— v f )+/fb Ob— >-f)+ tm (vd— J>f)+/fe (>•£— Jf)^0 
/fa (2a— z f )+/fb (zb— zf)4-/fd (zd— zf)+j*fe (z e — z f )=0 
Substituting the values, we get 

— 4/fa — 4/fb— 4f F d — 0 ... (4) 

3/EB+3ta=0 ...<5) 
— 3/fd«=0 ...(6) 

From (6), / F d«=0 

From (5), to^— /fe=-/ef=-H7'15 

From (4), -4/ FA -4x 1715—0 
or r F A = -17-15 

Hence Tru—Q 

r F B= + I7'15X5*=+85*75 kN 
7fa=-17* 15 X4= -68*60 kN. 

Exaciple 25 3. The feet of a tripod resting on a smooth ground 
are tied by horizontal bars forming a triangle BCD, as shown in 
Fig. 25 6 {a), where E is the mid-point of CD and F is the mid-point 
of BE. The apex A [Fig. 25 6 (b)] of' the tripod is 3 m vertical above 
point F. Determine the forces in all the members due to a load of 
100 kN suspended from apex A. 
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BC*=2-5m 
CD = 2 5m 
BD=2m 
AF = 3m 





(a) 



>•• • Fig. 25*6 

Fig. 25*6 (a) shows the plan of the base triangle BCD in the 
^horizontal plane (x-y plane). Let B be the origin, and let x-axis 

fee directed along BD ; y-axis will be perpendicular to x-axis, while 

z-axis will be directed vertically upwards. 
& Drop OC\ perpen dicular to B D. Obviously. BC X ~ CiD=\ m. 
iAlso, CX^=V(2*5) 2 -(l) 2 =2-29 m. 



cos « : 



1 *>29 
-=0'4; sin =0*916 



2*5 w " ' 2-5 
V Since F is the mid-point of BE and C x is the mid-point of BD, 
FCi will be parallel to ED and will be equal to half of ED. 
\ .*. FC X =\ED=\ C0=iX2'5=O'625 m 
K From F, drop perpendiculars FF X and FF Z on x and jy-axes. 
%k From AKF,C„ FFi=FC\ sin «=0*625x0'916=0'5725 m 
?• Fid^R^ cos a=O'625xO'4=0'25 m 

^=1-0-25=0*75 
y. '. Since point /* is vertically above F, the x and v coordinates of 
|$E>'nt i4 will be the same as that of point F. \\. 
vl Alternatively, the coordinates of point F may be found as 
*«ader : 



(/) For E : x E = 



xc+xd 1+2 



2 

229+0 



= 15 



2 

Zc + ZD 



2 

0+0 



-1145 



=0 
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~K ■ - 

(n) for F : xs= — ^ — ^ — 2 

- : j-b + i-e 0H145 _ n ..- ? - 
- y*=- 2 " : 2 

Hence the co-ordinates of various points are as under ; 

Point x y z 

B 0 0 0 

C 1 2'29 0 

" D 2 0 ° 

f a 0'75 C5725 3 

Length ^S=^Ub— .ta) 2 +(.fb— }'A) a +(2B— z\f 



: =^0-075f-f i,0-0'5725) 2 -i-(0-3) :! -=3'i45 m 

Leagth AC^4^-Q-lSf^\r29~0'm5) l ^~W 

.. =- 3 466 m 

Length ^O=A/U-0-75) 2 ^-0'5775) 2 -r(0-3) :! -3'3ni 

Sovk A : The three equations are 

/abQm— xaH'acUc— xO-H/AD0ri»— ,vO+ATa=0 ...(0 

;ab% b— VaK- /ac( Vc~ VaI H-/ad0'd— ;a) + y A =0 . . .(k) 

Subs-Hutingthc values, we get 

-0*75/AB-fO'25fAc4- 1 *25rAD«0 •••(!) 

-6-5725rAB+r7I75/Ac~0 , 5725/AD-0 ...(2) 

-30AB+fAc-fW-100==0 ...(3) 
Solving (1), t.2) and (3). we get 
/ab« — 16*667 ; /ac=-8*333 , /ad = -8*333. 
Joint B : 

Because of smooth ground, the reactions at B> C and D will 

be wholly vertical. The threee equations are - ( 

/ba(XA— Xb) T tBc(xc— Xfi) + /bd(xd — Xb) + ^8=0 . : .<» 

/BA(y A — ^B) + /BcCK*-rB)+/BD(> ? D~>'B) + ^B=0 .--".(v) 

/baCza— zb) +7bc(2c — Zb) + /bd(*d — 2 B ) -f Zb=^ 0 . . .(vO 
Substituting the values, we get 

0-75/ba+1/bc + 2'bd-=0 .--(4) 

0"5725/ba4-2"29/bc=0 ....(5) 

3/BA-r^B^O ...(6) 
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From (6), 3/ba-3 X 16*667^50 kN 

From (5), /bc=- 0*25/B A -=-f 4*167 
From (4), /bd=£[0'75x 1 6*667-4 167]*=+4*167 
Joint D : 

to\(xA— jcd)+ /dbUb— JCd)+/dc(-Vc~a-d)+A'd=0 ...(vil) 
/da(^a— >d)+/dbCkb— Jd) + /dc0*c— ^o)+ro«=0 ...(W/r) 

f Da(z A — 2 D ) + f DB(2B —2d) +/DC(2C — Zd) + Zb — 0 . . . (/» 

Substituting the values 

— 1'25/da — 2/db — /dc=0 t (-jy 

0'5725/da+2 , 29/dc=0 ^ 

3/da+^d-^O . ( 9 j 

From (9), *d=-3*da=3x8-333=25 kN 
From (8), tx>c^~-~ /da— r-2 083 

From (7), /DB«-i(/ D c+r25/DA)=-tf2'083-l*25X8*333) 
=4*167 (check) 



Hence the values of tension coefficients and forces in all the 
six members are as under : 



Member 


t 


L 


T{kN) 


AB 


-16 667 


3- 145 


-52-42 


AC 


-8-333 


3-466 


-28-88 


AD 


-8-333 


3-30 


-27-50 


BC 


+4-167 


25 


f 10-42 


CD 


+2-083 


2-5 


+ 5-21 


DB 


+4-167 


2 


+8-33 



Example 25*4. A space frame shown in Fig. 25 7 is supported 
at A, B, C and D in a horizontal plane, through ball joints. The 
member EF is horizontal, and is at a height of 3 m above the base. 
The loads v t't? j >in s E and F, shown in the figure act in a horizontal 
plane. Find the forces in ail the members of the frame. 
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Solution. 




Fig. 25-7 

Let the origin be at B, with X and Y axes along BC and BA 
respectively, and let Z-axis be directed vertically. The coordinates 
of various points are as under : 



Point 


X 


Y 


Z 


3 


0 


0 


0 


C 


7 


0 


0 


D 


7 


6 


0 


A 


0 


6 ; . 


0 


E 


2 


3 


3 


F 


5 


3 


3 



V (2-0} a +(3-6) 11 +l3 -0)^4-6904 m 

£, BF = V (5-0) 2 +(3^) a 4T3-W-6-5574 m 
Lef=3 m (given). 
Joint E v The three equations at joint E as follows : 



rEA(XA-.XE)-r/EB(XB-^E) + /£F(XF-XE)-f^E«=0 ...(0 

W^-yEJ+rEBivB-^+ZEFC^-^+rE^O -00 

/EAU^z E )-:-r E B(zB-r E )+/EFUF- 2E )"HZ E =0 ...dii) 

Substituting the values, we obtain 

-2tEA-2l E »+3fEF+5=0 — y 

3/EA-3/EB+10 = 0 "'^ 

-3fEA-3/EB=0 -< 3 > 
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From (3), 

From (2), f E A-W E A= — 



or 



/EA= — /EB 

_io 

3 
5 



rEA— - ■ 



From(l). ( 2x"|-)-( 2x |-)+3/ef+5=0 



From which 



833 

...<«> 
...(6) 

...(c) 



Joint F : Tlie three equations are 

'FdUd-X F ) + /fc(xc-Xf) + /fb(xb— X F ) + rFEU E — *f)+*F* 



0 

...<**) 

/FDOto-y F ) + rreO'C— >'F)+/FB(^-J'F) + fe0 ? E-> , F)+yF= ; 0 

0 ...(*) 



^fd(2d— ZF)-r/Fc(r c — rF)+?FB(2B— zf)+/fe(ze— zf)-tZb«= 
Substituting the -values, we get 
2frD + 2/fc— 5/fb— 3/fe =0 

3^FD~ ~ 3f F C 3^FB + 15~0 

— ^/fd— 3/fc— 3*fb=0 
From (4), / F d+/fc— 2'5 /fb=— 2'5 
From (5), r FD — ?fc— 5 
From (6), /fd+/fc+/fb =ks 0 
From (e) and (f), /fd~ — 2*5 
From (</) and (<>), ?fb= +0*7143 
From (/), / F c= + 1'7857 

Hence the tension coefficients and forces in the 
members wil be as shown in the table below. 



...(4) 
...(5) 
...(6) 

...» 
...(«) 
».(/) 



various 



Member 


Length (m) 


t 


T (kN) 


EA 


4*6904 


-1*6667 


-7 817 


EB 


4' 6904 


+ 16667 


+7*817 


EF 


30 


~1'6667 


+5*0 


FC 


4*6904 


+ 1 7857 


+8*376 


FD 


46904 


-2'50 


-11*726 


FB 


6*5574 


+0*71-43 


+4684 
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PROBLEMS 



1. Find forces in all the members of the space frame shown in 
25*8. Take AB=4 m, AD=5 m and AF~6 m. 

I 60kN 



r . 
% 



4; 

i :■ 
it 

i 



30k N 




Fig. 25-8 



2. Fig 25'9 shows the plan of a tripod, the feet A, B and C 
in the same horizontal plane and the apex D being 375 m 




Fig. 25-9 

above the plane. Horizontal loads of 100 kN and 150 kN are 
applied at D in the directions shown. Find the forces in the members 
assuming that all joints are pin-joints. {Based on U.L.) 

? v 3 ' A frame P adestal shown in Fig. 25' 10 is simply supported 
& J} and has two reaction supports at A and C. Determine the reac- 
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tion and forces in all the members, 
acting at F. Take AB^BC=4 m. 
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due to horizontal force 100 kN 




Fig. 25-10 



4. Fig. 251 1 shows two views of a tripod bracket. All connec- 
tions are pinned. Find the forces in magnitude and nature in the 
three members due to a Vertical load of 100 kN acting at O. 

(Based on U.L.) 

K-2m -4— 2m H 

■5m 




Fig. 25- 11 
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ANSWERS 

1. Tea=0 ; r r D== + 37"5 ; 7Ye=0 ; 7fo« + 18*74 ; 7ga=-30 
r G B=-f-28'll ; r G c=-60 ; 7gh=+46 , 85 ; 7h E =0 
7W-+40 ; Thc~ -37'48 ; Ted^O 

2. rp A =+63"7 ; r D c=+96 ; Fdb=-1911 

3. Tab=— 75 ; 7bc= — 25 ; Tcd=0 ; r D A=+25 ; 
r E A= + 35-36; 7eb=-79 06; 7ef»— 100 ; r E H«=0 ; 
7eb = 0 ; 7Vc=0 ; r F G=0 ; Tgc=0 ; Tqd=*0 ;'7hd»=0 ; 
7ha=0 

4. Toa=+80*04 kN ; Tob^-8-89 kN ; 7bc=-97'5 kN. 
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Plastic Theory 

jZ6 1. INTRODUCTION 

A structure may reach its limit of usefulness through instability, 
Sfatigue or excessive deflection. Alternatively, if none of these failure 
anodes occur, then the structure will continue to carry load beyond 
jthe elastic limit until it reaches its ultimate load through plastic 
Reformation, and then collapse. Plastic analysis is based on this 
mode of failure. The concept of ductility of structural steel forms 
the basis for the plastic theory of bending. 

* The rigorous analysis of a structure according to the theory of 
elasticity demands that the stress satisfy two sets of conditions : (1) 
She equilibrium conditions and (2) compatibility conditions. The first 
set of conditions must be invariably satisfied in any material. How- 
ever, the second condition ceases to be valid as soon as plastic yield- 
ing occurs. The elastic method of design assumes that a frame will 
become useless as soon as yield stress is reached. The working stress 
is, therefore, kept much below the yield stress. The design so 
produced gives a structure of unknown ultimate strength. The elastic 
methods of analysis are also very cumbersome, specially for redund- 
ant frames. In plastic method of design, the limit load of a system is 
a statically determinate quantity. The limit load is independent of 
all imperfections of the structure, such as faulty length of bars, settle- 
ment of supports and residual stresses caused by rolling or welding. 
The plastic method of design gives an economical design. The margin 
of safety provided in this method is not less than that provided 
according to the past practice. 

The need for the study of plastic behaviour was appreciated by 
^-E.H. Love in 1892. The posibility of the development of plastic 
hinge was first suggested by G.V. Kazinczy in 1914. Prof. H. Maier- 
I-eibnitz of Germany carried out load tests on encastre and couti- 
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.suous beams,.carrying them out of the elastic into the plastic range, 

|rnd showed that the ultimate capacity was not effected by settlement 

;of supports of continuous beams. Further work was done by Vander 

Brock in United States and J. F. Baker and his associates in Great 
Britain. 

U l. THE DUCTILITY OF STEEL 

The plastic theory is based on the ductility of steel. Through 
ductility, structural steel has capacity, of absorbing large deforma- 
tion beyond elastic limit without the danger of fracture. However, in 
^he plastic range, the behaviour of steel depends strongly not only 
fnits chemical composition but also on the mechanical and thermal 
treatments to which it has been subjected. 




STRAIN 

ta> COMPLETE STRESS - STRAIN CURVE 




0-5 - 10 
STRAIN 1%) 



0-5 (-0 
STRAIN (%) 



1-5 



lb) PORTION ABC ENLARGED' (c ) IDEALISED CURVE 



Fig. 26-1. 
Stress-Strain curves. 
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Fig. 261(a) shows the complete stress-strain curve of mild 
steel. Fig. 26*1 (b) shows the portion ABC enlarged, tt will be seen 
that the stress-strain relation is linear in the elastic range. The upper 
yield is reached at point A, and. then the stress suddenly drops to 
lower yield stress at B. The strain then increases upto C at constant 
stress. This represents the plastic range. Beyond C the strain 
increases with further increase of stress and the material is said to 
be in strain hardening range. For ordinary steel the elastic strain is 
about 1/12 to 1/15 of strain at the beginning of the strain hardening 
and about 1/200 of maximum strain. 

Experience shows that the metal of rolled beams does not 
usually exhibit any upper yield point and that even when an upper 
yield point f exists, it can be removed by cold working such as strai- 
ghtening. Hence the theory of plastic bending is based on the 
assumption of a steel without upper yield point. The strain upto 
point C is about 1 *5% . In plastic design, at ultimate load the critical 
strains will not have exceeded about 1*5% elongation. Hence the 
strain hardening range is neglected in simple theory of plastic bend- 
ing. This reduces complications in the calculations, and still leaves 
available a major portion of reserve ductility of steel which can be 
used as an added margin of safety. Fig. 26'! (c) shows the idealised 
stress-strain curve which forms the basis of plastic design. 
26 3. ULTIMATE LOAD CARRYING CAPACITY OF MEM- 
BERS CARRYING AXIAL FORCES 

Consider three bars OA y OB and OC, meeting at a common 
point O and hinged at the other ends A> B and C respectively 
(Fig. 26'2). Let a vertical load P be applied at the point O. We 
shall first solve the problem by elastic method. 

Let P t be the tensile force in OB and P z be the force in OA and 
OC Point O moves vertically to O' after the application of the 
load. Let Ai and A a be the axial deformations of rods BO and AO 
(or CO) respectively. The dotted lines show the deformation portion 
of the structure. 

From Statics, 

Pi+2P*cos0=P ...U") 
The structure is statically indeterminate to single degree. The 
second equation is obtained from the compatibility of deformations i 

A z = Ai cos 0 

^--fe™* - [2(a)] 
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where A « Length of member OB and £ 2 =Length of OA. 

/i^Area cross-section of each bar (assumed equal). 
But _£l =COS 0 

^8 



"^~=^-— cos 0— cos* 0 ...(2) 
From (1) and (2), we get 




Fig. 26-2. 

Since cos 0 is always less than unity, it is clear that P x is greater 
than P,, From the point of view of elastic theory, the system 
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fails (or becomes useless) when the central bar reaches yield stress 
<ry. At the yied condition, the force P k in the central bar will be 
equal to A.a v while the force P 2 (from Eq. 2) will be equal to 
v4.t7Y.cos 2 0. Hence the total load, called the elastic limit had is 
P.i—Pi+2Po cos 0=AGY+2AfXy cos 3 0 

Or P e i=A<7Y (1+2 cos 3 0) .,.(26 1) 

The corresponding elongation of OB is given by 

A.i-—£- ...(26*2) 

In Fig. 26'2 (ft), OB and CM represent the increase in P x and 
P 2 respectively, as the external force is increased from zero to P. 

Let us now analyse the structure on the basis of Plastic theory. 
Eq. (1) above holds good in this case also. However, when the load 
P x in the central rod reaches a value Aay, the structure does not 
collapse, but continues to take further load. When the external load 
is increased above P el the force in the central bar retains the 
constant value of A&t, while the force P 2 increases further from its 
value of Agy cos* 0 to a value Aay till the bars OA andOC reach 
the yield point. When all the three bars have yielded, we have 

Pi=P 2 =A<y v ...(3) 

From (I) and (3), the load at the yield, called the plastic 
collapse or limit load, is given by 

A.— /> J +2/ , « cos fl=^ffy4-2^<rv.cos 0 
or Pl=A<7x (1+2 cos 0) ...(26-3) 

When all the three bars have reached the plastic stage, 



E 



1 cos5 EcosO £cos £ 0 
Hence the vertical deflection of the joint O is given by 

^-sSh-^t*** - (264) 

It is to be ob^-^ed that this deflection is sec* 0 times the 
elastic deflection A,; given by Eq. 26"2. If 0*=45°, we get 

Fig. 26"2 (e) skews a piol between ^!ie load P versus the vertical 
deflection A(=A t V 
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■ When the external load P,, is increased, the central rod is fully 
in pfesticstage uhile the end rods are still in elastic stage. This 
conation is generally called the contained plaskflow condition re- 
presdntedbylinesi?Cund.4CofFi g . 26 "2 (b). When all the three 
rods^have become plastic, the condition is known as the unrestricted 
flow condition. 

- The load P L given by Eq. 26*3 may be considered as the 
failure had. The service had may be taken as a certain portion 

-^-of load Pi, where O is a safety factor, usually called a load factor 
in pl|stic analysis. Thus, 

P 



...(26-^ 



.■(■ 



wher^P^serviceload. 

* The saving achieved by designing according to the plastic 
theor^ instead of elastic theory is equal to 

_ =AjcaJ^l^J[c_thcory \ / 1+2 cos 3 $ ■ 

Area by elastic theory P W0 ~\ 1_ ~l+2 cos Q ) 100 

tWheri 0=45\ this amount to about 29% . 

.Example 26*1. A rigid beam ABC is kept in horizontal position 
by three rods as shown. All the three rods are made of the same 
material arid have equal area of cross section of 200 mm 2 . The length 
of the outer rod is I m while the length of the central rod is 2 m. 
Calculate die collapse load for the structure, applied at the centre of 
the beam. Take the stress at yield equal to 250 A'/nra* and 
E=2X Nlmm*. 

Solution. 



U. 1 



T 



2m 



3<r y A=15O00O 



T 



■ 1XVV 



-2m 



tp 



(a) 




Fig. 26-3 
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Let . P l =force in each of the outer rods 

P a — force in the central rod . 
From Statics 2P 1 fP 2 =P. 

Since the beam remains horizontal, the vertical extensions A 
of all the three rods will be equal. This gives 
PjXl _ P 2 x2 

' AE AE ' 

"or P^2P 2 ...(2). 

' Eq. 2 shows that the load carried by each of the outer rods is 
twice the load earned by the central load. Thus the outer rods will 
yield fust. The \ield load carried by each ofthe outer rods will be 
equal to rry. .4 = 250 x 200=50000 N. 

The corresponding deflection A f i is equal to 

250X1000 
^~2"xT6 5 ~~ l25ram 

and the load carried by the central rod is equal to 

iPi =4 x 50000=25000 N. 

Thus, according to t*ie elastic analysis, the total load carrying 
capacity is given by 

P,,-2P^!- P.-tfOOOOX 2)4-25000= 125000 N ...(3) 

This is evidently equal to 2'5 vy.A. 

However, the structure does not collapse when the force in 
each of the outer rods is 50000 N. When the external load is in- 
creased above 125000 N, the outer rods continue to carry a constant 
force of 50000 N each, while the force in the central rod increases 
from a value of 25000 N to a value of vy.A =25000 X 2=50000 N, 
when plastic stage is reached in it. Thus, according to the plastic 
theory, the collapse load is given by 

Pl=2Pi+P?= (50000 x 2) -f- 50000 = 150000 N. 
This is evidently equal to 3gy.A. 
The deflection at this stage is given by 

a _ PtU 50000 X 2000 ... 
■<* Al ~ AE ~ 200 X 2X10 5 - 25 mm " 

Fig. 26'3 (b) shows the complete load-deflection diagram. 

Example 26*2. A rigid beam ABC D is hinged at A and being 
supported by two vertical rods attached at B and C, as shown in 
Fig. 26' 4. Determine (i) the load P when first yield occurs in any of 
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the bars and (ii) when the whole arrangement collapse. Each rod has 
an area of section of 200 mm 2 . Take cy— 252 JV/mm 2 . 
Solution. 



T 



Im 



2m 



tm 



■Im 



8 



C D 



^ in) 



• — 

B, 



1^2 J 

j tb) 

C ' D, 



Fig. 26-24 

(a) Load at fist yield 

From statics, Pt+P s +R—P 
where Pi and P t are die forces in rods at 
reaction at A, assumed vertically upwards. 

Taking moments about A , we get 
P-h2P 2 «=2"5 P 

Fig. 26*3 (b) shows the deformed shape of the arrangement. 
If Aj and A 2 are the vertical extensions of the two bars, 

A 2 2 
or 2Ai*=A 2 

. >4£ 



.,.«> 

and C, and R is the 

...e> 



or 



or 



AE 

"rs 



...(3) 



Eq. (3) shows that P 2 is greater than P u Since the area of 
sections of botb the bars are equal, it is evident that yield first occurs 
in bar 2. As the load P is increased, the force P 2 will go on increas- 
ing till yield occurs in it. Hence, at the first yield. 

P 2 = GY .A =252 x 200* 50400 N. 
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Corresponding value of Pj is 

/ > i=-^i > 2=0 75 P 2 
Substituting these in Eq. (2) the load at the first yield is given 

2^-[^i+2/>J 

2'75 2'75 
- ^"T? ^ *= "2^~ x 50400- 55500 N 

Thus according to the elastic solution, the load carrying capa- 
city of structure is 55500 N. 

(b) Load at complete collapse 

When the load P is further increased, the load in rod I 
i increases while the load in rod 2 remains constant at a value of 
50400 N. When yield is reached in bar I. the whole structure 
■t collapses. The force P 1 corresponding to yield in the first rod is 
= evidently equal to <r v ^ =252 X 200=50400 N. Substituting these 
lvalues of P t and P 2 (each equal to 50400 N) in Eq. (2), we get 

P^—fa+lSPA 

3'5 

= Y$ X 50400=70500 N. 

It should be noted that in plastic analysis, compatibility equa- 
tion 3 is no longer useful. However, the equilibrium equations 
r(Eqs. 1 and 2) still hold good. This shows the simplicity of plastic 
\ analysis. 

Example 26 3. Compute the uHimite load P at the collapse of 
Uhe structure sho rn in Fig. 26 5. All the four rods have equal area of 
cross-section. 



Solution. 




h L »+~L/3 ' j^ 2L/3 

Fig. 26-5 
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T£e structure will collapse when it is turned into a mechanism. 
There are two possibilities, and both of these should be investigated. 
In the first possibility, rods I and 2 become plastic and the collapse 
may tal^e place by rotation about point C. In the second possibility, 
rods 4, 3 and 2 may become plastic and failure may take place by 
rotation about A. The free body diagrams for both these possibilities 
are shown in Fig. 26 6 [a) and ib). 



» { « - 2L/3 H < a) 



3 \Q'S. 

!£ b; c 

L/3 



LI 



A ' Bl -^(b, 



-L/3-4* -2L/3- 



Fig. 26*6 



T P L2 



* The first possibility of collapse is shown in Fig. 26' 6 {a). By 
inspection, rod 1 will yield first, when the force in it is P x ~<sy.A. 
With the further increase in the external load, P t will remain cons- 
tant at ay. A while P. «viil increase till it also becomes equal to ay. A. 
At this stage, the structure will turn into mechanism, and collapse 
will take place by rotation about C. Just before such collapse, we get, 
by takiflg moments about C, 



<n.A.2L+<5v.A.L = P Ll { 



or Pu-yav.W ...(I) 

Let us now consider the second possibility, when the rod 4, 3 
ana 2 yield, and collapse takes place by rotation about A. At the 
yield stage, force carried by each of these iteds is equal to ay. A, 
Hence we get by taking moments about A, 

<ty.A.L+2gy.A cos 0.2L=P L2 • ~| L 

3 

or Pht^-^aY.A (IH-4 cos 8) ...(2) 

"It will be seen that P Li is less than /> La for all values of 0. 
Hence ;he- collpase load is given by Eq. (2). 
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<c) STRESS -STRAIN CURVE td) MOMENT- CURVATURE 

RELATION HIP 

Fig. 26 7. 
Plastic beading of beams. 



Let a beam be subjected to an increasing beading momew M 
(pure bendmg). The bean, has atleast one axis of svmmetry ™ 
bendmg ,s symmetrical about that axis. When the bendin, stresJ 
are w.th.n the elastic : range, the bending stress di«ribZ, w ^ 
as ,o„ Fig. 26'7 (b-1). The neutral axis wi„ pass through ,h e 
centro,d of the section. As the moment is increased, yield siresTwili 
appear enher m the topmost (or in the bottom most fibre as ^ 
case m ay be )w lthl ^ neutralaxissti|I . the c ntroid 

ofthesect.on [Ftg. 26 7 («)]. The moment at which the first y e J 
oTuT e . d ' SCa, 1 ,edthe *"~^v). With further inl at 
ofX the yeldwai also occnr in the bottom fibre and i, will spread 
.nwards ,n the top portion [Fig. 267 CM)]. The neutra, S 
longer passes through the centroid, its location beiug determined by 
he fact tha the total compressive force is equal to the total tensUe 
force over the cross-section. 

.„ IT^' ™ rC:lS "~ ^ bSnding m ° mCnt wi " c *«e the yield to 
spread further , nwards towards neutra, axis. A stage is uitLate^ 
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reached when the yield spreads right up to the neutral axis and the 
section becomes fully plastic [Fig. 261 (6-5)]. The corresponding 
bending moment is called the fully plastic moment and is denoted 
by Mf. Neglecting strain hardening in the outer fibres, no further 
increase in the bending moment can be attained. The plastic 
moment, therefore, represents the limiting strength of- the beam in 
bending. The neutral axis in case of fully plastic section will pass 
through the equal area axis. In case of sections having two axes 
of symmetry, the location of neutral axis in elastic and fully plastic 
conditions remain unchanged. When the fully plastic moment 
is reached, the section will act as a hinge permitting rotation. With 
further increase of the toad, the yield will spread in longitudinal 
direction. 

Moment curvature relationship 

The curvature ^ is the relative rotation of two sections a unit 
distance apart. As in the elastic bending, we have, according to 
first approximation : 

, 1 s qy 
o~ — — = 7; — 
? Vo £>o 

or ...tMTGi)] 

where distance of farthest still-elastic fibre and s— maximum 
elastic strain. 

The curvature at any given stage can thus be obtained from 
the stess distribution. The curvature of a partially plastic section 
is controlled by the deformations of still-elastic interior fibres. 
Fig. 26 7 (d) shows the moment- curvature relationship. This 
moment-curvature relationship is of great importance in the plastic 
theory. When an unloaded beam is subjected to increasing bending- 
momer.t, the curvature first increases linearly with bending moment 
as represented by Oa. This is elastic range. With the appearance 
of yield under the section of yield moment M\ , the linear relation no 
longer holds good. As the bending moment is increased further the 
curvature will increase at a faster rate which corresponds to the 
spread of yield in inward direction. As the bending moment 
approaches its fully plastic value the curvature will tend to infinity. 
This corresponds to fully plastic section. When, at a particular 
section, the bending moment reaches the value M Ff the bending 
moment on cither side of it will, be lesser than Me. With the 
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attainment of fully plastic moment at a section, the curvature at this 
.'section becomes infinitely large. Thus a finite change of slope can 
"occur over an indefinitely small length of the member at this section. 
iThis section will therefore, act as if a hinge has b-ren inserted in the 
•member at this section. 

: 26*5. EVALUATION OF FULLY PLASTIC MOMENT 

The moment of resistance developed by a fully plastic section 
Is called the fully plastic moment Af F . The following simplifying 
^assumptions are made for evaluation of fully plastic moment (Baker, 
f 1956) : 

; '-' 1. The material obeys Hooke's law until the stress reaches 

^the upper yield value ; on further straining the stress drops to the 

-lower yield value and thereafter remains constant. 

I 2. The upper and lower yield stresses and the modulus of 

^elasticity have the same values of compression as in tension, 

~ 3. The material is homogeneous and isotropic in both the 

J elastic and plastic states. 

!L 4. Plane transverse sections remain plane and normal to the 
t longitudinal axial after bending, the effect of shear being neglected. 
I 5. There is no resultant axial force on the beam. 
F 6. The cross-section of beam is symmetrical about an axis 
througJi its centroid parallel to the plane of bending. 

7. Every layer of the material is free to expand and contract 
;" longitudinally and laterally under stress as if separated from the 
: other layers. 




(a) tb) lc) 



Fig. 26 8. 
Evaluation of fully plastic moment. 
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<^ Consider a cross-section of a beam subjected to a fully plastic 
moment Mv of sagging nature. Under the action of this fully plastic 
moitient. every fibre of the cross-section will be stressed to the yield 
str^s ay and the stress distribution will be rectangular as shown in 
Fi|; 26'8 (c). The stress in the fibres above the neutral axis will be 
of [compressive nature while the stress of fibres located below the 
neutral axis will be of tensile nature. Let A x be the area of the portion 
of the section situated above the neutral axis, its C.G. (g x ) being at 
y-i from the N.A.' Similarly, let A 2 be the tensile area, with its C.G. 
(^situated at >' 2 below the neutral axis. 

The compressive force acting over the cross-section *=A x XaY 

v i" ; Total tensile force acting over the cross-section —A^X <ry 
| A l cr Y =y4 a CTY ...(2) 

or | A l =A i 

But 'A—A x ^Am (total area) 

A 



*2 



f Thus^ the neutral axis divides the section into two equal parts* 
it passes through the equal area axis. 

| Again these two forces should form a couple such that its 
magnitude is equal to the externally applied moment My. Hence 

i A^-yi-^A^SYVs—Mv ...(2) 
V But A x =A t =Y 

] -\ Mr=«* ^ {y x +y z ) ...{26 6) 

or! Afp=<T Y .Zp ...(26*7) 

A 

where Z P *=y (y x +y t ) ...(26'8) 

Zp is the first moment of area about neutral axis is termed 
as plastic section modulus. It should be noted that the fully plastic 
moment Afp is constant for a particular cross-section of a given 
material. 

- : Also, yield moment My (i.e.. the moment at which the first 
yield occurs, section still being elastic) is given by 

- : My=oyZ ...(26-9) 

where Z=elastic section modulus. 
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The ratio of plastic moment to the yield moment is called the 
shape factor S. 

c 1 =; Jll p - „ ?j :Zp Zp 

A/v ~~<tyZ ^~Z~ .. (26' 10) 

EVALUATION OF SHAPE FACTOR 

The shape factor is the property of a section and depends solelv 
on the shape of the cross-section. We shall evaluate the shape factor 
of some of the standard sections. 





Fig. 26-9 

(a) Rectangular Section [Fig. 26*9 (a)] 

Elastic section modulus, Zp—-~— 

6 

Plastic section modulus, Z P -y- (jvhl'a) 
~ 2 L 4 + 4 _T" 4 

~_ Z P bd % :bd~ 

^- 5 

(6) Triangular Section [Fig. 26*9 (b)] 
bh 3 



...(2611) 



36 



The distance of extreme fibre from the clastic neutral axis 
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For locating the equal area axis, equate the area on cither side. 
Let the equal area axis be at distance h± from the apex. 

hb _ J- M 

2 ' ~ 2 2 

bfh _hi L Ml 

ft ' 2"" 2 2 

or ^"^T- Similarly b x=~Y^=~^2 

Now Vi- r^ 880 ' 235 A 

_A-A X &1+26 A-A/V 2 2b+b I\/2 
and ^—3— • - 3 - 6+6 /V2 

o 



Z P = ) = X-{ <V23'5A+OM55A } 



=0'098 bh* 



5= |p-= 0'098 Wr« X «2"34. 



(c) Circular Section [Fig. 26'9 (c)] 
L 32 ' 



z *=~r{ yi * y * )' where A= ^\ dZ 

j^y^distance of C.G. of semi-circle from N.A. 

_2d 
~ 3k 



^ Z 6 ■ 32 



(6) Hollow Circular Section [Fig. 26'9 (d)] 
*f=internal diameter 
Z>=external diameter. 
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D/2 D/2 



: For a circular section, Z P — in general. 
Hence for a hollow circular section, 

z = 01 fl* (JtD)* 



6 



HPf 1- * 1 ] -.-(26-14) 



S| ' 7 H=£) -(2615) 
26 6. PLASTIC HINGE 

A plastic hinge is a zone of yielding due to flexure in a struc- 
tural member. At those sections where plastic hinges are located, 
the member acts as if it were hinged, except with a constant restrain- 
ing moment M P . Just like any ordinary hinge, the plastic hinge 
allows the rotation of members on its two sides without change in 
curvature of members. The plastic hinge is capable of resisting 
rotation until fully plastic moment is developed and then permitting 
rotation of any magnitude while the bending moment remains 
constant at M P . 

The hinge extends over a length of member that is dependent 
on loading and the geometry. The hinge length &L is the length 
of the beam over which the bending moment is greater than the 
yield moment My. However, in all of its length AL the section are 
not plastic to its full depth. To illustrate this we shall consider the 
case of a simply supported beam loaded with a central point load 
W, the section of the beam being rectangular. 

Let the yielded portion (i e. the plastic hinge) extreme points 
distant -v from either end. The moment at these extreme points is 
My and the moment at other points beyond these is less than M\. 
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Fig. 26" 10 
From Fig. 26*10 (6), we get 
Mv til 



But 



My x 
Mv „ 3 



My 
2 



for a rectangular section 



Hence 



L 
L 

t\L=L—2x=L- 



2L 



3 " 



f- ■ Similarly, it can be shown that if the beam is of I-section, the 

length AL is about -~. The length AL, in fact, represents the 

length of elasto-plastic zone. 

Because of the shape of the moment curvature diagram 
[iFijgi 26' 1 (</)], the' curvature remains very small near ends C and D 
of the plastic region, while in the the neighbourhood of point the 
curvature is extremely high as shown in Fig. 26*10 (e). The beam, 
therefore, deforms very nearly as if it consisted of two rigid portions 
connected by a hinge in E [Fig. 2610 (d)]. In most of the analytical 
work, it is. assumed that all plastic rotations occur at a point, i.e. 
length of the hinge approaches zero. 
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26 7. LOAD FACTOR 

The load factor is the ratio of the collapse load to the working 



load : 



Q W 0r W~ 



where t?=Load factor 

fVc or W L =CoMapse load or limit load 
JF=Working load. 
The value of load factor depends upon type of loading, the 
end conditions of the supports and the cross-section of the member. 

Let A/. na «= maximum bending moment correspond- 

ing to working load W 
Mp=fiilly plastic moment corresponding to 
collapse load M c . 

Since bending moment at a given section is directly proportional 
to load, we have 

M a: w or M=aW (|) 

(For simply supported beam M~^~ and hence a=-j ) 

Similarly, M P oc W? 

or Mv^aWc^a.QW ( 2 ) 

M maa * ...m 

Now elastic section modulus required =»Z= ^"' a *. ^ 
where /(^allowable stress in bending. 

Plastic section modulus required =z P =^- (a) 

Z -?-=M^^ Mj.»«*_ ^ _Mp_ f, 

Z *Y ' ft M», ax <?y 

But -M^^ a . ??_«r. 

and Jf =^=factor of safety elastic method. 

Substituting these in ([I), we get 

° r Q=SXF ...(2616) 
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The above relation shows that the load factor is equal to the 
shape factor multiplied hy the factor of safety used in elastic design, 
[f f = 160 N 'mm 2 ; <jy=252 N/mnr and S=1'5, we get 

e-nsx?g«rs2. 

26 8. METHODS OF LIMIT ANALYSIS : BASIC THEOREMS 

[nthe elastic method of analysis, three conditions must be 
satisfied.: (I) continuity condition. (2) equilibrium condition, and 
(l) linking stress condition. Thus, an elastic analaysis requires that 
tte deformations must be compatible, the structure should be m 
equiiibnumand the bending moments anywhere in the structure 
should be less than My (or the stress should be less than <ty). 
° ^tomparea to this, an analysis according to the plastic 
method must satisfy the following fundamental conditions : 

- i ; Meclwiiism condition. The ultimate load or collapse load 
is reached when a mechanism is formed. There must, however.be 
just enough plastic hinges that a mechanism is formed. 

2. ^uilibriiim condition. The summation of the forces and 
mo nents acting on a structure must be equal to. zero. 

3. Plastic moment condition. The bending moment anywhere 

must not exceed the fully plastic moment. 

It should, however, be noted that all the three conditions 
cannot be satisfied in one operation. Two theorems have been 
evolved which must.be satisfied to ensure that - all the conditions are 
fulfilled. The general method of limit analysis and design are 
based on the two fundamental theorems evolved by Greenberg and 
Prager. The first theorem, called the static or lower bound theorem, 
furnishes p lower boundary for the limit load, while second theo- 
rem, r^ied the kinematic or upper bound theorem gives an upper 
boundary for the limit load. 

Basic Theorems v 
1. Static theorem or lower bound theorem u 

The. static theorem, states that for a given frame and loading Jf 
there exists any distribution of bending moment throughout the frame 
which h both safe and statically admissible, with a set of loads W, the 
value of W must be less than or equal to the collapse load Wc. 

The distribution of bending moment, such that it satisfies all 
the conditions of equilibrium is called statically admissible distribu- 
tion. If the distribution of bending moment is such that the fully 
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aplastic moment is not exceeded anywhere in frame, it is called safe 
distribution. 

2. Kinematic or upper bound theorem 

The upper bound theorem states that for a given frame subjected 
■ to a set of loads W, the' value of W which is found to correspond to any 
assumed mechanism will always be greater than or equal to the actual 
collapse load Wc This theorem satisfies the equilibrium condition as 
well as mechanism condition, and provides the upper bound or limit 
of collapse load. If the values of W corresponding to a number of 
mechanisms for a given frame under given set of loading are found, 
the collapse load Wc will be the smallest of all these found. 

Methods of Analysis 

Based on the above two theorems, there are two basic methods 
of limit analysis : (1) static method, and (2) kinematic method. 

1. Static method. Static method is based on the static or 
lower bound theorem according to which a load computed on the 
basis of an assumed equilibrium moment diagram in which the moments 
not greater than A/p, is less [than or at best equal to the true ultimate 
load. In this method, a moment diagram is sketched in such a way 
that the conditions of equilibrium are satisfied. The moments must 
either be less than or equal to Mp. If a mechanism is formed, then 
the solution of equilibrium equation will give true collapse load. If 
the mechanism is not formed, the moment at some of the sections 
will have to be increased so as to obtain a mechanism, i.e. the exist- 
ing load will have to be increased. The load will become equal to 
the collapse load when a mechanism is formed. The procedure for 
application of static theorem is as follows : 

1. Convert the structure into statically determine structure 
by removing the redundant forces. 

2. Draw free bending moment diagram for the structure. 

3. Draw the bending moment diagram for the redundant 
forces. 

4. Draw the composite bending moment diagram in such a 
way that a mechanism is obtained. 

5. Find out the value of collapse load by solving equilibrium 
equations. 

6. Check the moments to ensure that Af<Afp- If it is so T 
correct. value of collapse load is obtained. 
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i^c method is suitable only for simple structures. For com- 
plicate^ frames, the method becomes very difficult and, therefore 
kinen^tic method is preferred, #t 

H Kinematic or Mechanism method. Kinematic method is 
basedte the kinematic or upper bound theorem according to which 
a loa&computed on the basis of an assumed mechanism will always 
be greater than oral best equal to the true ultimate load. For the 
application of this method, it is very essential to know the possible 
types a&d number of mechanisms.. There arc four types of indepen- 
dent wehanisms (Fig. 2611) : (/) beam mechanism, 00 panel 
mechC^n, (Hi) gable mechanism, and (/v) joint mechanism. 
Vano|p combination of the independent mechanisms may be made 
to obfjlih certain number of composite mechanisms. 




£ Fig. 26- 11. 

Types of independent mechanisms. 

For a particular structure with a loading, the number of inde- 
pendeniineclianisms is given by 

N=n-T ,..(26'17) 
where ^number of independent mechanisms 
ig= number of possible hinges 
T~ number of redundancies. 

A: number of possible collapse mechanisms may be obtained by 
the combination of independent mechanisms. The correct mechanism 
will beg one which Results in the lowest possible load (upper 
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bound theorem") and for which the moment does not exceed the 
plastic moment at any section of the structure (lower bound theo- 
rem). The procedure of application of the kinematic theorem is as 
follows : 

1 . Determine the location of possible plastic hinges. 

2. Select possible independent and composite mechanisms. 

3. Solve equilibrium equation by virtual displacements 
method for the lowest load. 

'4. Check that M^Mp. 

Principle of virtual work. U is stated as follows : 
^ If a deformabW structure in equilibrium under the action of a 
system of external forces is subjected to. a virtual deformation compa- 
tible with its cofiditions of suppport, the work done by these forces on 
the displacements associated with the virtual deformation is equal to 
the work done by the internal stresses on tlie strains associated with 
this deformation:' This principle has wide utility for the structure 
at collapse. During collapse there is no change in the elastic strain 
energy stored in the beam since the bending moment and, therefore, 
the curvature remains the same. So the work done during small 
motion of collapse mechanism is equal to the work absorbed by the 
plastic hinge. Hie work absorbed in the hinges is always positive 
irrespective of the sign of B.M. 

26 9. DETERMINATION OF COLLAPSE LOAD FOR SOME 
STANDARD CASES OF BEAMS 
1. Simply supported beam carrying a concentrated load W 

Let the beam section have a plastic moment of resistance Jtfp. 
We shall solve the problem by both the methods. 
(a) Static Method : 

The maximum bending moment of evidently occurs 

under the load. When the load is increased to'the collapse load 

W c , the maximum bending moment will be equal to -5—^- , as 

L 

shown in Fig. 26*12 (b). This should evidently be equal to the 
plastic moment of resistance Mp. 

ab 
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Since the bending moment nowhere in the beam exceeds MV, 
the load given by the above expression is the true collapse load. 

W 



j- — ■ 




b 


J lo) 




H 






y^t — i_ ■ 




W C ob ^ 
L 


(b) 




Fig. 26-12 

(b) Kinematic Method : 

The collapse mechanism beam mechanism) is shown in Fig. 
26*12 (c). Collapse will occur when a hinge is formed under the load. 
Let 0 angle of rotation of the left portion of the beam. 
Deflection below the load=«0. 

Hence angle of rotation of the right portion of the beam 

T-" 1 b 

Rotation of the hinge under the action of plastic moment 



or 



The work absorbed by the hinge—*/* 
The work done by the \oaA=Wc.ad 
Equating the two, wc get 



BL 

b 



Wc.a$=Mv . 



$ . L 



Wc~ — — r"~~% as before. 
ab 



The value of B.M. anywhere does not exceed Mr,, and hence 
above value of collapse load is correct- 
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: Vr if the load is acting at the centre of the beam, a^b—Ljl arid 
hence 

My • L 4A/p 
L L h 



Wc* 



2. Simply supported beam carrying uniformly distributed 



load 



W= TOTAL LOAD 



(a) 




Let 



26 

Fig. 26- 13 
R^=.total U.D.L. 

Afp=full plastic moment of resistance of the beam 

- section . 

{a) Static method : 
V _ WL 

% The maximum bending moment ot - 

^centre of the beam. When the load W is increased to the collapse 
J load Wc, the maximum bending moment at the centre will be equal 
% ' Wc ' L , and a hinge will form there to get a collapse mechanism. 
For equilibrium, the maximum, moment must be equal to the plastic 

- moment of resistance Mv. 



■ will occur at the 



8 



of 



Wc= 



&Mv 



(b) Kinematic method : 
: ~ Tbe collapse mechanism is shown in Fig- 26*13 (a). The central 

'hinge will rotate through an angle 20, while the beam will deflect 
h-Q vertically downwards at its centre. 
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STRENGTH OF MATERIALS AND THEORY OF STRUCTURES 



1 t r a 

Average vertical moment of the U.D.L.=-r- ■ ~ 6=~~ 



Work done by the load— IPc . 



Work absorbed by the hinge^Mp . 28 



or 



^-M^as before. 



The bending moment nowhere exceeds Afp and hence the 
assumed mechanism and the collapse load is correct. 

3. Propped cantilever with eccentric concentrated load 




_ Fig. 2<614 

The shape of the bencfing moment diagram during elastic stage 
will be the same as that shown in Fig. 26*13 (6). Since the static 
B.M. at C is greater than at A, the plastic hinge will first develop at 
C and then at A. The structure will then be converted into a 
mechanism and it will ultimately collapse. During collapse,*the 
moments at both A and C will be M v . 

\0 Static^ethod : 

From Fig. 26' 14 (6), the equilibrium equation is 



Wc.ab _ , lif b 
—j = Mp+jMp . — 



or 



Mc—Mv 



Z.4-6 
ab 



The moment anywhere is not more than Mr. Hence the above 
expression gives correct value of the collapse load. 
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(//) Kinematic method : 

The collapse mechanism is shown in Fig. 26*14 (c). During 
collapse, one hinge will be formed at the fixed end A and the other 
hinge will be formed at C Let the rotation of the left portion be 0. 
The rotation of the right portion will be O t =0 -f . Thus, the hinge 

at A will rotate through angle 0 while the hinge at C will rotate 
through $+e lt The collapse load will move down by a$. The 
equilibrium equation is, therefore : 

W c .a9=Mv .0 +Jl/ P ( 6-h-f- j 



W c =My -&^ t as before. 



L 



If the load acts at the centre of the cantilever, a=b~-^ 



L_ _L L 
2 ' 2 



4. Propped cantilever carrying U.DX. 

Fig. 26*15 (b) shows the bending moment diagram at collapse. 
One plastic hinge will form at the fixed end A and the other at C. 
The exact location of C is to be determined Let Mc be the simply 
supported bending moment at C, distant x from B 



or 



or MAL+x) = WcyU-x) 

or M P =-^ x(L-x) Lx-x* 

2 L+x 2 ' L+x " 



For maxima, 



=0=x*+2Lx~L 2 



dx 

"This gives x=Z,(V2-l)«0*4I4 l 
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*1(a) 



Ch x 

L 




Fig. 26 15 

(a) Static method : 

The equilibrium equation is 

Wc x{L—x) . m , n 
Mr= ~T •-I+^ from(0 



Wc . LW2-X) ■ L(2-V2) WcM-2V2) 



V2.L 
Mc ~ L(3-2V2) " L 



(3+2 V2) = 11*656 



Mr 



(b) Kinematic method : ". .. 

The rotation of left portion, is 0 while that of right portion is 

0 — ,0. The hinge at C will, therefore, rotate through 8-\ — —Q. 

x x ' 

The downward movement of the load is equal to (L—x) 0, where 

X =4-4UL. 

Work done by the load= ^ ~ 2 



Work absorbed by the hinges 



=3fp • 6 



L(V2-U 



Hence the equilibrium equation is 

W c rX2~V2)9 _, f fl V2L 
2 ^1^2-1) 
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- — £ . » as before. 



2A/ P 



(3+2V2) 



5. Fixed beam carrying an eccentric point load 
£ ci!___ 



r- 



•o — 



■ b 



Wob?: 



VVQb ^-JJ 



M P 




(a) 



Wa*b 



(b) 



vyfcob 

JLi_ 




M p 
(c) 




p e+e, 



M 

td) 



Fig. 26-16 

I., F Th 26 K 6 ^ Sh ° WS beDding mome ^diagram for elastic 
Stage. The bending moment at B is the greatest. As the load is 
increased the plastic hinge will first form at B, then at Cand finally 
at A. At this stage, the beam will be converted into a mechanism and 
ultimately it will collapse. 
(1) Static method : 

From Fig. 26*16 (c), the equilibrium equation is 



=Mp-f-Mp=2M P 
2M V .L 



ab 



(2) Kinematic method : 
■ " The rotation of the hinge at A=9. The load W c will, therefore, 

move downward by aO. The rotation of hinge at B is ^» 5? The 

b 

rotation of hinge at C=6+0,=fi-^~ — l*L 
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aO 



Wdrk done by the load=Wc.a0 
Work absorbed'by the hinges==A/i.0+Afp . ~y 



If/however, the load is placed at the middle of the beam 



2 2 



8*/p 



Ifjhebeam carries amifblmly distributed load, it can be shown 
that the'^eollapse load, 

! . ^=i|^. 

6 Three span continuous beam with U.D.L. 

Let the total uniformly distributed load «^*"*^ 

S^TeTportsofanyspan. T*e failure of one span wul result 
in the failure of the whole structure. 




T 8 

Fig. 26-17 

■ Fig 26-17 (&) shows the bending moment 4Jagram ; at collapse.. 
During the elastic stage the ordinates of bending moment d.agram 
wiu be at the ioner supports and -f^at the mid span. When 
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the collapse load is applied, the plastic hinges will form KE B C 
and F, and the beams AB and CD will collapse. The beam BC can 
still take more load, but for all practical purposes the continuous 
beam has been rendered useless. The spans AB and CD may be 
looked upon as propped cantilevers with uniformly distributed 
loading. The coIIapse Ioad is tliercfoRSj ^ tQ , ^ ^ ^ ^ 

hinges in the end span form at 0'414 L from the outer supports. Th e 
plastic bending moment diagram can now be drawn as shown in 
Fig. 26*17 (b). 

Example 26 4. Calculate the plastic section modulus, shape factor 
and plastic moment of the following sections : 

(a) TSMB 200 [Fig. 2&18 (a)] having the following properties : 

h*=2235'4 cm* ; Z* x ^223 5 cm 3 ; A^32'33 cm* ; 
Thickness of web^T 7 mn ; Thickness of \fkmge= 10 8 mm, 

(b) ISHT15Q [Fig. 2618 (&)] having the following properties : 

h*=*573'7 cm* ; A=*37'42 sq. cm and distance of C.G. ■ 
from the top is 26'6 mm. 
Take the yield stress for mid steel as 253 N}mm\ 
Solution. 

(a)I-section: Given ■-: U^223S'4xm i mm 4 ; 2^=223' 5X1& 
mm* and A =3233 mm 3 

Since the equal area axis coincides with the centroidal axis,?,, 
and y s are equal. To find y x of the upper half area, we have 

1 00 Xl0 1 8{lQ0--5 4)+5-7fl0O-lQ-8j(4OQ-1^ 4 
(lOOXlO-8)-h(5-7)(100-10-8T * 



T 



_ 102168+22676 

I080-f508'4 
i lOOrr.m 
EE 



— 78*6 mm 



-5-7mm 
J- 

200mm 1- 



1. 



2S6 



r*> 6 T 



Uo a 



■jr — • ■y'V 

^CENTROlOAL I 
AXIS 150mm 



7-6 



(a) 



lb") 



Fig. 2618 
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/. Zp=y(>'i-l->' 2 )-^.>' 1 =3233x 78-6-254106 mm 3 

Z=223*5 x 10 3 mm 3 -223500 mm 3 
Zp 254106 _ 
'* h ~ Z ~ 223500 1 14 

^p=Zp.<jy=254106x253=64-29x i0« N-mm 
= 64 29 kN-m. 

(b) Tec Section 

Given I^Siri X 10 4 mm 4 ; ,4-3742 mm* 

573"7x 10 4 

Elastic section modulus Z=-— — — ——=46491 mm 3 

I5U — 26 o 

Let the equal area axis pass through the flange at distance x 
below the top fibre. 

250je=-250(10'6-x)+(150-10"6)x7'6 or 500x=3709 

From which .tc=7*42 mm 

>'t— Distance of C.G. of the top area from equal area axis 

= ^—-=3*71 mm . 

Distance of bottom of flange from equal area axis 

=10*6-7-42=3*18mm. 
v 2 =distance of C.G. of bottom area from the equal area axis 

_ 250X3-18 x(3-18)R(150-1Q-6)7-6{(1S0-10-6H+318> 

£(3742) 

=4194 mm. 

Zp-~(3' I +j2)==-~-[3'71+4r94]-854l7 mm 3 

„_ Z P 85417 
Z 46491 
Afp==Zp.a Y =854i7x253=2r61 x 10 e N-mm 
-=21*61 kN-m. 

Example 26'5. A beam of rectangular cross-section bxd is 
subjected to a bending moment 0'9 M P . Find out the depth of the 
elastic core. 

Solution. 

Let the total depth of the elastic core =2*. Therefore, the depth 
of the plastic zone=-~-— ,v, on either side. 
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f 

d/2 

J 




7 










Fig. 2619 



/IT 

I DEPTH OF 
"- T ELASTIC 
I CORE 

...Ll 



Distance of C.G. offeree on one side from N.A. 



cry 



( T" 



*(f--*)«r+te-^ 



-bx 



bx> 



bd bx 

__ 3<P-~4x 2 
I2{d~x) 

Total interna] moment of the forces about N.A. 



-2x{ h (j- x ) + Jf}. aYX 



\2(d-x) 



12 



XfcXery 



Externally applied moment 

=0*9Mp-=0'9 ~ ay 

Equating the two, we get 



or 



or 



3^-4.^^27^ 
4^=0-3 ^ 
*=0'274 d 
Hence depth of elastic core~2:c=0*548 

Example 26 6. A fixed beam of span L carries a uniformly distri- 
buted load Won the left half portion. Determine the value of W at 
collapse. The elastic moment of resistance of the beam is Mp. 



870 STRENGTH OF MATERIALS AND THEORY OF STRUCTURES 

Solution. 



W 



EM 



-L/2- 



L/2- 



r (o) 




-z±j (b) 



Fig. 26-20 

Let the maximum free bending moment occur at C, distant x 
from A. 



Af P =»- 

For maxima, 
dM x 



3Wx . 2W 



2 



3R^ 



W who: — * 



4 X 8 



L \ 8 
9 



At collapse, it becomes equal to ~^Wc.L (Numerically) 

Hence as per static method, the equilibrium equation is 
9 



64 



2Mr 64 

-x ■ 



128 My 



(Answer). 



L " 9 9 L 
Example 26*7. ^4 tarn ABC of span L is fixed at tfte ends A 

L * 

and C, and carries a point load at a distance — from the left end. 

Find tfte value of the load at collapse if the left half of the beam has a 
plastic moment of resistance 2Afv and the right half has a plastic 
moment Mp. 
Solution. 

"There arc two possible collapse mechanisms. In the first 
mechan ism [Fig. 26' 23 (£>)], hinges may form at A, Z>andC. The 
equilibrium equation is 
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2Mp 



Wc 



2QMp 



In the second mechanism [Fig. 26 21 (c)], hinges may form at A, 
B and C. The hinge at B will work corresponding to the least 
moment of resistance at B, i.e. Mr. The equilibrium equation is 

Wc • -j- &=2Mv. e-\-Mv.20+MvO 



20Mp 



The mechanism is the one which gives the minimum of the 
collapse load (upper bound theorem). However, in the present case, 

1 , ' 20 A/p 
both mechanisms give equal collapse load ot -£ 

Example 26'8. A simply supported beam consists of a steel rod 
of diameter 30 mm. The span of the beam is 2 m. The steel rod is 
bored for a length of OS m a: each end. Find the diameter of the bore 
so that plastic hinges may form simultaneously at A, B and C, as slwwn 
in Fig. 26-21. Ifa v =253 Nlmm\find the collopse load. 

Sotation. u 

When the plastic hinge is formed, the bending moment at the 
centres Wc ? 2 - =^ aplastic moment of unbored rod=Mp. 



2 ""4 
Bending moment at B and C 



Wc 1 



x 



Wc 
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jo-75Mp W c 

















Fig. 26*22 

For the plastic hinges to form at B and C, the fully plastic 

3 

moment of the bored steel rod must be ~ Wc. 

16 

Wc 3 

Now Mr : M^=~- • ~Wc^\ : 0*75. 

For unbored steel rod, Z P =*-~= -^-=4500 romV 

o o 

Let d x be the Inner diameter- and d the outer diameter of the 
bored tube. Plastic section modulus of bored tube is 

_ _d 3 -<h 9 30 3 "^ 3 27000-4 3 
6 



Z Pl = 



6 6 

Since the ratio of Mr and M Pl is 1 ; 0'75,- the ratio of Zp and 
Zpi must also be 1 : 0*75. 



or 



Zn^O'75 Zp 
=0-75x4500 
From which d x ~ 18'9 mm 

Now Afp=Z P X (xy=4500 x 253=1* 1 385 X 1 0 6 N-mrn 
= 1 1385 kN-m 

Wc 



At collapse, 



Mr- 



■kN-m 



= 1*1385 kN 



or 



rfc=l*13^X 4=4-55 kN. 

Example 26 9. Determine the value of W at collapse, for a 
three span continuous beam of constant Mr } haded as shown in 
Fig. 26' 23. 

Solution. 

The three possible failure mechanisms are shown in Fig. 26*23. 
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I-5W 



2W 



|2\ 



-L/2 



L/2 — 4-L/3-H-/3-+L/3- -L/3-«4»- 



2L/3- 



or 



1 




Fig. ,26*23 
(/) Let the span AB col/apse first 
The equilibrium equation is 
L£ 
2 
6Mp 
L 

(II) Let the span BC collapse first 

Hinges are formed at B, F and C [Fig. 26*23 (Jfll 

The equilibrium equation is 



Wc . J ^-=M P .2e-\-M?9 



Wc-- 



Wc 



^j- (9+T5 Wc . y 9=Mc 20+Mr . 3e+Mr6 



Wr= 



36 



Mr 

7 Z, 

(///) Let tlie span BC collapse first 

Hinges formed at B, G and C [Fig. 26'23 (///)] 

The equilibrium equation is 

Wc ■ y e+V5 W~ Le=Mr.0+Mr3$+Mr.2e 



.(2) 
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or •• Wc-4-5 ,..(3) 

(IV) Let the span CD collapse first 

yf he equilibrium equation is 

C 2Wc % . ! 1.9= Mv . . 30 

;The actual collapse load will be the least of these four. Hence 
."- Wc—-^- (Answer) 

J;The bending moment diagram . corresponding to this value of 
Wc % shown. Since the B.M. nowhere exceeds Afp, the above value 
of Wh is correct. 

26l£ PORTAL FRAMES 

f in the case of a portal frame, at least four hings (natural -f- 
plasfic) are necessary to convert it into a , mechanism. In general, 
one hinge more than the number of redundancies will be required. 
In thS case of a portal frame hinged at both the legs, where redun- 
dancy is one, two plastic hinges will be required for the mechanism 
to fcfrm. Similarly, for a portal frame fixed at the base, four plastic 
hinges are necessary. The degree of redundancy can be found by 
the expression : 

5 T=3a-\-R-3, 

where T— number of redundancies 

j a==number of areas completely enclosed by the members 

. j*=total number of reaction components. 

; In the case of a simple single span portal frame, a=0. If the 
legs are fixed, i?=3+3=6. Hence T=6— 3=3. Thus a fixed portal 
frame has 3 redundancies. For finding out the number of redundancies 
of other cases, reader is advised to go through chapter 6. The 
number of independent mechanisms is given by Eq. 26*17. In addition 
to these, a number of combined mechanisms may be possible, and all 
of these should be tried to determine the minimum collapse load. 

- Example 26' 10. t Determine the value of W at collapse for the 
porta! frame loaded as shown in Fig. 26' 24. All the members have the 
same pjasiic moment of resistance Mp. 
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Solution. 



2W 



W W 



-L/3-4*-U/3-+-L/3 • 



- A 



0 



Fig.-26-24 

Hie total number of independent machanisms are gives by 
Eq. 26*17: 

N—n—T 

where rt^number of possible hinges 

=»1 (at (at C)-H (at E or F)-f 1 (anywhere on AB)=4 
7"*=number of redundancies 

=(2+2)-3 = l 
.'. jV=4-l-3. 

Thus there are three independent mechanisms : 

Beam mechanisms : 2 (one for AB and other for BC) 

Panel mechanism 

Total 3 
In addition to these, there may be one combined beam and 
panel mechanism. All the four mechanisms are shown in Fig. 26"25. 
(a) Beam mechanism BC [Fig. 26*25 (a)] 

Wc 2L. e+Wc -~ 0=Mp2d-rMr.36+M P 0 
3 3 



6Mv 



(b) Beam mechanism AB [Fig. 26*25 (6)] 

2 W c . 9 ^j=M?.2e-\-M e e 



6Mv 
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(a) BEAM MECHANISM BC 
B 



--♦OA 

<b) BEAM MECHANISM AB 





(c) PANEL MECHANISM <d> COMBINEO MECHANISM 

Fig. 26-25 

(c) Panel mechanism [Fig- 26*25 (c)] 

r a 

2Wc. ~- =Mv . 0+Mj>.6 



2Mb 



(d) Combined mechanism [Fig. 26' 25 (d)] 

Wt> M+Wc f + 2W c .Jf= Mr . ( * + -£)+Mr( 0+±) 

The actual collapse load is the minimum of these. 

Example 26*11. Determine the value of W at collap for the 
portal frame shown in Fig. 26 26. All the members haw .ne same 
plastic moment of resistance. 
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|2W 



W B 



L/2 

i. 



— L/2 



-L/2 



A 



mrr 



Fig. 26-26 

; Solution. 

i T=3a+R-3 

v a=0 ; Jt«3+3»6 ; 

i .% 7=6-3=3. 

\ Thus the frame is statically indeterminate to third degree. The 

|total number of independent mechanisms are given by 

v N=n—T 

^where n= number of possible hinges 

J =5 (one each at points A, B, C t D and E) 

\ #=5-3=2 

' Thus there are two independent mechanisms: (1) beam 
mechanism, and (2) panel mechanism, [n addition to these, a com- 
bined mechanism, consisting of beam and panel mechanism is 
possible. All the three mechanisms are shown in Fig. 26'17 (a), (b) 
and (c) respectively. 




(c) 



(d) 



Fre. 26-27 
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(a) Beam mechanism [Fig. 26'27 {a)] 
(&) Panel mechanism [Fig. 26'27 {&)) 

(c) Combined mecltanism [Fig. 26'27 (c)] 

, E - 2 * 



/rkctual collapse load-^-. But since this load occurs 

in two mechanisms, the collapse mechanism will be combination of 
these two mechanisms, as shown in Fig. 26*27 (d). 
In Fig- 26 27 id), the equilibrium equation is 

+Afp(20+^)+Afp.5 



or 



or 



^ c t L. (3(9+2^)=2Arp(30+2^) 

y^ c== .iM* w hich is the same as before. 
L 



n. 



PROBLEMS 

1. A beam of rectangular cross-section 6 X </ is subjected to a 
bending moment 0"75 M P . Find out the depth of the elastic core. 

2. A beam ABC, 2'5 m long is suspended at B and C in 
horizontal position by means of two wires of 2 cm diameter. The 
bar is hinged at A. A load Pis applied as shown in Fig. 26 28. 
Find out the value of P (a} vhen the yield appears in any of toe bars, 
(&) when the whole arrangement collapses. Take <ty=253 N/mm 2 . 
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lm- 



uQUi. 



-l-5m 



■2m 




tP 

Fig. 26-28 Fig." 26-29 

3. A load P is supported by three rods as shown in Fig. 26"29., 
Find the value of P at collapse. All the bars are of the same area of 
cross-section, A. Show that this load is V2 times the elastic load. 

4. For the structure shown in Fig. 26'30, compute the value of 
P (0 when the first yield occurs, (/*') when the whole arrangement 
collapses. The vertical bars have the same area of cross-section A. 
The horizontal beam is rigid. 




Fig. 26 30 

5. t (a) A simply supported beam carries uniformly distributed 
load. Prove that ^r~-=S. 

rrY 

(6) Show that the fully-plastic moment of a beam of rect- 
angular cross-section is 50% greater than the bending moment at 
which the beam reaches the limit of elasticity. 

6. A beam fixed at both the ends carries uniformly distributed 

u/ r A 

load. Prove that ~- » — S 
W\ 5 

7. A simply supported beam of span L carries a central point 
load. Calculate the value of the load at collapse in terms of the. 
plastic moment of resistance Mp. 

8. If a propped cantilever, with a constant Afp, carries a 
central point load, determine its value at collapse. 

9. A beam of span L and constant A/V, is fuced at its end. It 
•carries a load W. Determine its value at collapse if (a) IV is concen- 
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trated at the centre of the span, (b) W is uniformly distributed over 
the whole span. 

10. A ISWB 600 @ 145' I kg/m is supported over a length of*. 
5 m. Its one end is fixed and the other is hinged. It is loaded with 
a uniformly distributed load W and a concentrated load 0*5 W at 2 m 
from the fixed end. Find the value of W for collapse to take place. 
If the load factor is 2, find out the value of safe working load. Given 
Zxx= e =3854'2 cm 2 , shape factor— 1'14 and oy=2530 kg/cm 8 .. 

It. A fixed beam of span 6 m carries a umformly distributed 
load W on the left half portion. If the fully plastic moment of the 
beam is 100 kN-m ( find the value of the collapse load. 

12. A uniform beam of rectangular cross-section is built in 
at each end and carries a vertical load at the mid-length. Determine 
the plastic zones and their extent at the collapse load of the beam. 

13. A uniform beam of length L is built-in at one end and 
simply supported at the other. A load W is applied to the beam at 
a distance clL from the built-in end. If the fully plastic moment of 
the beam is Mp, find the value of W for collapse, and find the value 
of a for which the collapse load is a minimum. 

14. A uniform beam of length 3£, is built-up at each end and 
carries verticalloads IKand 2W at the third points. If . the plastic 
moment of the beam is M?, estimate the value of W for complete 
collapse. 

15. Find the value of W, for the beam shown in Fig. 26*3 1 
so that collapse may take place. The plastic moment of the beam 
section is Afp. 

\\ u n u i i u 1 1 n i j j q J£ 

§- 4m . f . —2m *\ 

Fig. 26-31 

16. Find the collapse load W c for the continuous beam shown 
in Fig. 26'32. The beam has constant plastic moment Hp. 
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: .... . 17, A portal frame shown in Fig. 26'33 is hinged at the ends 
iand has fully plastic moment Afp. It is Ioade?. with a vertical load 

W and a horizontal load ~ir as shown in Fg. 26*33. Find the value 



of W at collapse. 
B Ct 



2 



Fig. 26*33 



t. 



Fig. 2634 

18. A portal frame shown in Fig. 26*34 has uniform section 
-throughout. Determine the value of the plastic moment of resistance 
in terms of the load parameter Wc at collapse. 

19. A portal frame of height L and span L is hinged at the 
base and is of uniform plastic moment Up. It carries a single 
central vertical load. Find the value of W at collapse. 

20. A fixed rectangular portal frame of height L and span 2L t 
is of uniform section with fully plastic moment Mp. A horizontal 
load misapplied at the top of the column and another load W is 
applied vertically at the centre of the beam. Find the value of W at 
collapse. 



ANSWERS 



1. 0'868 d. 

2. (a) 115*2 kN 



3. 



(£0 139 kN. 



4. a) -y<M 



(Jt) 2<ry.4. 



7. 
8. 



.,6Afp 
L 

4Af P 
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9. (a) \ {b) 

m. Wc~ 146 t ; Safe, ^=73 t. 
II. Wc=235'6 kN. 

at either ends and -jr at the middle. 

■M. Wc^Vl-^f- 
15. fTc=3'74. 

*7 Af p 
* 3 L 

|o 

L 
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Building Frames 

IT l. INTRODUCTION 

A building frame may contain a number of bays and may have 
several storeys. A mutti-storeyed, multi-panelled frame is a compli- 
cated statically indeterminate structure. It consists of a number of 
beams and columns built monolithically, forming a network. The 
doors and walls are supported on beams which transmit the loads 
to the columns. A building frame is subjected to both the 
vertical as well as horizontal loads. The vertical loads consist of 
the dead weight of structural components such as beams, slabs, 
columns etc. and live load. The horizontal loads consist of the 
wind forces and earthquake forces. The ability of multi-storey 
building to resist the wind and other lateral forces depends upon 
tho rigidity of connections between the beams and columns. When 
the connections of beams and columns are fufly rigid, the structure 
as a whole is capable of resisting the lateral forces acting on the 
structure. 

In ordinary reinforced concrete skeleton buildings, a continuous 
beam is rigidly connected with columns. Due to this, the moments 
in the beam depend not only upon the number and length of spans 
composing the beam itself, but also upon the rigidity of columns^ 
with which it is connected. The bending moment at the end of any 
one span of the continuous beam cannot be transferred to the beam 
in the next span without subjecting the columns to bending. In- 
stead of transmitting the bending .moment in full to the beam in the- 
next span, part of the moment is transferred to the columns above 
and below the beam, and the balance to the beam. Due to thi?, the 
effect of loading on one span upon the other spans is much lower 
than in ordinary continuous beams which arc not connected to the 
columns. 
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27 2. SUBSTITUTE FRAME 

The analysis of a multi-storeyed multi-panelled building frame 
is very cumbersome, since the frame contains a number of continuous 
beams and columns. As stated in the previous article, thceffect of 
loading on the span upon other spans is much smaller. The moments 
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Fig. 27*1 



BUILDING FRAMES 

in any beam and column arc mainly due to the loads on spans very 
"ilosetoit Loads on distant spans do not have appreciable effect. 
Dtr to this, a sim P ;e method of analysis, accurate enough for 
practical purpose, is used by analysing a small portion of the frame, 
Called 'substitute frame\ rather than analysing the whole frame. 

It has been found by exact analysis that the moments carried 
floor to floor, through columns, are very small in epmpansen 
t t0 beam moments. In other words, the moments in on* floor have 
W^ble effect on the moments of the floor above and below it. 
therefore, a substitute frame consists of one floor, connected above 
land below with their four ends either hinged or fixed or renamed. 
? Fig 271 (a) shows a building frame consisting of five storeys 
^and three bays. Fig. 271 (b) shows the substitute frame of detetmin- 
Jw bending moment in the second floor. Generally, it is sufficient 
ito consider two adjaoent spans on each side of jomt considered 
i The substitute frame gives the results which are sale for all practical 

r 

I purposes. 

*" Types of substitute frames 

{ Under ordinary condUicns, the following four types of substi- 
f tut-; frames are considered sufficient : 

(a) Three span structure with two storey columns. 

(b) Substitute "frame for wall columns. 

(c) Substitute frame for two panel wide building. 

(d) Substitute frame for one panel wide building. 

Fig 27 2 (a) shows the most general substitute frame, consisting 
- oUhreetpan, two-storey substitute structure with irregular spacing of 
columns. Fig- 27'2(fc) shows the substitute frame for folding the 
bending moments in wall columns. This consists of three spans and 
: three two-storeys columns, one of which is the wall column. 
Fi° 27 2 (c)shovvs the substitute frame for structures with two panels 
wide. Fig. 27-2 id) shows the substitute frame for one span multi- 
', storey frame. 

End conditions for substitute frames 

The 'restraining effect of any one member, upon other members 
■-forming a joint depends also upon the condition existing on the 
other end of the restraining member. The other end may have three 
conditions :(/) free to turn (f.,.hinged\ (tf) partially restrained, or 
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it i SUBSTITUTE FRAME FOR WALL COLUMNS- 



(c ) SUBSTITUTE FRAME FOR TWO 

PANEL WIDE BUILDING (d ) SUBSTITUTE FRAME FOR 

ONE FANEL WIDE BUILDING 



„ . Fig. 2T2. 

Various types of substitute frames. 

O'ii) partially fixed. The restraining effect is largest for the rigidly 
fixed conditions of the end and be 
noted that the restraining effect of a fixed member is one-third larger 
than the restraining effect if it were free to turn. The rigidity of 
any member is expressed by the ratio ~ where / is its moment ot 
inertia and / is its length (for beam) or height (for column), li- 
the loaded mumber has rigidity -£-and the restraining member ha* 
rigidity then this restraining member is considered as fixed at 
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the other end if y-~ r^y is equal to or greater than 10. The end of 

a member is considered as a partly restrained when it runs into 
another joint composed of several members, a condition which is 
often found in concrete skeleton structure. No restraint exists 

A_^_I=o. The other ends of the member of the substitute frame 

a're sometimes taken as hinged (except for columns fixed in the 
ground). This gives severest condition for a particular reaction under 
investigation. The moments obtained by assuming the ends hinged 
gives the moments nearest to the value obtained from full frame 
analysis and compensates to some extent for the error caused due to 

neglecting loads on members of distant span. 

27*3. ANALYSIS FOR VERTICAL LOADS 

A building frame is a three dimensional structure consisting of 
a number of bays in two directions at right angles to each other. 
A building structure may be assumed to be consisting of two sets 
of plane frames crossing each other at right angles. The vertical 
members (i.e. columns) are common to both these sets of frame. 
Each set of frames is analysed separately. Since moments in the 
vertical members occur in two planes, the stresses in columns should 
be found for moments acting in two planes simultaneously and the 
corresponding vertical loads. 

(a) Maximum bending moments in beam* 

The magnitude of bending moments in beams and columns 
respectively depend upon their relative rigidity. Generally, the 
beams are made of the same dimensions in all the floors, while * he 
dimensions of columns vary from storey to storey. Columns have 
smallest dimensions at the top and largest dimensions at the bottom. 
Due.to this reason, the ratio of the rigidity of the beam to that of 
tae'fcblumn is larger in the upper floors than in the lower floors. The 
positive bending moments in the beams increase with decrease of the 
rigidity of the columns, while the negative B.M. in them increase 
with the increase in the rigidity of the columns. Due to this, the 
positive B.M. arc the largest in the upper storeys where the columns 
are least rigid and the negative bending moments are maximum in 
the lower storeys where the columns are rigid. 
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Tn order to find the maximum moment in a given span of the 
beam, the substitute frame is so selected that span under investi- 
gation forms the centre span. This substitute frame may be moved 
from floor to floor. However, since the beams in all floors are made 
of the same dimensions and provided with same amount of steel, 
only one substitute frame may be sufficient when placed in a position 
in thestructure for which the bending moments are the largest The 
Seams should be loaded with live loads as follows for maximum 
effects": 

(i) For maximum positive B.M. At the mi 1- point C of a span 
AB, the loads should be placed on the snan and on alternative spans, 
as shown in -Fig. 27'3 (a). 

00 For maximum negative B.M. At the mid-point C of a 
span AB, the span AB should be unloaded while load should be 
placed on spans adjacent to the span under consideration, as shown 
in Fig. 27'3 (a). 

iiii) For maximum negative B.M. At the support A, loads should 
be placed on the two spans adjacent to the support as shown in 
Fig. 27 3 (c). 

When the spans of the beams are not equal, substitute frames 
should Deselected in which the largest span forms the centre span, 
and also frames in which the smallest span forms the centre span. 
Several trial computations may be necessary to get the frame^for 
which the bending moments are maximum. To get the bending 
moment in the wall columns and wall bearr.s : substitute frame shown 
in Fig. 27"2 {b) should be used. 

The bending moments due to dead loads are found separately. 
The bending moments for dead and live toads are then adHed, and 
the beam is designed. 

(b) Maximum bending moment in columns 

The bending moments'in columns increase with increase in 
their rigidiiy: Henc;e they are largest in the lower storeys, and 
smallest in the upper storey. The maximum compressive stresses in 
columns is found by combining maximum vertical loads with the 
maximum bending moments. The maximum tensile stresses in 
columns is found by combining the maximum bending moment with 
minimum vertical loads. Though the bending moment is smallest 
in the upper floors, its effect is much larger since the dimensions 
of the columns are the smallest there and also the vertical loads are 
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tb) LOADING FOR MAX.-M C 
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(c ) LOADING FOR MAX.-M. 



Fig. 27-3. Loading for bending moments in beams. 



much smaller than in lower storeys. Also the possibility of tensile 
stresses in columns is much larger in upper storeys than in lower 
storeys. 

The maximum moments in columns occur when alternative 
spans are loaded as shown in Fig. 27 4 (a), {b). The corresponding 
axial loads are found. The column is designed to resist the stresses 
provided by every combination of axial load and the corresponding 
moment. 
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Fig. 27-4. Loading' for max. B.M. at column A. 
27 4. METHODS OF COMPUTING 6 M. 

The bending moments in the beams and columns of a substi- 
tute frame may be computed by the following methods : 

1. Slope deflection method. 

2. Moment distribution method. 
3. , Building frame formulae. 

4. Kani's method. 

The slope-deflection method results in too many equations to 
be solved simultaneously. Hence moment distribution method, using 
two cycles is used. Taylor, Thomson and Smuisld recommended the 
use of building frame formulae which they have developed using 
slope deflection equations. 

Example -27-1. Fig.. 27'5 shows an : intermediate frame of a 
multistoreyed building. The frames are spaced at 4 metres centre to 
centre. Analyse the fra^e taking live had of 4000 N/m 2 " and dead 
oadas 3000 N/m\ 3250 N'fm* and 2750 N/m 2 for panels A B, BC and 
CD respectively. The self weight of the beams may betaken as under : 

Beams o£7 m span : 5000 N/m, 

Beams of 5 m span : 3500 Nhn. 

Beams of 3' 5 m span : 2500 N/m. 

The relative stijfness of the members are m^ked on the fi^ ire 

itself 
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Fig. 27-5 

Solution. 

1. Substitute frame 

Let us analyse the second floor ABCD. The substitute frame 
is shown in Fig. 276, assuming the far ends of the columns fixed. 
Other floors can be analysed in a similar manner. 

2. Loading and fixed end moments 

Since the frames are spaced @ 4 m c/c, the live loads trans- 
ferred from the floors will be 

4000 X 4=16000 N/m. 




Fig. 27-6 
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The total dead load on a beam will be equal to dead load from 
the floors plus the dead load due to the self weight of the beam. 

Thus, the total dead load on the beam AB, per metre run ==(3000 
X 4)4-5000=17000 N/m. Dead loads for other beams are tabulated 

in Table 27 1. 

The fixed end moment is calculated; from the following ex- 
pressions 



where w is the U.D.L. and L is the span of the beam. Clockwise 
moments are taken as positive and anticlockwise moments are taken 
as negative. The fixed end moments due to dead load, and due to 
dead and live load combined are -tabulated in Table 27*1. 



Table 271 



fading and Fixed End Moments 



1 

Member 


Dead load 

w 


\ 

Live toad 
(AT/m) 


F-E.M. due to 
dead load 
(JV-m) 


F.EM. due to 
dead and live 
load combined 


AB 


17000 


16000 


69420 


134750 


BC 


15500 


16000 


15820 


32160 


CD 


14500 


j 16000 


30210 


63540 



■ ■ - U/ 

3. Distribution factor 

The distribution tactors at a joint depends upon the relative 
stiffnesses of the members meeting at tlae joints. These are tabulated 
in Table 27*2 on next page. 
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Table 27 2 
Distribution Factors 



Joint 


Aifprrtfvtrv 


£\ v tell f yg 

stiffness 


Sum 


Distribution 
factors 




A Z7 

Ac. 


2'5K 




0-263 


A 


AI 


2-5K 


95K 


0*263 




AB 


4-5K 




0=474 




BA 


4*5A' 




0*392 


B 


DC 

■Or 

BC 


2 M 5K 
2-0K 


U-5K 


0*217 
0*174 


~ 


BJ 


25K 




0-217 

■ 




/in 


2K 




020 


c 

V- 1 


CG 
CD 


2 5K 
3K 


10 K 


0*25 
0-30 




CK 


25K 




0;25 




DC 


3K 




0375 


D 


Dff 


2 5K 




0*3125 




DL 


2-5K 




03125 



(A) MAXIMUM NEGATIVE B.M. AT SUPPORTS 
4. Maximum Negative B.M. at Joint A 

The condition of loading to obtain maximum negative B.M. at 
a joint A is as follows : Live load on AB only, while the dead load is 
on AB and CO. The effect of load on other spans is neglected. The 
moment distribution is carried out in Table 27'3. The distribution is 
done at Joint B and the carry over effect (i.e. half the moment) is 
transferred to joint A. After adding the total moment at A, distri- 
bution is done at A. The distribution at joint B has not been recorded 
in Table 27*3. . 
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_ Table 27*3 

V Moment Distribution for — ve B.M. at A 



: - Joint 


A 

i 


B 


c ! 


D 


Member 


AB 


1 

BA 


BC 


_ _ i 

CB 


CD 


DC 


: D.F. 


0-474 


0-392 


0-174 


0'20 


0-30 


0-375 


1. P>E.M. due to D.L. 

2. fe.M. due to total 
toad 

3. iiistributioa at B and 
t^rry over to A 


—134750 
—23310 


+134750 


-15820 


+15820 






1-= 

4. £dd (2) and (3) 

5. distribution 


—158060 
+74920 










3^- 

6. Tpil (sum of (4) and (5)] 
. 


-83140 


i 
1 









Vs. Maximum Negative B.M. at Joint B 
The loading conditions are: Live load on AB and *C, while 
dead load on whole of ABCD. The moment distribution is carried 
out In Tabic 27-4. In the first cycle, joints A and C are balanced, 
and -half the moments are carried over to joint B for beams BA and 
jBC respectively. In the second cycle, joint* is balanced and final 
moments are found. Thus, in the first cycle, unbalanced moment at 
C is +1950, the distributed moment to GB will be -1950X0*2* 
-m the carry- over moment at *«-200/2— 100. Similarly, 
the unbalanced moment at A is -134750, the distributed moment 
for ^= + 134750x0-474=4-63880, the carried over moment to 
B=~f-31940. The total moments at BA and BC will be +166690 
and —32260, leaving an unbalanced moment of +134430. The 
distributed moments to BA and BC will be - 134430X0*392 =-52700 
and — 134430X0'I74=-23390 respectively. 
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Table 27*4 
Moment Distribution for 



— ve B.M. at B 



895 



Joint 


A 


B 


C 


D 


Member 


AB 


■BA 


BC 


CB 


CD 


DC 


D.F. 


0-474 


0 392 


i 

0-174 


0-30 


0-30 


0*375 


1. F.E.M. due to D.L. 

2. F.E.M. due to total 
load 

3. Distribution at A and 

C Anil cmtw — - a _ 

~" °™ over to 
B. 


-134750 


+134750 
-31940 


-32160 


+32160 
-100 


-30210 


4, Add (2) and (3) 

5. Distribution 




+166690 
-52700 


-32260 
-23390 






6. Total (sum of 4 and 
5> 1 




+113990 

t 
i 


-55650 


! 







6. Maximum Negative B.M. at C 

The conditions of loadings are : Live load on BC and CD, and 
Dead load on ABCD. In the first cycle, joints B and D are balanced 
and effects are carried over to C. In the second cycle, joint C is 
balanced, as shown in Table 27'5. 

7. Maximum Negative B.M. at D 

The conditions for loadings are: Live load on CD and dead 
load on ABCD, In first cycle, joint C is balanced and it, effect is 
carried over to D. In the second cycle, joint D is balanced as shown 
in Table 27*5. 



896 



STRENGTH OF MATERIALS AND THEORY OF STRUCTURES 

Tabic 27* 5 
Moment Distribution for ~ve BM at C 



[Vioineiu 3j 
Joint 


A 


B 


C 


D 


Member 


AB 


BA 

0-392 < 
69420 


BC 


CB 


CD 


DC 


— 1- 

D.F. 


0-474 


7-174 


0:20 


0-30 | 


0-375 


t. F.E.M. due to DX. - 

2. F.E.M . due to total 
load 

3 Distribution at B 
and D and carry over 
to C 


-69420 H 


-32160 - 


1-32160 - 
-3240 - 


-63540 - 
-11910 


t-63540 

_ 


_ | 

4. Add (2) and <3) 
5 Distribution 


. ■ — 

1 
1 




+28920 ■ 
+9310 


-75450 I 
+ 13960 






6 TotaUsumof4 and 
5) 








+38230 


-61490 




Table 27 6 

Mnnr ~. retribution for -ve B.M. at D 


Joint 


A 


B 


1 C 


D 


Member 


AB 


BA 


|. CB 


1 C3 


CD 


r 


D-F. 


j 0-474 


j 0S92 


| &174 


\ 0-20 


0'30 


0-375 


1. F.E.M. due to DX. 

2. F.E.M. due to tota 
load 

3 Distribution at 
' and carry over to L 


l1 

C 
> 




-1582 


0 +1582C 


-6354 


0 +63540 
+7160 


4. Add (2) and (3) 

5, Distribution 












+70700 
j-26510 


6. Total (sum of 4 a 


nd j 

l 








+44190 
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8. Maximum +vc B.M. in mid-span of AB 

The conditions Of loadings are : Live load on AB and CD and 
Dead load on ABCD. In the first cycle, distribution is performed at 
joints A, B and C. Half of these distributed moments are carried 
over to the opposite ends, i.e. from A to B and B to A, and from 
C to B. In the second cycle, distribution is performed at A and B, as 
illustrated in Tabic 27' 7. Thus the end moments at A and B for 
beam AB are —33140 and 4-105680 respectively. The free B.M. at 
mid-span of 



(17000+1 6000X7)' 
8' 



=202120 N-m 



Net B.M- at centre of ^5=202120 

= 107710 N-m 



(83140+105680) 
2 



Table 27'7 

Moment Distribution for +ve B.M. at mid-span bf AB 



Joint 


A 


f 

B 


C 


D 


Member 


AB 


BA 


BC 


CB 


CD 


DC 


D.F. 


0-474 


0-392 . 


0-174 


0-20 


0-30 


0-375 


1. 


F.E.M. due to DX. 






-15820 


+ 15820 






2. 


F.E.M. due to total 
load 


-134750 


+134750 






-63540 


+63540 


3. 


Distribution -at A, B 
and C 


+ fl 63870 


-46620 




+9540 






4. 


Carry over 


-23310 


+31940 


+4770 








5. 


Distribution at A and 
B 


+ 11050 


-14390 










6. 


Tota! moments (sum 
of 2, 3,4,5) 


-83140 

1 


+ 105680 

i 


\ 
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9. Maximum + vc B.M. ia mid-span ©rBC 

The conditions for loadings are : Live load on BC and dead 
load on ABCD. in the first cycle, moments arc distributed at A, B, C 
and D. These distributed moments are carried over from A to j5, from 
B to C, from C to B and from D to C. Finally, tiie moment and 
distributed at joints B and C, as shown in Table 27'8. 



Table 27 8 

Moment Distribution for -fve B.M. at mid-span, of BC 



Joint 


A 


B 


C 


D 


Member 


AB 


BA 


BC 


CB 


CD 


DC 


d.f'; 


0-474 


0-392 


0-174 


0-20 


0-30 


0-375 


1. 


F.E.M. due to D.L. 


-69420 




4-69420 






-30210 


+30210 


2. 


F.E.M. due to total 
bad 






-32160 


+32160 






3. 


Distribution at A, 
3, Cand J> 


+32900 




-6480 


-390 




-11330 


4. 


Carry over 




+16450 


-200 


-3240 


-5660 




5. 


Distribution at B 
and C. 






-2830 


+1780 






6. 


Total moments 






-41670 


+30310 


1 





Thus, the end moments at B and C are —41670 and +34190 

respectively. . The free B.M. at the centre of span BC is 

= jf = 115500+1600© (3 . 5J2=482 3 0 
is o 

.*. Net B.M. at Centre of BC 

= 48230-^ 1670 + 303t0 =12240 N-n, 

IO.l Maximum + *e B.M. in mid-span of CD 

Conditions of loadings ure : Live load on CD and AB and dead 
'load on ABCD. In the first cycle, the moment distribution is done 
at joints B, C and Z>, and half the distributed moments are carried 
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over to the opposite ends, i.e. from D to C and C to D, ?nd from B 
to C. In the second cycle* distribution is performed at C and D, as 
illustrated in Table 27'9. 

Table 27 9 

Moment Distribution for the B.M. at Mid-span of CD 



Joint 


A 


B 


C 


D 


Member 


a n 
AB 


BA 


BC 


CB 


CD 




D.F. 


0474 


0-392 


0-174 


0-20 


0-30 


0-375 


1. 


F.E.M. due to D.L 






-15820 


+ 15820 






2. 


F.E.M. due to total 
load. 


-134750 


+134750 






-63540 


+63540 


3. 


Distribution at B, C 
and D 






-20690 




+14320 


-23320 


4. 


C any over. 








-10350 


-11910 


+7160 


5. 


Distribution at C 
and D. 










-6680 


-2680 












—54450 


+44200 



Thus, the end moments at C and D are —5445 and +4420 
respectively. The free B.M. at the centre of span CD 

____!__. (14500+ 1600Q) X5 2 
~ 8 g 
.". Net B.M. at the centre of CD 

54450X44200 



-=95310 N-m 



=95310- 



=45980 N-m. 



11. 



(C) MAXIMUM NEGATIVE B.M. AT CENTRE OF SPANS 
Maximum Negative B.M. at the Centre of Spaa BC 

The condition for loadings are : Live loads on AB and CD, and 
dead load on ABCD. In the first cycle, moment distribution is carried 
out at all the four joints A, B, C and D. Thes.* moments are then 
carried over to joints B and C and from joints A and B, as well as 
between themselves. The second distribution is carried out at joints 
B and C, as shown in Table 27' 1 6. 
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Table 27 10 

Moment Distribution for Max. — ve B.M. at centre of Span BC 





Joint 


A 


B 


C 


D 


Member 


AB 


BA 


BC 


CB 


.CD j 


DC 


D.F. 


0-474 | 


0-392 


0-174 


0-20 


0'30 


0'375 


1. 


F.E.M. due to D.L. 






-15820 


+15820 






2. 


F.E.M. due to total 
load 


-134750 


+134750 






-63540 


+63540 


3. 


Distribution &t A, B, 
Cand D 


+63880 


-46620 


-20700 


+9540 


+14320 


-23820 


4. 


Carry over to B and 
C 




+31940 


+4770 


-10350 


-11910 




5. 


Distribution at B 
and C 






-6380 


+4450 






6. 


Final moments 






-38130 


+19460 







Thus the end moments at B and C are —38130 and +19460 
respectively. Free B.M. at all the centre of span BC 



L 2 

— Dead load intensity X — = 

Net B.M. at centre of BC 

38130+19460 



1 5500(3" 5) 2 
8 



=23730 



=23730 - 
--5065. 



8 



12. Maximum Negative B.M. at Centre of Span AB and CD 

Since spans AC and CD are large, free B.M. at their mid-span 
will.be large. It will be seen that tlie.net B.M. at the centre of 
these spans wilt either be positive, or will be negative but of negli- 
gible small magnitude. Due to this reason, these spans are not 
being investigated for maximum negative B.M. However, conditions 
for maximum negative B.M. at the centre of span AB will be when 
live load is on BC and dead load is on ABCD. Similarly, the loading 
condition for maximum negative B.M. at centre of CD will be when 
span BC is loaded with live load, and dead load is on ABCD. 
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(D) BENDING MOMENTS IN COLUMNS 

For maximum B.M. in columns, alternate spans should be 
loaded with live load, while the whole floor is loaded with dead foad. 
The two possible load conditions are shown in Fig. 27*4. For the 
present case, the loadings will be as shown in para (13) and (14) 
below. See Tables 27'11 and 2712. 



Table 27 12 
Bending Moment in Columns 



Joint 


A 


B 


C 


D 


Column D.F. 
(a) Just above floor 
(6) Just below floor 


0-263 
0-263 


0-217 
0-217 


0-25 
0-25 


03125 
0-3125 


i Horizontal Members 


AB 


BA 


BC 


CB 


CD 
0-30 


DC 


1 D.F. 


0-474 


0392 


0-174 


0-20 


0-375 


1. F.E.M. due to D L. 

2. F.E.M. due to total 
load 

3. Distribution 
'4. Carry over 


-134750 

+63880 

-23310 


+ 134750 

-46620 

+31940 


-15820 

-20700 
44770 


+15820 

+9540 

-10350 

- 


-63740 
+ 14320 
-11910 


+63740 
—23820 
+7160 


5. New moments (total 
of 1,2,4) 


-158060 


+166690 


-11050 


+5470 


-75650 


+70900 


6. Distribution to 
columns 

(i) Just above floor 

(«) Just below floor 


+41570 
|+41570 


-33770 
-33770 


+ 17550 

1 +17550 

i 


-22160 

- 

-22160 



13. Max. B.M. in Columns 

The loading conditions are : Live load on AB and CD, and 
dead load on ABCD. The moment distribution is carried out as 
illustrated in Table 27' 11. In the first cycle, distribution is done at 
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all. the tor joints A, B, C and D. The carry over moments are then 
transferred to the appropriate points. These carried over moments 
are added to the original F.E.M. to get new moments at each joint. 
These new moments are distributed to the columns meeting at the 
joints. • 

14. Max. B.M. in Columns : Alternative Loading 

The loading conditions are : Live load on BC and dead load on 
ABCD. The moment distribution is carried out as illustrated in 
Table 2712. [n the first cycle, distribution is done at all the four 

Table 27 12 



Bending Moments in Columns 





A 


B 


C 


D 


ColiagnD.F. 














(a) Just above floor 


It JO J 


0-217 


6'25 




(3) Just btbw floor 


0-263 


0-217 


0-25 


0S123 


Horizontal Members 


AB 


BA 


BC 


CB 


CD 


DC 


* ■ 

D.F. 


474 


0-392 


0-174 


0-20 


0-30 


0-375 


I. F.E.M. due to D.L. 


-69420 


+69420 






-302 10 


+30210 


2. F.E.M due to total 
load : 






-32160 


+ 32160 






3. Distribution 


+32900 


-14600 


-6480 


-400 


-580 


-11320 


4. Carry over 


-7300 


+ 16450 


-200 


-3240 


-5660 


-290 


5. New moments (sum 
of J, 2, 4) 


-76720 


+85870 


-32360 


+289.20 


-35870 


+29920 


■■: 

6. Distribution to 
columns 










u.- 




(a) Just above floor 


+20180 


-11610 


+ 1740 


-9350 


(b) Just below floor 


+20180 


-11610 

- 


+H4Q 


-9350 



joints. The carry-over moments then transferred to appropriate 
points. rThese carried over moments are added to the original 
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F.E.M. to get new moments at each j'oint. The new moments are 
distributed- to the columns meeting at the joints. 
27 5. ANALYSIS OF FRAMES SUBJECTED TO HORIZONTAL 
FORCES 

A building frame is subjected to horizontal forces due to wind 
pressure .and seismic effects. These horizontal forces cause axial 
forces in columns and bending moment in ail the members of the 
fram->. As ?(ated earlier, a biiilding frame is a highly indeterminate 
structure. The degree of indeterminacy cf a building bent (Fig. 27*7) 
is found by providing a cut near mid-span of each beam. Each cut 
beam will thus have three unknown reaction components : moment 
{M) f shear (F) and p.xial thrust (H). Each column with its cut beams 
will act as a cantilever, which is a statically determinate structure. 
Thus, if n is the number of beams in a bent, the degree of indeter- 
minacy will be 3n. For the building bent shown in Fig. 27*7, there 
are eight beams and hence the bent is statically indeterminate upto 
24th degree. An ordinary 20 storey building with 20 storeys and 
5 stacks of columns has 80 beams, thus having the degree of indeter- 
minacy of 240. 



M 


\ 


H. 






a 






t -r> 


TT 77 



(a) 



(b) 



Fig. 27>7 

Due to this reason, suitable assumptions arc made so that the 
frame subjected to horizontal forces can be analysed by using 
simple principles of mechanics. Following approximate methods 
are commonly used for the analysis of building frames subjected to 
lateral forces : 

1 . Portal method 

2. Cantilever method. 
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27 6. PORTAL METHOD 

For the purposes of analysis, it is assumed that the horizontal 
forces arc acting on the joints. The portal method is based on the 
following two important assumptions : 

U) the points of contraflexure in all the members lie at their 
mid-points;, and 

(it) the horizontal shear taken by each interior column is 
double the horizontal shear taken by each of exterior column. 



A, 



0, 



A 2 



-rj 



2P- 



TOP STOREY • 



20.. 



• 2 nt3 STOREY 



2R 



2P« 



-2P 



B 2 



*2Q 



20. 



B 3 
*2R 



2R_ 



P-- 



-2P 



C 2 
-20 



C 3 



A ist STOREY. B 4 

7&m 7 ^ nr 



"2R 
Ca 

77777 



'Pi 



- h 



D 4 



51 



Fig. 27-8 



Tig. 27'S shows a three storey building flume with three spans. 
Let Pi, P 2 , Pz be the externa! horizontal forces act if*. 3 at the joints or 
the wall columns. Under the action of horizontal forces, the frame 
will deflect. The point of cortraflexure will lie at the middle of each 
member. Only horizontal shears will act at those points of contra- 
flexure. since B.M. will be zero at these point*. 

Consider the top storey having vertical members /f,/i 2 , 3 X B^ 
CiC and D x D t . The horizontal shear for the outer columns /M* 
and D X D X will be P each while that for the inner columns BiB 2 and 
CiC, will be 2P each, as marked. 
The value of P is given by 



or 
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l Similarly* consider the second storey, where the exterior 
^ohimns AtAz and D,D 3 have shear Q. The value of shear Q is 
found bv 

P 1 +P«=Q + 2Q J t2Q+Q 

. 6 

Similarly, for the bottom storey', the shear R is given by 

' R--=-\ (Pv\-P»+P*> 

v Knowing the horizontal shears at the point of conlxaflexure, 
"She bending\moment in the column can be easily found. 



I A, 



iB. 



T 














A 2 ' 

















20 



iC, 1 

i : 
















1 * 0 1 
L- . 1 J 



ID. 



U2 



lA, 



IBs 



1C 3 



Fig. 27-9 

Let us consider the floor A 2 B 2 C 2 D Z between third and second 
~ storey. The shear acting at the point of contraflexure are as shown 
in Fig. 27'9. The joint A 2 is subjected to clockwise moment of Phil 
at .A* in column A t At> and to a clockwise moment equal to Qhfl 
at A« in column /Ms- The beam A Z B Z is thus required to resist 
a;ciockwise moment of m=(P+Q)h!2 at Similarly, at joints, 
there will be a clockwise moment equal to {2P-\-2Q)hl2. But there 
- are two beams to resist this. Hence clockwise moment in each 
/beam will be \P+Q)hi2. Thus the ends of each beam receive the 
/same clockwise moment of (P+£)A/2, with the result that points of 
contraflexure will lie in the middle of the beams. 

The moment m acting at each end of the beam A Z B % , B*C%, 
C Z D Z give rise to vertical reactions in columns. If I is^the span of 
these beams, each beam will impose an upward pull of —jr on wind^ 
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2fft 

ward column and a push of — — on Leeward column connected to 

the beam, for each span. T he vertical reactions will neutralize for 
an y intermed i ate column^ Rmyj^^ side nn» 

e qualr Only the end colu mns will experience vertical reac tions. 

The windward column will have an upward , pull of and the 

L' 



Leeward column will have a downward push of 



2m 



The method of analysis is illustrated in Example 27'2. 

277. CANTILEVER METHOD 

The cantilever method is based on the following assumptions : 

(/) Points of contraflexure in each member lies at its mid-span 
or mid-height. 

(it) The direct stresses (axial stresses) in the columns, due to 
horizontal forces, are directly proportional to their distance from the 
centroidal vertical axis of the frame. 



P A 



M 



o 



h 

I 

L 



Fig. 27-10 (a) 

Fig. 27' 10 (a) shows a building!* frame subjected to horizontal 
forces. Fig. 27 10 (b) shows the top storey, upto the points of 
contraflexure of the columns. The reactions at the points of contra- 
flexure will be direct and shear forces only. Let V u V t> V t and V* be 
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M 3 





» • — 1 






L, » 




- L 3 


i_. 













v z 1 


y 3 L PLANE OF 



f- 



CONTRAFLEXURE 



-x 4 



f*- CENTROIDAL AXIS 



Fig. 27-10 (6) 

the axial forces in the columns AE, BF i CG and DH, having areas of 
cross-sections a u a 2 , a 3 and c 4 respectively. 

From statics, we have 

P=H^+H 2 +H 3 +H i ..-(0 

From assumption 2, we have 

Vifoi _ Vjdt _ V*fa* „.(ff) 

X\ X% X$ Xt 

where xuXt,x t and x« are the centroidal distances of the columns 
from vertical centroidal axis of the frame. 

By taking moments about the point of intersection of the vertical 
centroidal axis and top beam, we get 



or 



(ff 1 +H s ^z+Ht)~==V i .x L +V*.x z +Vs.Xi+V i .x i 

Ph 

K, .WtH- Vs-xt +V S . *»-f V 4 .x*= —, ^ 



...(Hi) 



From (/*)" and (w), axial forces- Kt. V b Vz and. K 4 can be 
determined. 



p 1 


i M 


4 






. H, 




V, 



Hi 



~Lj/2-*4 
H 2 



(a) 



(b) 



Fig. 27-11 
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Tn order to determine Hi, take moments about the point of 
contrafiexure M x in beam AB [Fig. 27' 1 1 (b)] : 



h 



...(*) 



Similarly, taking moments about point of contrafiexure M t in 
beam BC t 

{H x +m=— £ ^ ..Xb) 

Since h x is known from (a), //* can be determined. In a similar 
manner, //" 3 and H 4 can be determined. 

Example 27 2. Analyse the building frame, subjected to hori- 
zontal forces, as shown in Fig. 27' 12. Use portal method. 



JZOkN A 



ISO I^N 



2 P. 



2R 



2P 



ZP 



2R 



2R 



2P 



T 



3 -3m 



. 3-5m 



Li = 7m 



L-.= 5m 



-H 



Solution. 

1. Horizontal shear 



Fig. 27-12 



Let the horizontal shears in the exterior columns be P and in 
the interior columns be 2P for the top storey. Similarly, for the 
bottom storey, let the shears be R and 2R for the exterior and 
interior columns. 

For the top storey, we have 
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1 on 

~«20-kN. 

o 

For the bottom storey, we have 

i?-h2/M-2i?-r-fl =-120+180 

o 

2. Moments at the ends of columns 
For the top storey, 

Afm^Mou^P* y=20X™-35 kN-m 

ii/FB-AfBF-=Moc=j\fe=2PX j -20X3'5=70 kN-m. 
For the bottom storey, 

i 3*5 

A/ie — Mei — [— hl~ X ~ -50X — -87*5 kN-m 
Mjf-Mfj-Mkg-Mgk-^ y =50X 3-5-175 kN-m. 

3. Moments at the ends of the beams 

First floor beams 

m E l.~^EA+M E i===35-l-87'5==122'5 kN-m 

Similarly, wire — AfFG=mbF= whg— 122*5, 
since the, point of contrafiexure lies at the middle of each span. 

In ! geJral t «-(P+^).|-«(20+50)x^- = i22^. 
Roof bfeams 

_p h 

=20x - 3 ^-=35 kN-m. 

4. Shear in beams 

Since no external vertical force is acting on the beam, shear f 
is given by 

F =-'— r~ 

where m x acd m 3 are the moments at ends of the beam of spaa U 

r 122*5+123-5 .„ A 
Thus, F*x= 7j ~35 kN , 

/> E -35kNi 
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f F fG ^F G ^ 122 ' 5 3 + 5 12r5 ^70kN 

I. FoH^Ho- 122 ' 5 t I22 5 -49kN 

Fab=.Fba= 35 ^ 35 = 10 kN 
35+35 

Fbc^Fcb- 3 T 5 =20 kN 
354-35 

Fcd=Fdc= — -14 kN. 

5. Axial force in columns 

iThe axial forces in the columns will be as Under : 

^Column ^Zi^shear in beam AB^iO kN f 

-Column £/=axial force in v4£+shear in EF 

= 10+35=45 kNt 

Column 7>£r='shear in beam Z>C=14kN-j 

5Column HL*= axial force in j9f/+shear in HG 
: =14+49=63 kN| 

Since the spans are not equal, interior columns will also have 
axial forces. 

Column 5F=F ba -Fbc=10-20=-1P kN (i.e. t ) 
Column F/=(— 10)+(F f H— Ffg) 

=(-10) + (35-70)=-45 kN (i.e. | ) 
Alternatively, axial force in BF 

7m 2m 2x35 2x35 



Li L t ~ 7 3'5 
and axial force in column 



=-10 kN 



= -45 kN (x.e.t) 
3m' 2m 



Axial force in CG- 

Iff 1 

=6(1) 



Z-2 £3 

2X35 2X35 
3*5 5 
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Axial force in column GK 
2m 2m \ 
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=6+( 



£<2 £3 J 

2X1225 2X122 



^)=27 



3'6 5 
Check : Total axial force at the base 

=-45(t)-45(f )+27U)+63 (I) 
—zero. 

Example 27'3. Re-analyse the frame of example 27'2 by 
cantilever method, assuming that all the columns have the same area 
of cross-section. 



120 kN A 



- x = 8 -25 m 



B 



M- 
18QKN 

N' 



-x,s8-25m 



• «4=7-25m- 



-M 



L 



CENTROIDAL AXIS 



Fig. 27*13 



Solution. 

1 . Location of centroidal axis of the columns 

Let the centroidal axis be at a distance x from the windward 
column A fl. Taking moment of areas of the columns about AEI> 
we get 

_ (2X0) +(2x7)+(2xlQ-5)+(2xl5-5) _ o .„ g 
x = — ~ — ■ : — — o Ij 



8 



m 



jc t =8'25(=5F) ; x»=8'25-7=l'25 m 
x 3 =3 5-r25=2'25 m 
x 4 =(7+3*5+5)-8*25=T25 m. 
2. Axial forces in columns of first storey 

Let the axial force in column EI —V X =V. 
Since the areas are e qual, the axial forces in other column* 
will be in proportion to their distances from the centroidal axis. 
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Since there is point of contraflexure at the middle of column, 

AE, 

Af E A=47 , 6.kN-m 

Mbi=Mbx^Mbc=AT6+2T4^15 kN-m 
ATfb=75 kN-m 

Kco=Mcd=27'4+29*9=57-3 
JWbc=57'5 r> 
Af D H=M>c=29'9 kN-m 
AfHD=29"9 kN-m. 

(b) Bottom storey 

ATei+A/ea— Mef 

M E i«Al r EF~MEA=166 i 8-47'6=l 19 2 kN-m 

AfiE=U9"2kN-m 

Mfb— JWra+Afira" 

Kfj=166*8-f 96— 75=187'8 kN-m 

Hence MjF=187 8 kN-m 

Mgk =Afoc4-AfGF+ A/gh 

4f GK e96-H0'47-57'5=143 2 
A M KG =143*2kN-m 

Mm. + AfHD~-WoH 

A/hl=104-7-29"9=74-8 
Mlh-74'8. 

Alternatively, the moment at the column ends can be found by 
first determining horizontal shears (H) at the point of contraflexure 
and multiplying there by half the height of the column. 

Thus, Ma^ffi x y- ; A/bf=Hi' X ~ etc. 

Similarly, Mm=HtX ; Jtf>j=/f| X y etc. 

The method of determining horizontal shears have been ex- 
plained in § 27' 7. 
For example, 

H ; = = 13'615 X-^- =2723 

w - — 1 —-lh' 
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^-27*23 



2 [ 13 , 615x7 + (l3"615+2 , 063)+ y-J 



3-5 
-42*908 

Mae=H 1 ' X y -27*23 X ^=47*65 



=42*908 X-^- 5 
which is the same as found earlier. 



Af B F=^'x~=42*908X-^- =75 



2T$. FACTOR METHOD 

i • This method is more accurate than either the portal method or 
cantilever method, and is more useful when the moments of inertia 
of various members (of columns and beams) are different. Both can- 
tilever method as well as portal method assume uniform moments of 
inertia of members. These methods, therefore, depend on some stress 
assumptions, thus limiting the analysis to be based on equations of 
st&tics only. The factor method is based on assumptions regarding 
tlie; elastic action of the structure. For analysis by factor method 
tj|e relative stiffness 'K* (=//£) for each member of the frame or 
structure should be known. The procedure consists of the following 
steps : 

1 . Calculate the girder factor V for each joint from the 
following expression 

V *=# - (2r,) 

where 2£ c =Sum of relative stiffnesses of all column members at 
the joint considered 
2K=Sum of relative stiffneses of all the members at the 
joint considered. 
-~ These values of girder factor *g' are entered in a tabular form 
as shown in Table 27*13. The values are entered at the end of each 
girder meeting at that joint. 

: _ 2. Calculate the column factor V for all joints from the 
following expression : 

c-l-g ...(27-2) 
where *g'= girder factor of the joint. 

The values of column factors are entered in Table 27*1 3 at the 
end' of each column at the joint. 

For columns which are fixed at the base, the column factor V 
is taken as TOO. 
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i - Fig. 27*16 shows a simple frame with two storeys and two bays, 

used for illustration purpose. The relative stiffnesses k u k 2 , h 

km of all the ten members are entered on/near each member. Table 
27"13 is used for computation of column factor (c), girder factor (g)» 
column moment factor (O and girder moment factor (G). 
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Fig. 27-16 



■:. 3. As shown in Table 27'13, in the first column of the table, 
the&ame of all the joints are entered. The 2nd column contains all 
the members at each joint In 3rd column, the corresponding girder 
or column factors are entered against each girder or column. In 
column 4 of the table, half the values of the column factor/girder 
factor of opposite end of the members are entered. For example, if 
c l =column factor of member DG, it is entered in column 3 opposite 
DG, white column factor c 2 of member GD is entered in column 3 
opposite member GD. Hence in column 4, half the column factor of 
opposite end, i.e. cjl is entered opposite member DG. Similarly, for 
member GD, a value of cj2 i* entered opposite it for the same reason. 
So in this way column no. 4 is entered. The values in column no. (3) 
and (4) of Table 27" 13 for each member are added and entered in 
column no. 5. In column no, 6, the relative stiffness values K^IjL 
for each member is entered. 

4. The sum of columns (3) and (4), which is entered in column 
no. *5* is multiplied by relative stiffness of respective members (which 
are entered in column no. 6). This product is termed as column 
moment factor *C* for columns and girder moment factor C G* for 
girders. This is entered in column no. *7* of Table 27' 13. 
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The column moment factor *C\ gives the relative values of 
moments at the ends of columns for each storey in which the column 
occurs. The sum of column end moments is equal to the 
hori2ontal shear on that storey multiplied by the storey height. 
Hence the column moment factors (O are converted into end 
moments for columns by direct proportion for each storey. 
Similarly, the girder moment factor G, gives the relative values of 
moment at ends of each girder for the joint. The sum of girder end 
moment at each joint is equal to the sum of end moments in the 
columns at* the joint. Hence the girder moment factors are converted 
into end moments for girders by direct proportion for each storey. 

(5) Calculation of column moments : 

{a) Total column moments U) for each storey is found by the 
relation 

a- 21** -(27'3) 

- ZC 

where ,4=Total column moment for each storey 

i/=Total horizontal force above the storey considered 
fc=height of the storey considered 
2C*=Sunr of comroTr end-moment factors- ©f-tnat-stofey 

Thus, for each storey, different column moments A u j&* etc * 

are calculated. 

(K\ The column moment factor 'C of each member is multi- 
plied by the total column moment U) of that storey in Which the 
column occurs. ..For 'example! 'in .Fig. 2716 if w* want t<» find thf 
column moment Mod of column GO, we have 

Mod^AiXCqd ...(27*4) 
w here 4i=Tdtal column moments of "first storey (Eq."27"3) and 
C G D=cohimn moment factor for column GD. 
Similarly, moment Mm, in column HE of first storey is 

Mhe = ^i>< Chb 
Also for column DA of ground storey, 
Mda—Aq X Cda 
where /io=total column moments of ground storey. 
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(6) Calculations of Girder/beam moments 

(a) For calculation of girder/beam moments, a constant '5' is 
.found for each joint. 

5= 



Sum of column moments at the joint 



Sum of the girder moment factors at that joint 

(b) This constant *2T is multiplied by the girder moment factor 
(G) to obtain the girder moments. 
For example (Fig. 27*16), 

Moe—Bo X Gde 

Mhi=£hXGhi 

Mm=BiY-Gm 

and so on. 

Here, Bn> Bi are the constants for joints D, H and / res- 
pectively. 

The factor method of analysing the building frame has been 
illustrated in Example 27*4. 

Example 27 4, Analyse the frame as sfiown in 27' 17 by factor 
method. Sketch the B.M.D. Vie relative *K 9 value are written on the 
members. 
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Step. 4. Calculate the girder factor V at all joints by Eq. 271. 
2Ac 



g= 



where SAgs^'Som of relative Stiffness of columns at that joint 

SA^Sum of relative Stiffness of all the members at that 
joint 



Joint Q 
JointR 

Join$T 

~ 

Joirtt N 
JoinJO 
Joint P 
Join? I 
Joint J 
Joint K 
Joint L 
Joinf-E 

Joint F 
Joint G 
Joint H 



Aqm 
Aqm+Aqr 

Arn 



2+2 



=0*5 



Arv + Arq + Krs 
Kso 



2+2+1 

2 



=0*4 



gu— 



fio+Ab+Asr" 2+1+2 
Atp 2 



=0'4 



=0*5 



Atp+Ats 2+2 
Aiai+AMQ 2+2 



Ami + Kmq + Amn 2+2+3 

Anj+Anr 

An* + Anr + Anm + Ano 



=0*57 
2+2 



go'- 



Aok+Aos 



2+2+3+2 
2+2 



Aok + A os ■ h Aon + Aop 



AVl+Apt 2+2 



gP Apl+Apt+Apo 
.Aie+Atm 



gi* 

gK-- 



2+2+3 
2+2 



2+2+2+3 
=0*57 



=0*44 
^0'44 



Aie+Aim+Aij 
Ajf+Ajn 



2+2+3 



=0*57 



2+2 



^Ajf + Ajn + Kn + Ajk 
Ako + Ako 



"2+2+3+2 
2+2 



=0*44 



gi — 

& 
gr- 



" Ako + Ako + ATk j + Akl 2+2+3 
A'lm+Alp 2+2 



=0*44 



Alh + Alp + Alk 
Aea+Aei 



Aea+Aei+Aef 
Afb+Afj 



2+2+3 

3+2 
= 3+2+3 

2+2 



057 



ga'- 



Afb + Afj + Afe + Afo 
Agc+Agk 



=0*63 

-=044 



"2+2+3+2 
2+2 



Agc+Agk+Agf+AIsh "2+2 + 2+3 

Ahd+Ahl 3+2 

gH A-HD+AHL-f-AHc" 3+2+3 0W * 



— =0*44 
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These values of girder factors are written at the ends of girders 
beams meeting at each joint as shown in col. 3, Table 27' 14. 



Step 2. Calculate the column factor V 
relation, 

c=l-g 

where g=girder factor at the joint 



at the joints by the 

...(27-2) 



Joint Q 
Joint R 
Joint S 
Joint T 
Joint M 
Joint N 
Joint O 
Joint P 
Joint I 
Joint J 
Joint K 
Joint L 
Joint E 
Joint F 
Joint G 
Joint H 

Joint A 
Joint B 
Joint C 
Joint D 



Co. — 1 — £Q= 1 - 0'S =6'5 
cr=1— £r=1— 0*4=0*6 
cs^l-^s^l— 0*4=0*6 
cr=l-g T =l-0'5=0'5 
cm= 1 — g M = 1 — 0"57 =0'43 
Cn=1— #n=1 — 0'44=0"56 
co~ 1 — £o=l— 0*44=0*56 
cp=l-gP=l-0*57=0*43 
cj =i — gl j — o; 57 =0*43 
cj—\ ^gj= 1 —0*44 =0'56 
c K = 1 ~gK= 1— 044=0*56 
CL=l-gL= 1-0*57-0*43 
ce== 1 -£e= 1 -063 =0*37 
cf=1 —gF= 1 -0*44=0*56 
c G ^ 1 — gc*= 1 — 0"44=0*56 
ch= 1 -gu = l—0'63 =0*37 
ca= 1*001 

For columns fixed at the base, column 



cb=1*00 
cc= 100 

CD=roo 



factor is taken as 1*00 



These values of column factors are written at the end of 
columns meeting at the joint, and have been entered in column 3 of 
Table 27*14. 

Step 3. Half the values of column/grider factors of the 
opposite ends are entered in column 4. . . 

The values in col. 3 and col. 4 are added and entered in col. '5* 
of Table 27*14. 

Step 4. Enter the values of relative stiffneses of all members 
in col. 6. These values of stiffnesses are multiplied by the values of 
column 5, to get the values of girder/column moment factors (G or 
O, and are entered in col. 7 of Table 27*14. 
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Table 27 14 



Joints 
1 


Mem- 
bers 

2 


Girder/ 
Column 
factor 
(c or g) 

3 


Half 
values of 
the factors 
from 
opposite 
end 
4 


(3) 4- (4) 
5 


Relative 
vtifFnew 

J* 1 If 'Ivud 

{K—IjL) 
6 


Girder 
Column 

Jrll/lrtCW 

{CorG) 
factor 
=(5)X(<0 
7 


Q 


QR 


05 


0*2 


07 


2 


1*4 




QM 


0*5 


0 21 


0*71 


2 


1*42 


r 


RQ 


0'4 


0'25 


0'65 


2 






RS 


0*4 


0*2 


0*60 


1 


0*60 




RN 


0*6 


0*28 


0 88 


2 


1*76 


s 


SR 


0'4 


0*2 . 


0*6 




\J o 




ST 


0*4 


0'25 


0*65 


2 


1*3 




SO 


0*6 


0*28 


0'88 


2 


1*76 


T 


TS 


0'5 


0*2 


07 


2 


V4 




TP 


0"5 


0'21 


0*7 1 


2 


1*42 


U 


MN 


0'57 




0*22 

; 


079 


J 


2. 61 




MI 


043 


021 


0*64 


2 


1*28 




MQ 

■ -i 


043 


0'25 


■ 

0*68 


2 


1*36 


N 


NM 


0*44 


0*28 


0*72 


3 


2*16 




NO \ 


0"44 


0*22 


066 


2 


1*32 




NR \ 


0*56 


0'3 | 


0*86 


2 


1*72 




NJ j 


0*56 


0* 


084 


2 


res 
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2 


- 

3 


4 


5 


6 


7 


0 


ON 


0*44 


0*22 


0*66 


2 


1*32 




OP 


044 


0*28 


0*72 


3 


2*16 




OS 


0*56 


0*30 


0*86 


2 


1'72 




OK 


0'56 


. 0'28 


U o4 . 


z 


I DO 


p 


PO 


0*57 


022 


079 


3 


2*37 


- 


PL 


0*43 


021 


0*64 


2 


1*28 




PT 


0"43 


0'25 


0 68 


2 


I 36 


i 


U 


0*57 


0*22 


0*79 


3 


2*37 




IM 


043 


021 


0*64 


2 


1*28 




TE 


0'43 


018 




2. 


1 2.2. 


j 


jr 


0*44 


0*28 


0'72 


3 


216 




JK 


0*44 


0*22 


0*66 


2 


1*32 




JN 


056 


0'28 


0 84 


2 


1*68 




JF 


0'56 


0"28 


0 84 


2 


1 op 


K 


KJ 


044 


0'22 


066 


2 
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KL 


044 


028 


0'72 


3 


2*16 




KO 


0"56 


0*28 


0*84 


2 


1*68 




KG 


056 


0'28 


U 84 


2 


l OH 


L 


LK 


0*57 


0*22 


0*79 


3 


2'37 




LP 


0*43 


0'2l 


0*64 


2 


1 28 




LH 


0*43 


018 


0*61 


2 


1*22 
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- — f— 


3 


4 


5 


6 


7 


E 


EF 


0*63 


0*22 


0*85 


3 


2' 55 




EI 


037 


0*21 


0'58 


2 


116 




EA 
— — 


0*37 


05 


0*87 


3 


2*61 


F 


FE 


0*44 


6*31 


0*75 


3 


2*25 




FG 


0*44 


0*22 


0*66 


2 


1*32 






0 56 


0'5 


106 


2 


2*12 




FX 


0*56 


0*28 


0*84 


2 


1*68 


G 


GF 


0:44 


0*22 


0*66 


2 


1*32 




GH 


0*44 


031 


0*75 


3 ' 


2*25 




OA 


0 56 


028 


084 


2 


168 




GC 


0'56 
— 


050 




2 


212 


H 


HQ 


0*63 


0*22 


0*85 


3 


2*55 




TTT 


U 37 


0*21 


0*58 


2 


1*16 




m 


0*37 


0*50 


0*87 


3 


2-61 


A 


AE 


1*00 


0*18 


118 


3 


3*54* 


B 


BF 


roo 


0*28 


1'28 


2 


2*56 


C 


CG 


l'OO 


0*28 


1*28 


2 


256 


D 


DH 


100 


0*18 


1*18 


3 


354 
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Thus Table 2714 is completed. 

Step 5. Calculation of column moments 
Total column moments for each storey 

- 2C 

where H=Total horizontal force above the storey considered 
A=height of the storey considered 
2C=sum of column end moment factors of that storey. 

Let v4 3 =Tota] column moments of third/top storey 
A s — Total column moments of second storey 
yli^Total column moments of first storey 
,4 0 =T6tal column moments of ground storey. 

= 5X3 

3 Cqm+Cmq+Crn+Cnr+Cso+Cos+Ctp+Cft 

1 5 

r42+r3€4-r76-f-r72 + l*76+r72+l , 42+t3*6 
~ 1*2 kN-m 

(10+5) X3 

Cmi + Cm + Cn j + Cjn+ Cok + Cko + Cpl + Clp 

45 

~r28+r28-H'6S+l'6S+i*68+l*68+l*28+r28 

=3'80 kN-m 

UQ+1Q+5>X3 

Ci l t- Cu + Cj e ■ + Cf j + Ckg + Cg k + Clh + Ch l 

75 _ 

" r22+ri6+l*68 + l*68 + l*68+r6S + r42+l'16 

=6'422 kN-m- 

(10+ 10+10+5)x 4 

0 C E a+Ca E +Cfb+Cef+Cgc+Ccg + Chd+Cdh 

_ : 140 

~2*6l+3'54+2"l2+ 2*56+2*12+2' 56+2*61 +3*"54 

=6"464 kN-m. 
Column Moments : 

TOP STOREY : A 3 -= 1*2 kN-m 

A/qm =A X Cqm = 1*2 X 1 *42«= 1 ' 704 kN-m 
Mmq^^ 3 X C M Q=r2X 1*36=1*632 kN-m 
^aN=/4 3 xC R N : *=l*2Xl'76=2"n2 kN-m 
Afun^Ai x Cnr= 1*2 X 1*72 = 2'064- kN-m 



At 
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Mx,-A 9 x Cso=r2 X r76=2" 1 12 kN-m 
Mos*=A 3 XCqs=V2X 1*72=2*064 kN-m 
Mtb=A s xCti>=V2x l*42=r704 kN-m 
AfKr=4iXCFr=l'2X i'36«=T632 kN-m 

Second Storey : ^ 2 =*3*80 kN-m 

M M i=3'80x r28=4.864 kN-m 
AfiM=3'80 x 1*28=4-864 kN-m 
Mnj=3'80x 1*68=6*384 kN-m 
AfjN=3*80X 1'68=6"384 kN-m 
JlfoK=3 , 80Xl"68=6'384 kN-m 
AfKo=3*80 x 1*68=6'384 kN-m 
M>l=3*80x 1*28=4-864 kN-m 
Af L p=3"80x 1*28—4*864 kN-m 

first Storey : ^!=6'422 kN-m 

MiE=6*422xr22=7'834 kN-m 
Mu=6'422X 1*16=7*449 kN-m 
Mjf=6*422x 1-68—10*789 kN-m 
M F3 =6-422X 1*68 = 10 789 kN-m 
Mkg=6:422X1'68= 10*789 kN-m 
A/gk~6'422x l'68-= 10*789 kN-m 
JMlh=6'422x r22=7 834 kN-m 
.A/hl=6*422x 1*16=7*449 kN-m 

Ground Storey : ^o— 6*464 kN-m 

Af EA =6*464 x 2"61 = 16*871 kN-m 
Jl/ AE =6-464X 3-54=22*882 kN-m 
jV/fb=6*464 X 2*12= 1 3*703 kN-m 
Af BF =6*464X 2*56= 16*547 kN-m 
JWbc=6 , 464x2*12=13*703 kN-m 
Mcg=6'464x 2*56= 16*547 kN-m 
Mhd=6*464X2'61 ; =16*871 kN-m 
Mdh=6*464X 3*54=22*882 kN-m 

Step 6. Calculation of beam moments 

f \ t ' Sum of column moments at the joint 

ia) constant B - gum of gkder moment ~f actors & ^ 
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r • \ o d -A/so _ 2 112 

Jomt 5 * ^""(JQR+Gsr ~ 0*6+TT _1 111 

:; r . tT . n Mtp _ 1'704 

; : Joint T : #r= g^""T^T~ ! 217 

, _ _ A/m q+Mmi _ 1*6324-4*864 _._. f 
Join* Af : 5m= ^37 ===2 741 

- r • * w. n - Mnr+A/nj 2"06_4+6*384 

t Joint N : 5n= > — XT- ^f^XT^'T" 2 427 

Gnm + Gno 2 ib-h 1 32 

- A/os+A foK ^ 2^64+6*384 ^ 

*° Gon+Gop 1-32+2*16 * 2 ^ / 



D _ A/pt+JWpl l'632+4*864 ..., t 
5p ~ Gro " 2*37 2741 
0 _ JtfiE+AfiM 7'834+4 - 864 
Bj -~~~ Gv ~ T37 ~ 5 357 

R & Mis+Mn 10 789+6 384 ^ , 

1 Gji+Gjk 2I6+T32 yJ4 
D Mko+JWKO lQ'789+6-384 ..... 
* K== G^+G^~ 1*32+2*'16 =4934 
» _ JfLP+Jtfm 7 834+ 4-864 _-.,„ 
Bl ~ G L k ^ 2*37 ~ 5 357 
0 Mli+Mea 7'44 9+ 16*871 _ „. 

^= g~ - 2*55 ~ 9537 

n Mfj+Mfb 10 789 + 13-703 __.. ftr 
Asi Gfe+Gfg ~~ 2-25+T32 6 86 
„ _Mck±Mgl 10739 + 13*703 
GoTfG™ -"^32+2-25 

D Mhb +Mhl 16-871+7*449 _ 0 .-„ 
5h= — ^55 - 9537 

(6) MOMENTS 

Beam moments=J?X Girder Moment Factor. 

AfQR=5QXGQR=l'2I7xl*4=r704 kN-m 
Mrq=BrX Grq= I'll 1 X 1*30=1444 kN-m 
Mrs=5r X G RS = 1 1 1 1 X 0*60=0*667 kN-m 
Af SR = Bs X G S r= 1' 11 1 X 0*60=0*667 kN-m 
Mst=5s x Gst= 1 ' 1 1 1 x r 3 = 1 "444 kN-m 
Jlf TS =B T xG T s=r2I7x 1*4=1*704 kN-m 
A/mn=#mXGmn=2-741 X2 37=6496 kN-m 
ATnm =J3n X Gnm = 2' 427 X 2* 1 6 = 5*242 kN-m 
Af N o=^NXG N o=2-427xr32=3-203 kN-m 
Mon=5oXGon=2*427X 1*32=3*203 kN-m 
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Mop=56 x Gop==2 , 427 x 2' 16= 5'242 kN-m 
Mpo=5pX(?po=2741 x2'37=6'496kN-m 
Afu=5 I XGu^5 , 357x2"37=12-696kN-m 
Mn^Bs x Gji=4*934 x 2* 16= 10*657 kN-m 

Mjk=Bi X(?jk=4 "^34 X 1-32=6-513 kN-m 
M K j=5kXGkj=4 , 934x r32=6'513 kN-m 
Mkl=5 k x(?kl-=4:934X 2*16^10*657 kN-m 
AfuK=5LXG L K=5*357x2*37=ir696 kN-m 
AfEF=5LXG E F=9'537X2'55=24'319 kN-m 
Mf*=Bf X Gfe=6'86 X 2'25=- 1 5'435 kN-m 
Mfg=5fX(?f G =6-86X 1*32=9*055 kN-m 
^qf*=j^X(?gf«=6'86X 1*32=9*055 kN-m 
kGa=&5XG G H«=6*86x2*25==15*435 kN-m 
Mna=B H xOhg=9-*537x2*55=24-3!9 kN-m 

Thus the moments in all the columns and girder are found. 
Fig. 27*18 shows the B.M. diagram for girder/beams while Fig. 27*19 
shows the B.M. diagram for columns. 
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B.M.D. FOR BEAMS 



Fig. 27-18 
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B.M.D. FOR COLUMNS 
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Fig. 27-19 



PROBLEMS 

1. What do you understand by a substitute frame ? How dc 
you select it ? Discuss in brief the method of analysis. 

2. Explain the portal method for analysing a building frame 
subjected to horizontal forces. 

3. Explain the cantilever method for analysing a building 
frame subjected to horizontal forces. 

4. A two-span intermediate frame of a imitti-storeyed building 
is shown in Fig. 27*20. The frames are spaced at 5 m intervals. The 
dead load and live load per metre run of the beam may be taken as 
15 kN/m and 20 kN/m respectively. Analyse the frame using two 
cycle method of moment distribution. 
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Fig. 27-20 

5. If wind loads of 15 kN, 30 kN and .30 kN are acting at 
joint At B and C respectively, analyse the frame. (Fig. 27'20) by {a) 
portal method, (b) cantilever method. Assume that all the columns 
have equal area of cross-section for the purpose of analysis. 
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Kani's Method 



28.1. INTRODUCTION 

In Chapter 9, we have discussed, the slope deflection method 
presented by G.A. Maney(1915), wherein the rotations and dis- 
placements of the joints are treated as unknowns . The simultaneous 
solution of the various slope deflection equations, alongwith the 
equilibrium equations gives the values of these unknowns . However, 
in many cases, specially in the cases of frames, the solutions become 
clumsy, though the solutions of these sets of linear simultaneous 
equations can be obtained by method such as relaxation technique, 
Gauss-Seidell iteration, Cramer's rule etc. In chapter 10, we have 
discussed the 'moment distribution method', given by Prof. Hardy 
Crossf 1930). It should be noted that Hardy Cross method of moment 
distribution is a technique of solving the above mentioned equations 
numerically, without explicitly writing them, by using Gauss Seidell 
iteration. The quantities iterated in the 'moment distribution method' 
are the increments to the member end moments, instead of end- 
moment themselves. 

We now introduce Kani's method, given by Dr. Gasper 
Kani(1947). The Kani's method is similar to the moment distribution 
method in that both these methods use .Gauss-Seidell iteration pro- 
cedure to solve the slope deflection equations, without explicitly writing 
them down. However the difference between the Kani's method and 
the moment distribution method is that Kani's method iterates the 
member end moments themselves rather than iterating their increments. 
Kani's method essentially consists of a single, simple numerical opera- 
tion, performed repeatedly at the joints of a structure, in a chosen 
sequence. 

Let us now develop the method for the following two cases: 
(/) Continuous beams and Frames without joint translation. 
(«) Frames with sway. 
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28.2. CONTINUOUS BEAMS AND FRAMES WITHOUT JOINT 
TRANSLATION 




Fig. 28.1. 

Fig. 28.1 shows the final deflected shape of a span AB of 
a continuous beam, under imposed loads. Let Mas and Mba be the 
moments developed, and B A and 8 S be the corresponding rotations 
at A and B, due to imposed loads. The slope deflection equation 
for span AB, at joint A is : 
[' M A r = Mfab + IEKab (20 a + $ B ) 



...(28.1) 



where 



L.AB 



(28.2) ..(I) 
„.(28.3) 



.% M AB = M FAB + 4EK AB 9 A + 2EK AB .0 B 

or M A b = Mfab + 2 m^s + m&< 

where, by definition, m AB - IEKab ■ 6 A 

and m&4 = IEKab -Qb 
Here, m,«( is called the rotational contribution of end A 
to while is called the rotational contribution of end B 
to A/^s- 

Now, in general, there may be many members meeting at 
end A, so that B is the common designation for far ends . For 
the equilibrium at the joint A, the algebraic sum of end moments 
of all the members meeting there must be zero. 

Hence £ Mas — 0 

Hence from Eq. 28.2, we obtain 

£ Mfab + 2 (2m AB + mBA ) = 0 ...(28.4) 

_B B 

where the symbol £ represents the sum taken over all the adjacent 

B 

joints B. 
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Now let MfA be the resultant restraint moment at A, equal 
to the algebraic sum of all fixed end moments at A, given by 
Mfa = 2M fab ...(28.5) 

Hence we get from Eq. 28.4. 

Z%=-j (M FA + 5>a0 ...(28.6) 

In fact, Eq. 28.6 gives the algebraic sum of rotational contribution 
of all members meeting at A. Now, we know that niAB for any member 
is proportional to its K value. The individual share of the members 
in the total rotational contribution can be found by distributing the 
total rotational contribution in proportion to their respective .fir- 
values. 



Thus, for member AS, 

B 



mAB ^TjL lntAB *" (28 * 7) 



8 

or m M = - ^ ( K 



or 



m AB = Ra* (m fa + | ...(28.8) ...(II) 

Where R A b is known as rotational factor for AB given by 

...(28.9) 



D _ 1 ( KaB 



2 2«« 



S 



It is to be noted that the rotational factor R is equal to 
times the distribution factors used in moment distribution. 



Eqs (I) and (II) form the basis of Kani's method of solution 
wherein the support moment can be determined. Obviously, 
both m A B and m BA must be determined before Mab can be found. 
This is accomplished by Gauss-Seidell iteration procedure outlined 
below. However, sometimes it is preferable to use symbol i for near 
end A and j for the far ends B. In that case, the various equations 
take the form listed below : 

Mij = Mrs + 2EKu {16i + 6J) ...(28.1) 

where Ky = Iu/ Lg 

M H = M nj + 2 ma + ..(I) ...(28.2) 

where m$ = 2EKy 9 { and m,,- = 2Ek^ 0, ...(28.3) 

E + 2 (2 "if + mz) = 0 ...(28.4) 
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Mn « I AG* -»(28.5) 

Em* = - \ [m Fi + 2 m^ ...(28.6) 
m»- - Ra {M Fl + 2 ) -(H) -(28.8) 

where = - £ |^ -P 8 - 9 ) 

Procedure for Kani's method 

Step 1. Calculate fixed end moments (Af^) in all the members 
of the structure. Find the resultant restraint moment at each joint 
using Eq. 28.9. Enter these value of resultant restraint moment 
within the square or circle made at each joint (Fig. 28.2) 




Mm 




m- m-A 



m& Win 



Fig.- 28.2 

Step 2 Calculate the K values and rotation factors R,j for 
all members meeting at each joint. These values are entered outside 
the first square(or circle) but inside the second square(or circle), 
towards each member as shown in Fig. 28.2. 

Step 3. Compute rotational contribution (m$ ) of. the two 
ends of all the members by Gauss-Seidell iteration performed on 
Eq. 28.8(Eq.II), taking m ( > = 0 at all joints starting with the ap- 
proximation that ~ 0. Continue the iteration through several 
cycles till practically the same values of are obtained in two 
successive cycles. Each cycle gives improved approximation for the 
rotational contribution. All these values of a;e entered as shown 
in Fie. 28.2. 
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Step 4. Using Eq. 28.2(Eq.I), determine member end moments 

M 9 . 

Example 28.1 illustrates the complete procedure. 

Members with far ends hinged 

If the end / of the member ij is hinged, then its modified 
stiffness coefficient is 3EK$ as compared to the normal value of 
4 EK$ . Hence for calculating the factor R in Eq. 28.9, 0.75 times 
its actual K value should be used. Eq. 28.8 can then be used without 
any modification. The member end moment at the hinged end will 
be zero. However, half the initial F.E.M. at the joint ; will have 
to be carried to joint i, with negative sign, and added to the F.E.M. 
of i, to get the modified value of F.E.M. at /. Thus, if Af^, and 
Mffi are the RE.M's at / and /, computed by taking j to be fixed, 
ihen the modified fixed end. moment at i will be as follows: 

Modified Me? = M Flj + j(- M FJi ) 

l This modified fixed end moment at joint i becomes the starting 
P.E.M. at i before beginning the Kani's cycles. 

Member with far end fixed : It should be noted that no 
iteration is performed at the fixed end. The rotational components 
of fixed joints at far ends are zero. 

Example 28.1. A continuous beam ABCD consists of three 
spans, and is loaded as shown in Fig. 28.3(a). Ends A and D are 
fixed. Determine the bending moments at the supports, using Kani's 
method. Also, plot the bending moment diagram and the deflected shape 
of the beam. 

Solution. 

Step 1. Computation of fixed end moments (kN'ta units) 
MfAB - — 2 - ~ ; Mfba - + ^ *2 ~ 6 

M FBC = ~ 5X 3 * 2 * =-Z4; Mm = + ^4^=+3£ 

: Mra> = -5.0; AW - + = + 5.0 

Step 2. Rotation factors 

As pointed out earlier, rotation factor is equal to - 0.5 times 
the distribution factor used in moment distribution. The relative 
stiffness, distribution factors and rotation factors are calculated in 
Table 28.1. 
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Table 28.1. 



Joint 


Member 


Relative 


Sum 


Distribution 


Rotation factor 






Stiffness 




factor Df 


R = -0.5 x D F 




BA 


//.« 




5/11 


- 0.147 




BC 


21/5 


17// 30 


12/17 


- 0.353 




CB 


21/5 




2/3 


- 0.333 


c 


CD 


II 5 


V/5 


1/3 


- 0.167 



£-H is to be noted that the sum of rotation factors at a joint 
is equal to - 0.5. 



Thus Rba +R bc =- (0.147 + 0.353) = - 0.5 

Step 3. Resultant restraint moments 

Compute resultant restraint moment at each joint by Eq. 28.5: 
M ri =-2 M F » 
s~ i 
Thus Mfb = Mfba + Mfbc = + 6 — 2.4 = + 3.6 kN-m 

rr Mfc = Mfcb + Mfcd = + 3.6 - 5 = ~ 1.4 kN-m 

-Enter these values within the small square [(Fig. 28.3 (d)] 

Step 4. Kani's Iteration cycles 

_ Cycle 1 : Kani's iteration procedure can now be commenced, 
assuming all rotational components^-) to be zero at ail joints which 
will indirectly mean that 0, = 0. Note that and mac are 

permanently zero since ends A and D are fixed. 

Applying Eq. 28.8 at joint C and assuming m sc = 0, 

we get 

m C B - Rcb (Mfc ) = - 0.333 ( - 1.4) = + 0.466 
and m CD = Rcb (Mfc ) = - 0.167 (-1.4) = + 0.234 
These values are now used in Eq. 28.8 for computing rotational 
components (my) at joint B. Thus 

rtiBc = Rbc (Mfb +m C 8) = - 0:353( 4- 3.6+0.466) = - 1.435 
m BA = Rba (M fb +m eB ) = - 0.147( + 3.6+0.466) = - 0.598 

Cycle 2 The values of the four rotational components found 
in cycle 1 will now be used to get better approximations for the 
rotational components at joint C. Applying Eq. 28.8 at joint C, 
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A 2kN/m B i 

JUJ4iwjirrrn zi \ c 



5kN 



I 
6m 



8kN 



4* 5m 5m — j 



6-677 




5-505 



. . ^ 4-646 3- 9895 v<ffhv 5-50 5 



4^ ^ 



-6.0 



+6.0 



n AB 



m BA 



I 


- 0.598 


- 1.435 


II 


- 0.668 


- 1.604 


III 


- 0.676 


- 1.624 


rv 


- 0.677 


- 1.626 


V 


- 0.677 


- 1.627 



-2.4 



m BC 



+3.60 



mcB 

+ 0.466 

+ 0.944 

+ 1.000 

+ 1.007 

+ 1.008 



+ 0.234 
+ 0.473 
+ 0.502 
+ 0.505 
+ 0.505 



D 

-5.0 +5.0 



m DC 
0 



Fig. 28.3. 

mcB = Rcb (Mfc +m B c) = - 0.333( - 1.4 - 1.435) = + 0.944 
mco = Rct> (Mfc +m BC ) = - 0.167 ( -1.4 - 1.435) = + 0.473 
Similarly, applying Eq. 28.8 at joint B, 
m BC = Rbc (M fb +#h«) = - 0.353( + 3.6 + 0.944) = - 1.604 
mBA = Rba (Mfb +m Cff ) = ~ 0.147(+ 3.6 + 0.944) = - 0.668 
Cycle 3. Applying Eq. 28.8 at joint C, 
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m CB 




tn C D 


At joint B, rn.Bc 






Cycle 4. 




At C, 






ntcD 


At B y 


Mac 




ntBA 


Cycle 5. 




At, C, 


mcB 






At B, 


m BC 







- 0.333 ( - 1.4 - 1.604) ^ + 1.000 

- 0.167 ( - 1.4 - 1.604) = + 0.502 

- 0.353 ( + 3.6 + 1.000) = - 1.624 

- 0.147 (+ 3.6 + 1.000) = - 0.676 

- 0.333 ( - 1.4 - 1.624 ) = + 1.007 

- 0.167 ( - 1.4 - 1.624 ) = + 0.505 

- 0.353 (+ 3:6 + 1.007) = - 1.626 

- 0.147 (+3.6 + 1.007) = - 0.677 

- 0,333 ( - 1.4 - 1.626 ) = + 1.008 

- 0.167 ( - 1.4 - 1:626 ) = + 0.505 

- 0.353 (+ 3.6 + 1.008) « - 1.627 

- 0.147 (+3.6 + 1.008) = - 0.677 

The iteration is terminated at the end of 5th cycle as there 
is no change in the values of mij as compared to the corresponding 
values of 4th cycle. 

Hence the final values of the rotational components are 
m gA = - 0.677; m BC = -1.627 ; m CB = + 1.008 and m C t> = + 0.505 

It should be clearly noted that we have actually solved the 
displacement equations in the above iteration, since from Eq. 28.3, 
we observe that 

a niBA - 0.677 2.031 
° B = 2TK^ = 2£(//6) 88 ~ ~TT 

and &c ~ TEKTs - 2£<2//5) ~ + ~ET 

Note that we obtained both these values of 6 B and 6 C by 
slope deflection method in Example 9.3 for the present beam. 

Thus it is concluded that Kani's method indirectly solves the 
displacement equations. This makes the solution self correcting. 

Step 5. Computation of final moments at joint 

The final moments(A//,) are computed from Eq. 28.2. The com- 
putations have been arranged in Table 28.2. 
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Table 28.2. Final moments 







2 mij 




Sum 
(ko-tn) 


Mas 


- 6.0 


0 




0.677 


- 6.677 


Mba 


+ 6.0 


- 1.354 




0 


+ 4-646 


M B c 


- 2.4 


- 3.254 


+ 


1.008 


- 4.646 


Mcs 


+ 3.6 


+ 2,016 




1.627 


+ 3.989 


Men 


- 5.0 


+ 1.010 




0 


- 3.990 


Mac 


+ 5.0 


0 


+ 


0.505 


+ 5.505 



It will be noted* that these values are practically the same 
as obtained by the slope deflection method. The B.M.D. and deflected 
shape of the beam are shown in Fig. 28.3(b) and (c) respectively. 

Example 28.2 Solve example 28.1 if the ends A and D are 
Mnged (or simply supported). 

Step 1, Computation of fixed end moments 

Considering ends of A and D as fixed, the fixed end moments 
at various joints will be as under(as calculated in the previous example). 
Mfab = - 6.0 ; Mfba = + 6.0 
Mfbc = - 2.4 ; Mfcb = + 3.6 

Mfcd - - 5.0 ; Mfdc = + 5.0 
Actually, ends A and D are free. Hence releasing ends A and 
A the modified moments at A and D will be 

mpsA = + 6.0 + j (+6.0) = + 9.0 kN-m. 

m FC D = - 5.0 + j (- 5.0) = - 7.5 kN-m. 
Step 2. Rotation factors 

Since end A is hinged, the stiffness of AB will be 3/4 times 
its actual K. Similarly, since end D is hinged, the stiffness of PC 
will be 3/4 times its actual K. Based on this, the relative stiffness, 
distribution factors and rotation factors are calculated in Table 

28.3. 
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Table 283 



Joint 


Member 


Relative 
Stiffness 


Sum 


Distribution 
factor Df 


Rotation factor 
R = - 0 -5(D f ) 


- - 


BA 


3 / 

4 "5 




IS 5 
35 "21 


- 0.119 


B 






63/ 
120 








BC 


21 
T 




48 16 
63" = 2T 


- 0.381 




CB 


21 
T 




8 
11 


- 0.364 


C 






11/ 
20 








CD 


3 / 
4"T 




3 
11 


- 0.136 



t Step 3. Resultant restraint moment 

~ Compute resultant restraint moment at each joint by Eq. 28.5 

Mn «= 2 Mr? 
i 

Mfb = Mfba + Mfbc = 9.0 - 2.4 = + 6.6 KN-m. 
Mfc = Mfcb + Mkd = 3.6 - 7.5 = - 3.9 kN-m. 
Enter these values within the small square (Fig. 28.4) 

Step 4. Kani's Iteration cycles 

Cycle 1 : Kani's iteration procedure can now be commenced 
assuming all rotational components (m*j) to be zero at all joints, 
which will indirectly mean that Q x — G. Note that thab and moc are 
zero. 

Applying 28.8 at joint C and assuming m B c — 0 we get 
m CB = R CB (Mfc) = - 0.364 ( - 3.9) = + 1.420" 

m CD = Rcd (Mfc) = - 0. 136 ( - 3.9) = + 0.530 
These values are now used in Eq. 28.8 for computing rotational 
components (m$) at joint B. Thus 

m BC = R BC (Mfb + m CB ) = - 0.381 (6.6 + 1.420) = - 3.056 

m SA = Rm (Mfb + m CB ) = - 0.119(6.6 + 1.420) = - 0.954 
Cycle 2 

At C, m clI = - 0.364 - 3.9 - 3.056) = + 2.532 

m C o= - 0.136 (-3.9 - 3.056) = + 0.946 
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At B, 

Cycle 3 

At C, 

At B, 



m CB = 



- 0.381 (+ 6.6 +2.532) « - 3.479 

- 0.119(+ 6.6 + 2.532) = - 1.087 

- 0.364 (- 3.9 - 3.479) = + 2.686 

- 0.136 (- 3.9 - 3.479) = + 1.004 

- 0.381 (+6.6+ 2.686) = - 3.538 

- 0.119 (+ 6.6+ 2.686) = -1.105 



2kN/m 8 



5kN 



|8kN 




1 - ^ 

to 



r *AB 



0 +9.0 


% 
5 

i 






~2A +3.6 






s 














1 1 



I 

II 
III 
rv 
v 



-7.5 





i 




m BA 


m BC 




m CB 


m CD 


0.954 


-3.056 


+ 


1.420 


+ 0.53 


1.087. 


-3.479 


+ 


2.532 


+ 0.946 


1.105 


-3.538 


+ 


Z686 


+ 1.004 


1.107 


-3.546 


+ 


2.707 


+ 1.012 


1.10* 


-3.547 


+ 


2.710 


+ 1.013 



Fig. 28.4 
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Cycle 4 
At C, 

At B, 

Cycle 5 
At C. 



m rB = - 0.364 (-3.9 - 3.538) = + 2.707 
m CD = - 0.136 (-3-9 - 3.538) = + 1.012 
m BC = - 0.381 (+6.6 + 2.707) = - 3.546 
m BA = - 0.119 (+ 6.6 + 2.707) = - 1.107 

m ru — — i 



lcB _ - 0.364 ( - 3.9 - 3.546) = + 2.710 

m CD = - 0.136 ( - 3.9 - 3.546) = + 1.013 

At B, m BC = - 0.381 (+ 6.6 + 2.710) = - 3.547 

= - 0.119 (+ 6.6 + 2.710) = - 1.108 
The iteration may be terminated at the end of 5th cycle, as 
there is very little difference between the values of ntij of 5th cycle 
and those of 4th cycle. 

Step 5. Computation of final moments 

Using Eq.28.2, the final moments at various joints can be 
computed, as shown in Table 28.4. 

Table 2S.4 
Final moments 



Mi 




2m ii 




Sum (kN-m) 


Mha 




9.0 




2.216 






+ 6.784 


Mbc 




2.4 




7.094 


+ 


2.710 


- 6.784 


Mcb 


+ 


3.6 


+ 


5.420 




3.547 


+ 5.473 


Mcd 




7.5 


+ 


2.026 


0 




- 5.474 



The B.M.D. and the deflected shape of the beam are shown 
in Fig. 28.4(6) and (c) respectively. 

Example 28.3 Solve example 28.1 if there is no support at 
end D. 

Solution 

Step 1 : Fixed end moments 

Take Ends B and C as clamped(fixed) so that AB and BC 
are considered as fixed beam. The over hanging portion CD becomes 
a cantilever fixed at C Hence : 

Mfab = - 6.00 kN-m ; Mfba = + 6.0(J kN-m 
Mfbc = - 2.40 kN-m ; M FCB ~ + 3.6 kN-m 
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Mfcd = - 8 x 2.5 = - 20 kN-m 
Step 2. Rotation Factors 

The stiffness of cantilever CD is zero since it has no resistance 
to rotation if an external moment is applied at the freely supported 
end C. 




I 

II 
III 

IV 
V 
VI 
VII 



m BA 

0.530 
1.829 
2.055 
2.098 
2.105 
2.107 
2.108 



m BC 

- 1.270 
-4.338 
-4.930 
-5.034 
-5.049 
- 5.055 
-5.056 



m CB 

+ 8.835 

+ 10.369 

+ 10.665 

+ 10.707 

+ 10.724 

+ 10.728 

+ 10.728 



r 'C£> 



09 



Fig. 28.5 
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The rotation factors are computed in Table 28.5 : 
Table 28.5 



Joittt 


Member 


Relative 
stiffness 


Sum 


Distribution 

fnftnr (T\ C") 
[UCIUI 


Rotation factor 
r = - 0.5 Dr 




BA 


t 
I 

6 




5 

IT 


- 0.1471 


B 






17 / 
Hi 

30 








BC 


21 

T 




12 

17 


- 0.3529 




CB 


2/ 
T 




1 


- 0.5 


C 






21 

T 








CD 


0 




0 


0.0 



Step 3. Resultant Restraint moment 

Mrs - + 6.0 - 2.40 = + 3.6 kN-m 
Af FC = + 3.6-20 =-16.4 kN-m 
Step 4. Kani's Iteration Cycles 

Cycle 1 

The iteration cycles are to be performed at joints B and C 
only since m AB = 0 (fixed end) and m CD = 0 (fixed end of canttlever). 
To start with, let us assume tn CB = 0 

.\ At joint B : 

m K = Rbc (M fb + m CB ) = - 0.3529 (+ 3.6 + 0) = - 1-270 
m BA = Rb* (M FB + m CB ) = - 0.1471 (+ 3.6 + 0) = - 0.530 
At joint C, 

m CB = Res (M rc + m BC ) = -0.5 ( - 16.4 - 1.270) = + 8.835 
Cycle 2 

At joint B, m BC = - 0.3529 (+ 3.6+ 8.835) = - 4.388 
m M = - 0.1471 (+ 3.6+ 8.835) = - 1.829 
At joint C, m CB = -0.5 (-16.4 - 4.338) = +10.369 
Cycle 3. 

At joint fl, m BC = - 0.3529 (+ 3.6 + 10.369) « - 4.930 
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m BA = 

At joint C, m CB = 
Cycle 4. 

At joint B, m 8C = 

m BA '' 

At joint C, m CB ■ 
Cycle 5. 

At joint B y m BC 



0.1471 (+ 3.6 + 10.369) = - 2.055 

- 0.5 ( - 16.4 - 4.930) = + 10.665 

: - 0.3529 (+ 3.6 +10.665) = - 5.034 

- 0.1471 (+ 3.6 + 10.665) = - 2.098 

- 0.5 ( - 16.4 - 5.034) = + 10.707 



0.3529 (+ 3.6 + 10.707) = - 5.049 

m BA = - 0.1471 (+ 3.6 + 10.707) « - 2.105 

At joint C, m CB = - 0.5 ( - 16.4 - 5.049) = + 10.724 
Cycle 6. 

At joint B t m BC = - 0.3529 (+ 3.6 +10.724) = - 5.055 
= - 0.1471 (+3.6 + 10.724)= -2.107 

At joint C, m C8 = - 0.5 ( - 16.4 - 5.055) = + 10.728 
Cycle 7. 

At joint B t m BC - - 0.3529 (+ 3.6 + 10772^) = - 5.056 
'. M = ~ 0.1471 (+ 3.6 + 10.728) = -2.108 



m 



At joint C, = -0.5 ( - 16.4 - 5.056) = + 10.728 
The iteration is terminated at the end of 7 th cycle. 

Step 5. Computation of Final moments (Table 28.6) 

Table 28.6 



Mi} 


Mm 




m ji 


Sum. 


Mas 


- 6.0 


0 


- 2.108 


- 8.108 


Mba 


+ 6.0 


- 4.216 


0 


+ 1.784 


Mbc 


- 2.4 


- 10.112 


+ 10.728 


- 1.784 


Mcb 


4- 3.6 


. + 21.456 


- 5.056 


+ 20.000 


Mcd 


-20.0 X 


0 


0 


- 20.000 



The B.M.D. and the deflected shape of the beam are shown 
in Fig. 28.5(d) and (c) respectively; 

Example 28.4 Analyse the portal frame shown in Fig. 28,6 
by Kani's method. Draw the BMD. and sketch the deflected shape 
of the frame.- Take El constant for all the members. 
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Solution : 



2m 



6kN/m 



-4 m 



A 



D 

Trkr 



Fig. 28.6 

The frame is symmetrical, and is symmetrically loaded. Hence 
it will not sway. 
Step 1. Fixed End moments 

. « _ 3* 4 = - 8 kN-m 



Mfbc ' 



M FC b = + = + * kN-m 

A/mb = 0 ; Mfdc = 0. 

Step 2. Rotation Factors 

(Table 28.7) 



Joint 


Member 


Relative 
Stiffness 


Sum 


Df 


i? = - 0.5 x £>f 




BA (or CD) 


- / 2/ 
2~ 4 




2 
3 


- 0.3333 


B (or C) 






3/ 
4 








BC(or Cfl) 


/ 
4 




1 

I 


- 0.1667 
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Step 3. Resultant Restraint Moments 

M FB = -8 ; M FC = + 8. 

Step 4. Kani's Iteration cycles. 

In the case of frames there are horizontal members as well 
as vertical members. For horizontal members (Le. beams) the rotational 
components (mif) are written below the beams, while for vertical 
members (Le. columns) the rotational components are written along 
the columns, as illustrated in Fig. 28.7. Ends A and D are fixed. 
Hence m A B = 0 and moc = 0. We will do the computations upto 
the accuracy of second decimal place. 



m BA 

+ 2.67 
+ 3.19 
+ 3.20 



1W 



+ 1.59 
+ 1.60 



"AB 



= 0 



-1.60 
-1.60 









-8.0 


+8.0 






-ao 










- A13333 




1 - 0.3333 








m 8C 


m CB 






O 










O 




o 






+ 1.33 


-1.56 


0 





m 



"DC 



CD 

3.11 
3.20 
3.20 



= 0 

lillllllltl 

n 



Fig. 28.7. 

Cycle 1 : To start with, let m CB = 0. Hence at joint B, 

m Bc = Rbc (Mfb + m cs + m^) = - 0.1667 (-8.0 + 0+0) = + 1.33 

m BA = r ba (M FB + m CD + m M ) = - 0.3333 (-8.0 + 0 +0) = + 2.67 
Hence at C, 

m cB = Rcb (M FC + m BC + m DC ) =-0.1667 (-8.0 + 1.33 +0)=-1.56 
™cd = Rcd (Mfc + m fiC + m DC ) =-0.3333 (-8.0 + 1.33 +0)=-3.11 
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Cycle :2 

At joint B t m BC = 

m BA - 

At joint C, m C8 = 

■ m a> - 

Cycle 3 

At joint B, m BC - 

At joint C m CB - 



0.1667 ( - 8.0 - 1.56) = + 1.59 

- 0.3333 ( - 8.0 - 1.56) = + 3.19 
■ 0.1667 ( + 8.0 + 1.59) = - 1.60 

- 0.3333 ( + 8.0 + 1-59) = - 3.20 



- 0.1667 ( - 8.0 - 1.60) = + 1.60 

- 0.3333 ( - 8.0 - 1.60) = + 3.20 

- 0.1667 ( + 8.0 + 1.60) = - 1.60 

- 0.3333 ( + 8.0 + 1.60) = - 3.20 
The iteration can now be terminated at the end of 3rd cycle. 
Step 5. Computation of final moments^Table 28.8) 

TABLE 28.8. 



m 



CD 







2m g 




Sum. 


AB 


0 


0 


+ 3.20 


+ 3.20 


BA 


0 


+ 6.40 


0 


+ 6.40 


BC 


- 8.0 


+ 3.20 


- 1.60 


- 6.40 


CB 


+ 8.0 


- 3.20 


+ 1.60 


+ 6.40 


CD 


0 


- 6.40 


0 


- 6.40 


DC 


0 


0 


- 3.20 


- 3.20 



The final B.M.D. and deflected shape are shown in Fig. 28.8(a) 
and (b) respectively. 



6*40 



IT l2^N-m ^ 



6-40 



3-20 




Fig. 28.8. 
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Example 28.5. A continuous beam shown, in Fig. 28.9 has 
rigidly fixed ends C and D, is pinned at E and has rigid joints at 
A and B. The members are of uniform section and material throughout 
Sketch the bending moment diagram for the frame, showing all important 
values. Also, find the values of the horizontal and vertical reactions 
at D and E. Use Kant's method. \ 



!2kN I2KN 

i__L 



. 4kN/m o 

Bf mnmutiiivii U -f 



lm i|i Im — 4«-lm 

3 m 



■4m 



3m 



Fig. 28.9. 

Solution 

Step 1. Fixed End moments 

. , 12 x 1 x 2 2 12 x 2 x l 2 o i,m 
Mfab — — ■ * * = — 8 kN— m 

3 - 3 . 

^ = + 12x2 , xl2 + 12xl , x22 =+8 kN-m 
3 2 3 2 

ivi 2 

Mfbc = - | 2 = - 5.33 kN-m 
Mfcb = + * + 5.33 kN-m 
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Step 2. Rotation Factors. 

Table 28.9 



Joint 


Member 


Relative 
stiffness 


Sum 


D F 


Rotation Factor 
/?= - 0.5 Df 




AD 


I 

3" 




0.5 


- 0.25 


A 






21 
3 








AB 


I 

I 




0.5 


- 0.25 




BA 


/ 

3 




0.4 


- 0.2 


B 


BE 


3 / / 
4 '3 4 


10/ 


03 


- 0.15 




BC 


/ 

4 




03 


- 0.15 



Step 3. Resultant Restraint moments 
Mfa = - 8 kN-m 

Mfb = + 8 - 5.33 = +2.67 kN-m, 

Mfc=+ 5.33 
Step 4. KanVs Iteration cycles. 

Ends D and E are fixed. Hence m DA = 0 and m C B =■ 0 
Similarly, theb - 0 
Cycle I : Let us assume that at all joints = 0 in the beginning. 
At joint A, m AB = R AB (M FA + m DA + m M ) 

= - 0.25 ( - 8 + 0 + 0) = + 2.0 
m AD = r ab (M FA + m DA + m BA ) 

= - 0.25( - 8 + 0 +0) = + 2.0 
At Joint £, = R BA (M FB +m AB +m Cfl +m £fi ) 

= -0.20 (+2.67 +2.0 + 0+ 0)=-0.93 

m BE ~ R B E ( M FB + m AB +™C* + «£fl) 

= -0.15 (+2.67 +2.0 + 0+ 0)=-0.70 
m Bc = Rue (M fb +m AB + m cs + m EB ) 

= - 0.15 (+2.67 + 2.0 + 0 + 0) = - 0.70 
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Cycle II 
At A, 

At B, 



™AB = 

™ad = ~ 

™BA 



0.25 (-8 - 0,93) = + 123 
0.25 (-8 + 0.93) = + 2.23 
0.20 (+ 2.67 + 2.23 ) = - 0.98 
B 




-8.0 



+8.0 



+ 2.0 

+ 2.23 

+ 2.24 

+ 2.24 















o 

1 


+ 2.67 


S 




- 0.15 


i 



-5.33 



rH AB 

+ 2.0 

+ 2.23 

+ 2.24 

+- 2.24 



"BA 



-0.93 
-0.98 
-0.98 
-0.98 



0.70 
0.73 
0.74 
0.74 



- 0.70 

- 0.73 

- 0.74 

- 0.74 



IIIIHIWI 
D 



Cycle III 
At A, 



At B, 



Cycle IV 

At A, 



m Bt: = 
m BC= ~ 



™AD= - 

m BA = 

m BC = 



Fig. 28.10 

0.15 (+ 2.67 + 2.23) = -0.73 
0.15 (+2.67 + 2.23) = - 0.73 

0.25 (-8 - 0.98) = + 2.24 
0.25 (-8 - 0.98) = + 2.24 
0^20 (+ 2.67 + 2.24 ) = - 0.98 
0.15 (+ 2.67 + 2.24) = -0.74 
0.15 (+2.67 + 2.24)= - 0.74 

0.25 (-8 - 0.98) = + 2.24 
0.25 (-8 -0.98) = + 2.24 



+5.33 ! 
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At B, m BA = -0.20 (+ 2.67 + 2.24 ) 0.98 

m e£ =- 0.15 (+2.67 + 2.24) = -0.74 . 
m BC = -0.15 (+2.67 + 2.24) =-0.74 

Step 5. Computation of final moments (Table 28.10) 



Table 28.10 



My 




2m$ 




Sum 


DA 


0 


0 


+ 2.24 


+ 2.24 


AD 


0 


+ 4.48 


0 


+ 4.48 


AB 


- 8.0 


+ 4.48 


- 0.98 


- 4.5 


BA 


+■ 8.0 


- 1,96 


+ 2.24 


+ 8.28 


BC 


- 5.33 


- 1.48 


0 


- 6.81 


BE 


0 


- 1.48 


0 


- 1.48 


CB 


+ 5.33 


0 


- 0.74 


+ 4.59 



The B.M.D. for the frame is shown in Fig. 28.11 




Fig. 28.11 

Step 6. Computation of reactions 

Considering the equilibrium of AD and taking moments about A, 
Hd = M 0a + Mao = 2.24 + 4.49 = 2 243 kN _ 



kani s method 

Similarly, taking moments about B, of all forces below/ B 
we get ' 

-1.48 + 3// £ = 0 

/. // £ = i^? = 0.493 kN - 
Taking moments about B, of aU forces to the right to B 

- 6.81 + 4.59 -4K C + 4x4x2 = 0 

/. V c = 7.42 kN f 
Taking moments about B, of all forces to the left to B, 

8.28 + 2.24 + 3V D - (3 x 2.24) - (12 X 1) - (12 x 2) = 0 
V D = 10.73 kN f 
Considering the vertical equilibrium of the whole frame : 
V E + 7.42 + 10.73 - 12 - 12 - (4 x 4) = 0 
V E = 21.85 kN f 

28.3. SYMMETRICAL FRAMES 

Symmetrical frames are those which are not only symmetrical 
about a vertical line through the mid-points of central beams, but 
have symmetric load system . Such a frame can be easily analysed 
by considering only half the frame and by taking modified lvalues 
for half the symmetric beams. This is illustrated below. 




Fig. 28.12 

Fig. 28. 12(a) shows a prismatic beam of span L and sectional 
moment of inertia /, subjected to equal symmetric moments M at 
the ends A and B. For such a beam, we have 
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0 = 



ML 
TEI 



Again, Fig. 28.12(b) shows another beam, A'C of span L/2 
and sectional moment of inertia 1/4, such that K A . C — \Kab 

The beam is fixed at C and free to rotate at A\ If a moment 
M is applied at A', we have 

= M(L/2) _ ML 
4£(I/4) " EI 
0 = 0' 

Hence for those frames which are symmetric about mid-points 
of the horizontal beams, the following procedure may be adopted. 

(/) Find fixed end moments at various joints, due to imposed 
loading. 

(ii) Replace the horizontal beams, about which the frame is 
symmetrical by fictitious beams which are of half the length and 
are fixed at the ends. For such fictitious beams, the relative stiffness 
is taken half the value of the actual beam. 

(Hi) Carry out the computations for half the frame only. 

As an illustration, let us re-analyse the portal frame of example 
28.4. The frame is symetrical about mid-point F of the beam BC. 
Hence replace BC by half the beam BF, fixed at F, but having 

relative stiffness equal to. j | ^ j = ^ . However, fixed end moments 

will remain the same as" found earlier 



6kN/m 



2m 



7777777 
A 



E 

■ 4 m 



K=I/4 



(0) 



D 



K=-£-(I/4) 



■2m 



T7TT7 



(b) 



Fig. 28.13. 
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Hence the distribution factors are as follows ■ 

I/S 



R BC = - 0.5 



ZT7 

8 1 



= -0.1 



Rba = -0.5 



' 1/2 ' 
S + 1 



= -0.4 



Mfsc — — 



6x4 2 
12 



= - 8 kN-m as before. 



Mfb = - 8 kN-m 
Also, m EB = 0 and m M = 0 since A and F are fixed. 




+ 3.2 




Fig. 28.14. 

Now m BC = R BE {M n + m EB + m^H^-0.1 (-8.0 + 0 + 0) = +0.8 

m BA * R ba (Mfb +■ m EB + *n M ) = -0.4 (-8.0 + 0 + 0) = +3.2 
No further cycles are necessary sincem^ and are zero 
throughout 

M BE = M mE + 2 m BE + m EB = -8+ 1 .6 = -6.40 kN-m 
m ba =^ re£ + Zm^ + m AB = 0 +(2x3.2)+ 0 = +6.40 kN-m 
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and ~. M- M = M FAB + 2m^ + ^ = 0+ 0 + 3.2 - +3.2 kN-m. 

■■■We observe that though all the three values are the same 
as found earlier in Example 28.4, the labour has very much been 
reduced. By symmetry, 

M CB = M B c=- 640 >M CI) = M RA =+ 6.4 ; = M AB = +3.2 kN-m. 
28.4. FRAMES WITH SIDE SWAY 

Frames may sway due to one of the following reasons : 
(/) Eccentric or unsymmetrical loading on the portal frame. 
(u) Unsymmetrical out-line of portal frame. 

(iii) Different end conditions of the columns of the portal 
frame. 

(iv) Non-uniform section of the members of the frame. 

(v) Horizontal loading on the columns of the frame. 
; (W) Settlement of the supports of the frame. 

- (vu) A combination of the above. 
Such frames undergo both joint rotation as well as joint 
displacement . 









B 










m B a 

3S 


t*A8 



Fig. 28.15. 

The slope deflection equations for member AB is 







or 




or 


Mm 


where 


m AB 




m BA 


and 





'FAB 



2EI 

Lab 



2a A + d B -¥*L 



= M fab + 2 m BA + m'AB 



AB ' A 

6EK. B d 



'AB AB 
'-AB 



...(28:i0) 



....(28.11) 



KANI'S METHOD 

957 

Here and m BA , are rotation contribution of ends A and 

I'll* t0taI m9mCntS MaB WhilC m - knOWn as ^placement 
pCmenr^r nSl,tl,te C0mHbutiOn t0 M ** * the Ia *'al dis- 

For generalisation, replacing A by / and B by j t we have 

M 9 = M Fg + 2m.. + m.. + m'.. ....(Hi) ....(28.10) 

m.. = 2EA.. 0. ; m^lEK^e. 
and « V ..6^ (28u) 

Now, for the equilibrium of joint /, 

j 

Hence from Eq. 28,10, 

2 M m + X (2m.. + m.. + /« ' ? ) = 0 ...(2&12) 

Introducing M Fl = 2 ^ * resuItant restraint moment at . 
we get 1 

A ^ + 2(2m. ; + ^ + m'..) = 0 

or 2m,- -| + 5 +^)] _ ^ (2&13) 

Eq. 28.13 is similar to Eq. 28.6, except that the term 
m' H (displacement contribution) has been included. 

of a il ™ J!* U ^ the aIgebraic SUm of rotation contributions 
™.*L meetmfi at J° int Now we ^ow that m» for any 

member is proportional to its lvalue. The individual share of the 
members in the total rotation contribution can be found by distributing 

tJuJt £ tatI °? Contribution in Proportion to their respective 
A-vaiues. Thus, for member ij, 



m.. 
y 



« _ 1 ( ) 



1 If* 



m.. = ^ ]M Ft +£ +„,'..) j (IV) (28 M) 
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where Rij - rotation factor for ij = - j 

Thus, From Eq. 28. 14, rotation contribution mij can be computed, 
provided the displacement contribution m$ is known. Let us, therefore, 
discuss the method for computing displacement contribution mj by 
taking several cases. 

CASE 1 : FRAME WITH COLUMNS OF EQUAL HEIGHT AND 
SUBJECTED TO VERTICAL LOADS ONLY 

Fig. 28.16 shows the actual case of frame with vertical loading, 
which causes side sway. As done in the moment distribution method, 
the solution is accomplished in two steps. 



a 



/ r th STOREY 



a 

Li 



f 

1- 



7777- 7f77 rfir 
(a) ACTUAL 



* r^STOREY" 

J L_ 



7777 

ib) NO SWAY 



^ r 2 
X X 



7777 



r^STQREY' 



S 2 = P 2 



6 3 » P 5 



7777 7f7T 
U ) SWAY FORCES 



Fig. 28.16. 

Step 1. No Sway : Artificial restraints are applied so that 
the frame does not sway, and the frame is analysed as discussed 
previously. 

Step 2. Sway forces : Sway forces are now applied, and the 
frame is analysed. 

The, total solution may then be obtained as the albegraic 
sum of the solutions obtained in the above two steps. 

Development of expression for displacement contribution m ' _ 

Let us pass a horizontal section x-x For the horizontal equi- 
librium of the part of the frame above the section x-x, the algebraic 
sum of column shears must vanish. 
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. ?2, = o 

where j denotes the sum of shears forall columns in ^ storey 

and Qij = shear in column ij of r 01 storey. 
If h T is the height of r* storey, 



...(28.15) 



But 



-£it r Su * llt " tin S these values Eq- 28.15, and noting the fact 
that fixed end moment in tne column ends are zero LmL of 
absence of intermediate horizontal loads, and also noting that 



m' 



, we get 



v) 



2G ? = I^ [3K+m^) + 2m:] =0 
2«i=-f 2<* f + m,) 



...(28.16) 



...(28.16) 



of all 2 ,1 sum of displacement contribution 

of all the columns of r* storey is equal to -1.5 times that of the 
rotation contributions of the two ends of the same columns. 

■ Now since the m~ for any column is proportional to its X-value 
the ,nd,v,dual share of the members in the displacement contribution 
can be found by dtstr.butmg the total displacement contribution in 
proportton to thetr respective lvalues. Thus, for any column ft 



w'..= -1.5 



2** 



2 («, + *«) 



...(28.17) 



(he e4'l°fo U n Cing * ^ °>> *« ^ — n ij by 



2*, 



...(28.18) 



We get from Eq. 28.17, 



...(28.19) ...(V) 
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FromEqs.28.14and 28.19, we note that the romiion contribution 
(m andm-)andthedisplacementcontributionm:.areinterdependent. 
Equation 28.19 can also be solved by Gauss-Seidell iteration in con- 
junction with Eq. 28.14. 

When once the rotation contributions and the displacement 
contribution are known, the final moments at vanous jotnfc can 
be found by Eq. 28.10. Example 28.6 ^^ILT^^ 
cedure wherein solution has been obtained for a frame with sway 
in a single table. 

CASE 2. FRAMES WITH COLUMNS QF EQUAL HEIGHT AND 
SUBJECTED TO HORIZONTAL LOADS 

The procedure is the same as in the previous case except 
that the shear motion is changed. For the horizontal equilibrium 
of the pa^t of tte frame aboveV section ^ 
must b£ equal to applied horizontal forces above the section. 



7777? 



77*771 

(a ) 



Tfrr 



7777 

(t>) 







1 
1 
1 

t 


"7 
f 
f 












SrP, 


X 


1 


■i 

( 

t 


Jx X 






+ 






X 










y-r T 




rt r 


77 7 


n n 


7 



77^7 



rf77 



7777 



Tfrr 



Rg. 28.17. 

Hence the horizontal shear equation for /* storey may be 
written as 

Q,+ 2 { W + "' (28 - 29) 
Here ij denotes the columns of r" 1 storey. 
But M 9 = Mr* + 2 m.. + m~ + m ' 9 
and Ma = Mr* + 2^ + m a + m V 
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Noting that the fixed end moments are zero in absence nf 
intermediate horizontal loads, and also noting that m< 1 1 < w ° e 
get » ii wc 

Q,h, +2 [3( mv .+ m ..)+2w'„] =o 

or -2«i = -f + ... (28 . 21) 

It should be noted that Eq. 28.21 differs from Eq. 28 16 of 
case 1, only by the extra term 9£ = Mr = storey moment. 

th, ,„h N T m * f ° r any COlumn is P™P°«ional to its lvalue 

can t found h Ir f < he . raerabers in *e displacement contribution 
can be found by distributing the total displacement contribution in 
proport.on to their respective Values, 'xhus, for J 

r 

= [M, + 2 (m, + „ f )J . . (VI) ^ _ n 

where Af r = storey moment = Qd± 

Comparing this with Eq. 28.19, we observe that an extra term 
Mr has been mtroduced here, which needs to be calculated and aS 
to the rotation contribution before m-- is calculated. 
Column of equal height with hinged base. 

hineeJ'l^Tr™ 0 * b ° tl ° n St ° rey ' a " 0f ,he same Mgbt, are 
reTLl hv ^ "T* ° f bdng flxed ' these «">™ns can be 
replaced by columns with fixed bases but with lvalues 3/4 of those 

of corresponding actual members. Naturally, the factor -§ will 
ie replaced by (_|x |)=-2 in ^ ^g. 

Hence D u = - 2 ^ 

9 Z T&j -(28.18)( fl ) 

r 

If, however, some columns are hinged while others are fixed 
m a given storey, it can be shown that ' 
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ry IS ..A „.(28.18)(fr) 

r 

where m = | for hinged columns and m = 1 for fixed columns. 
CASE 3 : FRAMES WITH COLUMNS OF UNEQUAL HEIGHT 

It may happen that the columns of any storey mostly the 
bottom storey are of unequal heights, subjected to ^ 
Let h- be the height of any column ij of P storey which is different 
from height hr of any arbitrarily chosen column of the same storey, 
where K is a constant and is called the storey heitfit. 

Let dj = reduction factor for the i-j column ...(28.23) 



r th STOREY 



7777 



V7T 



7777 



7T77 



Fig. 28.18. 

For the storey, the horizontal shear equation -is 

Qr+ 2 jt 9 (M, + A/,) = 0 -..(28.24) 

This is same as Eq. 28.20 except that the term h Ti representing 
instant storey height has been replaced by hij which is variable 
from column to column. 

Eq. 28.24 can also be written as 

or Q,.h\+lC : .(M ij + M.) = 0 -(28.25) 




KANI'S METHOD 



963 



But ^ = ^. + 2ffi.. + fflji + ffl '. 

M ji = m Fji + 2m i; + m.. + m' ji 
Noting that the fixed end moments are zero in absence of 

intermediate horizontal loads, and noting that = m'& we get as 
before 

Q'k'r + 2C. (3m.. + 3m. + 2 m'..) = 0 

t Q m' = -§ 4- SK+ ^)] ...28.26 (a) 

2Q«i*-§ + 2^ («*+ mpj ... (28 .26) 

where = jrorey moment =: 

-' Now, ^definition, -. 6£ ^^ , Hence, m '.. is propor- 

tional to ^ \and hence to C- .^.. 



Hence 



...(28.27) 



Hence from Eqs 28.26 and 28.27 

H + 2 C # (m ¥ + /^)J ...(2&28)(fl) 



or 



"i = J>, |X + S C f (m, + «, ) 



where 



/>.. = - 1.5 L * - Displacement facter ....(28.29) 
2, S A i/ 



...(28.28) 



If some columns are hinged and some are fixed, it can be 
shoN.n that 



2md.K. H 



...(28.30) 
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where m = | for hinged columns and m = 1 for columns 
with fixed ends. If, however, all the columns of the storey are hinged, 
m = ^ for all the columns, and hence 

D_«-2.0-Q^L_ -C 28 - 31 ) 



Example 28.6. 

Using Kani's method, analyse the portal frame shown in Fig. 



28.19. 

Solution 



j— 5m 



20kN 



10m 



61 
20m 



21 I 

77777T 77777" 
A 0 



Fig. 28.19. 

The frame is geometrically asymmetrical, and is asymmetrically 
loaded. Hence it will sway. However, since the legs are of equal 
length, and since there is no imposed horizontal load, it falls under 
case 1. 

Step 1. Fixed End moments 

-fa-- 20 * 2 5 Q) ( 2 5)2 =- 56 - 25 kN -" 

Mfcb = + 20 x 5 ( 15 )- = + 18.75 kN-m 
(20) 2 

Step 2 Rotation factors 

Now K, = and R ti = - 0.5 ^ 



i 
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Rba = - 0.5 



«bc = - 0.5 



Rcb = - 0.5 



-Rot = - 0.5 



sc ~ 20 ~ TO ~ AcB ; Kco ~ lo 



27/10 
2/ 3/ 
10 + 10 

37/10 
27,3/ 

10 -10 

37/10 
3/ / 
Tu~ + ID" 

7/10 
10 + 10 



= -0.5xi=-o.2 



= - 0.5 x i = - 0.3 



0.5 x | = - 0.375 



0.5 x| = -0.125 



Step 3. Displacement factors 



2//10 



10 + 10 



= -1.5 x| = - 1.0 



= -1.5 



7/10 



27 , I 
Iff + TrJ 



-1.5xj=-0.5 



It is to be noted that for a given storey, £7^ = - 1.5 



Step 4. Resultant restraint moments 

M FB = - 56.25 and M FC = + 18.75 
Steps. Kani's Iteration cycles 

The fixed end moments, restraint momentsiand rotation factors 
are entered as usual. The displacement factors and displacement con- 
tributions are entered transverse to each column, as shown in Fia. 
28.20. 6 

28 Wtati0n contribution m 'J at joint ' is given by Eq. 
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-56.25 _ 

m BC 
+ 16.88 
+ 22.84 
+ 24.28 
+ 24.52 
+ 24.56 



+18.75 



1 I ! I I 



mm' 

"A 




p vi vi W 



D 



Fig. 28.20 



To start with neither mji nor m- are known, and hence these 
can be assumed to be zero. 
At B, m BC = - 0.3 [- 56.25 + 0 + 0 ] = + 16.88 



At C, m a = R CB [itfj 



- 0.2 [ - 56^5 0 + I.] = + 11.25 



= - 0.375 [ + 18.25 + 16.88 + 0 + 0] = - 13.17 

™co = R C o [Mfc + m Bc + m i>c+ ™cd] 

= -0.125 [18.25 + 16.88 + 0 +0] = -4.39 
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Displacement contribution The displacement contributions are 
found by Eq. 28.19, according to which the displacement contribution 
of any column is equal to displacement factor of that column multiplied 
by algebraic sum of rotation contributions of all the columns of 
that storey. Hence 

m> BA 88 D BA [ m U+ m AB + m CD + m Dc] 

= -1.0 [+ 11.25 + 0 - 4.39 + 0] = -6.86 

m CD = D C D [ m BA + m AB + m CD + m Dc] 

= - 0.5 [ + 11.25 + 0 - 4.39 + 0 ] = - 3.43 
This constitutes the first cycle. 
Cycle 2 

(a) Rotation factors 

Joint B : m BC = R K [m fb + m CB + m M + mj\ 

= - 0.3 [- 56.25 - 13.17 + 0-6.86 ] = + 22.84 

m BC = R BA [ M FB + m C8 + m AB + m w] 

= - 0.2 [- 56.25 - 33.17 + 0 - 6.86] = + 15.26 
Joint C : m CB = [m fc + + WflC + m CD ] 

= -0375 [+18.25 + 22.84 + 0-3.43] = -14.12 

m co = R co [Mfc + ™sc + + «'a>] 

= - 0.125f + 18.25 + 22,84 + 0-3.43] = - 4.71 

(b) Displacement factors 

m BA = - 1.0 [+ 15.26 + 0 - 4.71 + 0] = - 10.55 
m CD = - 0.5 [+ 15.26 + 0-4.71 + 0] = - 5.28 

Cycle 3 

(a) Rotation factors 
Joint B : m BC = - 0.3[- 56.25 - 14.12 + 0 - 10.55] = + 24.28 



m 



< BA = - 0.2[ - 56.25 - 14.12 + 0 - 10.55) = + 16.18 
Joint C : m cg = - 0.375[+ 18.25 + 24.28 + 0 - 5.28] = - 13.97 
m co = - °-125[ + 18.25 + 22.84 + 0-5.28] = - 4.66 
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(b) Displacement factors 

m' BA = - 1.0[+ 16.18 + 0 - 4.66 + 0] =-11.52 
m' CD = - 1.5[ + 16.18 + 0 - 4.66 + 0] =- 5.76 

Cycle 4 

(a) Rotation Factors 

Joint B : m BC = - 0.3 [- 56.25 - 13.97 + 0 - 11.52] = + 24.52 
m BA = - 0.2 [- 56.25 - 13.93 + 0 - 11.52] = + 16.35 

Joint C : m CB = - 0.375 [ + 18.25 + 24.52 + 0 - 5.76] = - 13.88 
m CD = -0.125[+ 18.25 + 24.52 + 0-5.76] = - 4.63 

(b) replacement Factors 

m' BA = - 1.0 [+ 16.35 + 0 - 4.63 + 0] = - 11.72 
m' CD =- 0.5 [+ 16.35 + 0-4.63 + 0 ]= - 5.86 

Cycle 5 

(a) Rotation factors 

Joint B : m BC = - 0.3 [ - 56.25 - 13.88 + 0 - 11.72] = + 24.56 
m^ = - 0.2 [ - 56.25 - 13.88 + 0 - 11.72] = + 16.37 

Joint C : m CB =- 0.375 (+ 18.25 + 24.56 + 0 - 5.86] = - 13.86 
m CD « - 0.125 [+ 18.25 + 24.56 + 0 - 5.86] = - 4.62 

(b) Displacement Factors 

m BA = - 1.0 (+ 16.35 + 0 - 4.62 + 0] = - 11.73 

m' CD = - 0.5 [+ 16.35 + 0 - 4.62 + 0] = - 5.87 

The iteration may be terminated now because the difference 
between the successive values is very small. 

Step 6. Final moments 

The final moments can be found by Eq. 28.10 : 

A^ = M r . + 2m.. + m ; , + m:. 
The computations are arranged in Tabular form below. 
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Table 28.11 




M.. 


*V - 


2 m.- 




m'- 


Total 
(kN-m) 


BA 


0 






n 
u 


— 11. is 


+ 21.01 


M BC 


- 56.25 


+ 49.12 




13.86 




- 20.99 


M CB 


+ 18.25 


- 27.72 


+ 


24.56 




+ 15.09 


M CD 


0 


- 9.24 




0 


- 5.87 


- 15.11 


"ab 


0 


0 


+ 


16.37 


- 11.73 


+ 4.64 




0 


0 




4.62 


- 5.87 


- 10.49 



The B.M.D. for the frame is shown in Fig. 28.21 
A 

''''■l ilt' FTt>^ _ 

15-10 




A 464 



10-49 



Fig. 28,21 



Example 28.7. 

Draw the bending moment diagram and sketch the deflected 
shape of the frame shown in Fig. 28.22. 

Solution : The frame will evidently sway. 

Step 1. Fixed end moments 



Af 



FBC 



12 



2.0 kN-m 



M FCB = + 2.0 kN-m 
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3m 



6kN/m 

xnznur 

8 I C 



-2m 

I 
21 

D 



T 

2m 



Fig. 28.22 
Step 2. Rotation Factors 

j 

«a< = - 0 - 5 ^T= ■-05x|x«--02857 

3 + 2 

R K = -0.5 = - 0.5 x \ x « = - 0.2143 

RcB = -M-r 2 J = -0.5x^x1.-025 
2 + 2 

R CD = -0.5 = - 0.5 X i X 1 = - 0.25 

— 4- — 

2 + 2 

Step 3. Displacement Factors 



D,= -1.5 



, because of unequal legs. 



Let the reference height be taken as 3 m, so that 
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Dba . _ 1>5 2 C"-** 2 — _ L5 !f3 

( C /is) -^S« + ( C co) (l) 2 X ^+(1.5) 2 - 

= - 0.5581 

D a --US 2 Ca >-^ 2 =-,.5 ^1 

(C w ) .A^ + (C Ci) ) .K CD (l) 2 X ^+(1.5) 2 i 

= - 0.6279 

Step 4. Resultant Restraint Moments 
M FB = - 2.0. ; M FC = + 2.0 kN-m. 

Step 5. Kani's Iteration cycles 
Cycle 1. 

The rotation contribution nt- at a joint i is given by Eq 28.14 

j 

To start with, neither m- nor are known, and hence these 
can be assumed to be zero. 

At B : m BC - R BC [ M FB + m C5 m' M ] 

= - 0.2143 [ -2.0 + 0 + 0 + 01= + °- 429 
« w = - 0.2857 [- 2.0 + 0 + 0 + 0] = + 0.571 

At C : m CB = R CB [M FC + m BC + mDC + m l CD ] 

= - 0.25[ + 2.0 + 0.429 + 0 + 0] = - 0.607 

m CD = R CD l M FC + m BC + m DC +m 'ci>] 

= - 0.25[+ 2.0 + 0.429 + 0 + 0] = - 0.607 
Displacement Contribution 



The displacement contributions given by Eq. 28.28, taking Mr = 0 : 

m BA =D BA [ C BA ( m BA + + Qe. ( m CD + ] 

= - 0.5581[ 1 (0.571 + 0)+ 1.5 (- 0.607 + 0)] = +0.189 

m 'co « D CD [* ( m BA + ^) + 1-5 K- D + m^) ] 

- - 0.6279[ 1 (0.571 + 0)+ 1.5 (- 0.607 + 0)] = + 0.213 
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ED 

- 0.2857 



BA 

+ 0.571 
+ 0.691 
0.713 
+ 0.717 
+ 0.718 



-2.0 
m BC 

+ 0.429 

+ 0.518 

+ 0.535 

+ 0.538 

+ 0.538 



+2.0 

-0.607 
-0.683 
-0.686 
-0.684 

-0.683 



+ 2.0 
- 0.25 



m CD 

+ 0.607 

+ 0.683 

+ 0.686 

+ 0.684 

+ 0.683 



o o o o o 

I + + + + 



Cj fS 
Q © 

1 



/////////// 

A 



n £ « J CJ 
h 6 » * ^ 

H N H H H 

c o o o o 

+ + + + + 



immmr 

D 



Fig. 28.23 
Cycle 2. (a) Rotation Factors 

Joint B : m BC = - 0.2143 [- 2.0 - 0.607 + 0 + 0.189] = + 0.518 
m pt = - 0.2857 [- 2.0 - 0.607 + 0 +- 0.189] = + 0.691 

Joint C : m CB = - 0.25 [+ 2.0 + 0.518 + 0 +0.213] =- 0.683 
m CD = - 0.25 [+ 2.0 + 0.518 + 0 + 0.213] = - 0.683 
(a) Displacement Factors 

m BA = - °& 5Sl [1 X 0.691 - 1.5 x 0.683 ] = + 0.186 
m CD = - 0.6279 [ 1 x 0.691 - 1.5 X 0.683] = + 0.209 

Cycle 3. (a) Rotation Factors. 

Joint B : m BC = — 0.2143 [-2.0 -0.683 + 0 + 0.186] = + 0.535 
m BA = - 0.2857 [-2.0 - 0.683 + 0 + 0.186] = + 0.713 
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Joint C : m CB = - 0.25 [ + 2.0 + 0.535 + 0 + 0.209 ] = - 0.686 
m CD = -0.25 [+ 2.0 + 0.535 + 0 + 0.209] = - 0.686 
(b) Displacement Factors 

m'u =- 0.5581 [+ 1 x 0.713 + 0 - 1.5 x 0.686 + 0] =+ 0.176 

m' CD = -0.6279 [+ 1 X 0.713 + 0 - 1.5 x 0.686 +0] = + 0.198 
Cycle 4. (a) Rotation Factors 

Joint B : m B c= - 0.2143 [ - 2.0 - 0.686 + 0 + 0.176 ] = + 0.538 
msA = - 0.2857 [ - 2.0 - 0.686 + 0 + 0.176 ] = + 0.717 

Joint C : m CB = - 0.25 [ + 2.0 + 0.538 + 0 + 0.198 ] = - 0.684 
m co = - 0.25 [ + 2.0 + 0.538 + 0 + 0.198 ] = - 0.684 
(b) Displacement Factors 

m'BA=- 0.5581 [tlx 0.717 + 0 - 1.5 x 0.684 + 0] = + 0.172 

mho = - 0.6279 [ + 1 x 0.717 + 0 - 1.5 x 0.684 + 0] = + 0.194 
Cycle 5 (a) Rotation Factors 

Joint B : m BC = - 0.2143 [ - 2.0 - 0.684 + 0 + 0.172 ] = + 0.538 
mBA = - 0.2857 [ - 2.0 - 0.684 + 0 + 0.172 ] = + 0.718 

Joint C : m CB « - 0.25 [ + W + 0.538 + 0 + 0.194 ] = - 0.683 
mco = - 0.25 [ + 2.0 + 0.538 + 0 + 0.194 ] = - 0.683 
(b) Displacement Factors 

m'oA^- 0.5581 [ + 1 x 0.718 + 0 - 1.5 x 0.683 + 0] = + 0.171 

m'cD = - 0.6279 [ + 1 x 0.716 + 0 - 1.5 x 0.684 + 0] = + 0.192 
Step 6. Final moments 

The final moment at any joint is found by Eq. 28.10 : 
Mij •= Mnj + 2 m$ + + 'm'ij 
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The computations are arranged in Table 28.12 



Table 28.12 



Mi, 


Mf4 




tftji 


TTtg 


Total 


Mba 


0 


+ 1.436 


0 


+ 


0.172 


+ 1.608 


Mbc 


- 2.0 


+ 1.076 


- 0.683 






- 1.607 


McB 


+ 2.0 


- 1.366 


+ 0.538 






+ 1.172 


Mcd 


0 


- 1.366 


0 


+ 


0.192 


- 1.174 


Mab 


0 


0 


+ 0.718 


+ 


0.172 


+- 0.89 


Mac 


0 


0 


- 0.683 


+ 


0.192 


- 0.491 



Xhe B.M.D. and the deflected shape are shown in Fig. 28.24(a) 
and (b) respectively. 




c 



D 



[o] B.M.D. <b) DEFLECTED SHAPE 



Fig. 28.24. 
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Suspension bridges, 495 
T 

Temperature stress h; cable, 503 
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